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This paper investigates the momentum-dependent symmetries for nonholonomic nonconservative Hamilton canon-

ical systems. The definition and determining equations of the momentum-dependent symmetries are presented, based on

the invariance of differential equations under infinitesimal transformations with respect to the generalized coordinates

and generalized momentums. The structure equation and the non-Noether conserved quantities of the systems are

obtained. The inverse issues associated with the momentum-dependent symmetries are discussed. Finally, an example

is discussed to further illustrate the applications.
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1. Introduction

The symmetric theorems are extremely useful
tools for finding conserved quantities in mathemat-
ics, physics and mechanics. For a Lagrange sys-
tem, that the most well-known types of symmetries
are of course the Noether symmetries, which directly
show that there is a close connection between the
conserved quantities of a Lagrange dynamical system
and those transformations with respect to coordinates
and time that preserve the action integral.l!l Djuki¢
and Vujanovi¢ made great progresses and give the
Noether symmetries of the non-conservative mechan-
ical systems.[?3] Thereafter, studies of Noether sym-
metries have become very active in many areas.[*~?
Another method to obtain the conserved quantities of
mechanical and physical systems is the Lie symmetry

(also called the dynamical symmetry), in which the

infinitesimal transformations with respect to space—
time retains the equations of motion.°~12 Now, the
symmetry method has many applications in modern

research fields.[13—25]

A theorem regarding the conserved quantities
for second-order dynamical systems has been given
by Hojman,[?%! subsequently an ordinary theorem
was obtained by Gonzélez-Gascén?”! using geomet-
ric techniques. Expressed in generalized coordinates,
the result may be stated as follows: Let the func-

tion 7; (g, q,t) determine a symmetry operator E =

ma— + ﬁlﬁ_' for the equations of motion ¢ =
q
a;(q,q,t); if a function A (q,q,t) can be found that

the quantity
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2=——4+ —1In)
o " ar "

*Project supported by the National Natural Science Foundation of China (Grant No 10372053) and the Natural Science Foundation
of Henan Province, China (Grant Nos 0311011400 and 0511022200) and the State Key Laboratory of Scientific and Engineering

Computing, Chinese Academy of Sciences.
TE-mail: sqfujingli@163.com

fE-mail: lqgchen@online.sh.cn

http://www.iop.org/journals/cp



No.1

Momentum-dependent symmetries and non-Noether conserved ... 9

vanishes, then a constant of the motion is given by

om . O
=FEF(InA\)+ —+ —.
¢ (ln3) dq  9q

Recently, Lutzky applied the theorem to derive a cer-
tain conserved quantity for Lagrange systems which is
associated with the presence of a velocity-dependent
symmetry.?8] In addition, the generalized theorem
shows that it is sufficient for {2 to be an invariant
of the symmetry group in order for ¢ to be conserved.

In this paper, we present a method to directly de-
rive the non-Noether conserved quantities for noncon-
servative nonholonomic Hamilton canonical systems
which is associated with the presence of a momentum-

dependent symmetries.
2.Momentum-dependent symme-

tries and non-Noether con-

served quantities of the systems

The Hamiltonian H (t,q,p) with n degrees of
freedom, subject to nonpotential generalized force

Qs (t,¢,p) and nonholonomic constrained forces as
fﬂ(t)q7Q):07 (ﬂ:]-v"';g)a (1)
where

q = q(t7q7p)7 q= {qla"'an}a P = {pla"'ap2}

express generalized coordinates and generalized mo-

mentums respectively, has the generalized Hamilton

canonical equations!2?:3%]

. oOH ) 0H 0fs

s — 3 _ > s — T & s A . :17"'a -
L= P g, Qe+ 9qs (& ™)

(2)

Equation (2) can be put in the form

(js = hs(ta qap)a ﬁs = 9s (t, q,p). (3)

Let us introduce the infinitesimal transformations
with respect to generalized coordinates and general-

ized momentums
q; (t) = qs (t) + €€ (t,q,p)

Ps(t) = ps(t) +ens (t,9,P) (4)
here € is a small parameter, and &, and 7, are the
generators of the infinitesimal transformations.

If Eq.(3) is form invariant under the infinitesimal
transformation (4) of one-parameter Lie group, the in-
finitesimal generators &, (¢, g, p) and 7; (¢, g, p) satisfy

the determining equations

és :EO (hs), 775 :EO (gs)v (5)

and restricting equations

E°(f4(t,q,p)) = 0, (6)

where the E is the symmetry operator,®! given by

0 0
EO — Qs S 7
3 20, "™ op. (7)
and its first extended form
.0 0
E'=E%+¢, s —— 8
+¢ 9. +17 o5 (8)
and the vector field
d 0 0 0

dt = ot dqs Ops

represents the total time derivative along the trajec-

tories of Eq.(2), then for any function ¢

0,00, 00

©= 5t T ag T ap,

. (10)

Based on the invariance of the differential equa-
tions under the infinitesimal transformation (4), if the
Eq.(3) is invariant under the transformation of con-
tinuous Lie group (4), the invariance is called the
momentum-dependent symmetry of the corresponding
nonholonomic nonconservative Hamiltonian systems.

As the transformation (4) is called velocity-
dependent symmetry in state space in Refs.[28, 29,
32] when

t"=t, q (t)=qs(t)+eés(t.q,q), (4a)
the present authors call the symmetry (4) the
momentum-dependent symmetry in phase space.

Equation (5) may be regarded as a criterion of the
momentum-dependent symmetry, i.e.,

Criterion 1 The symmetry is momentum-dependent
associated with the holonomic nonconservative system
(4) if the infinitesimal generators £, and 7 satisfy the
determining Eq.(5).

Proof The invariance of Eq.(3) under the infinitesi-

mal transformation (4) can be represented as
El(qs - hs(t7 qap)) = 07

E'(ps — gs(t,q,p)) = 0. (11)

Using formulae (3), (7) and (8) in the (11) leads to
the Eq.(5).

Criterion 2 The symmetry is momentum-dependent
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associated with the nonholonomic nonconservative
system (1) and (2) if the infinitesimal generators &
and 7, satisfy the determining Eq.(5) and restricting
Eq.(6).

Proof The invariance of Egs.(3) and (1) under the
infinitesimal transformation (4) can be represented in
the forms (11) and (6). Using formulae (3), (7) and (8)
in the (11) leads to the Eq.(5), and also leads directly
to the Eq.(6).

In order to obtain the conserved quantity asso-
ciated with the momentum-dependent symmetry, we
give:

Theorem 1 If the infinitesimal transformation (4) of
the Egs.(1) and (3) is the momentum-dependent, the

system possesses the conserved quantities in the form

ags 8773
9qs * Ops

6= E°[G] + (12)

if and only if a gauge function G can be found such
that the quantity
Ohs  Og,

+

G = . 13
0qs 3ps+ v (13)

We call Eq.(13) the structural equation of the
momentum-dependent symmetry for nonholonomic
nonconserved systems, and form (12) is a non-Noether
conserved quantity associated with the system.

We should point out that the non-Noether con-
served quantities associated with the symmetries
could be obtained by taking different .

Proof For the theorem, we show that E? () = 0
implies ¢ = 0. This is accomplished by explicitly dif-

ferentiating ¢ to demonstrate that

dp _d ., d [o¢. | on.
dt  dt [B°(@)] + dt [8% + aqj ' (14)

It is straightforward to show that for any

daf of 9fodh, Of dg (15)
dt9q, 9dq, Oqy dqs Opk Oqs’
daf af afoh, f dg (16)
dt Ops Ops Oqw Ops  Opk Ops’
of 0 of 06, Of oy
E°< >: Ef)— =22 2 2R (17
9q, 9q, /) Oqr, 0qs  Opy, Ogs (7
8f> 0 of 06, Of Oy
E° = — E(f)- L= L8
<3ps Ops dqi, Ops  Opy Ops (18)

The condition that the generators £, and 7, define

a symmetry for ¢, = hs (taq-p)a Ds = Js (taqap) are
given by és = Eo(hs)a N5 = Eo(gs)v and the 55 and Ns

satisfy form (6); using this, we can show that if E° is

a symmetry operator, then

e = (7). (19)

Differentiating ¢ we obtain

do 0o, 4 (08 | Ons
— _EYG) + —
dt ( )+dt<8qs+8ps ’

here we have used (19).
From Egs.(15) and (16) we can show that

d (oc,  on,
dt aql 8ps
dE. 0, Ohy, O, Agy

dq,  Oqx dq;  Ipy gy
8775 8gk

4 Os _ e Ohi _ O Ogie (21)

dps  Oqip Ops  Opy Ops’

Furthermore, Eqgs.(17) and (18) allow us to show that

oh dg
0 s s
b <3qs * 8ps>

_OE(hy) _ 9% b _ On, by
dq; Oqi, 0q;  0qy, Ops
3E0 s 8 S a a S 8
+ OB (g:) _ 96 D9k _ Oms 09k (g9
Ops Opy 0q;  Opy Ops

By the determining Eq.(5) in Egs.(21) and (22) we
can derive that the right-hand sides of them is equal,

so that we may put

Ohs  0gs d [0&  Ons
0 —_
E <3qs * 8p5> St {aqs * 8ps] ' (23)

Substituting Eq.(23) into Eq.(14) yields

6 _ o <ahs o9,

a7 \og. T o,

+ G> = E°(4). (24)

Consequently Eq.(12) leads to the conclusion that ¢
is a conserved quantity when E°(y) = 0.

Now, we show have to apply the theorem which
directly derives the conserved quantities for nonholo-
nomic nonconservative systems which is associated
with the presence of momentum-dependent symme-
tries. In addition, we derive the theorem by showing
that it is sufficient for ¥ to be an invariant of the sym-

metry group in order for ¢ to be conserved.
3. Inverse issues of the
momentum-dependent symme-

tries for the systems
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Finding the momentum-dependant symmetries
from the given conserved quantities is the inverse
problem, which can be solved by the following steps.

Firstly, suppose that there exists the conserved

quantity in the nonholonomic Hamiltonian system

¢ = ¢ (q,p,t) = const, (25)
and do 96 96 . 0
_—= — .S .s = 07 26
dt ot 8qsq * 8psp (26)
i.e.

d¢p 0¢p OH 0¢ .
— — — = . 2
ot aqs 3105 * aps ps 0 ( 7)

Multiplying (2) by & then summing up for s leads to
oOH

—ps — — s )& =0. 28

( b= 5 79 > 3 (28)

Adding Eqgs.(27) and (28), and letting the coefficients
of the p, to be zero yields

_ 0¢
~ Ops

&s (29)

Let the conserved quantity in Eq.(11) be equal to
equation (25), i.e.
98 | O,

+ = ¢, (30)

E° -
@)+ dqs  Ops

then we can obtain generators s and 7, from (29) and
(30) when the gauge function G is obtained by form
(13).

Secondly, we determine the momentum-
dependent symmetry by substituting generators &,
and 7, into Egs.(5) and (6) hold. We call the symme-
try the momentum-dependent symmetry of the non-
holonomic nonconservative system (1) and (3) when
the infinitesimal transformation generators £, and n,
are determined by (29) and (30) and satisfy the deter-

mining equation (5) and restricting equations (6).
4. An example

The Hamiltonian system

H=_(pi+p3)+V (31)

N | =

is subject to nonholonomic constraint
[ =daq +btga —bga +t =0, (32)

where V is the potential energy of the system , b is
a constant. Let us study the non-Noether conserved

quantities of the system.

Equation (2) yields

G2 = p2,
D2 = Abt, (33)

q1 = p1,
p1 =,
in which X is a coefficient. Using Egs.(2) and (33), one

obtains

1
=, 34
14 b%¢2 (34)
Equation (33) can be put in the form

@1 =p1=h1, q¢2=p2=hs,
. 1
p1 = T1rve g1,
. bt (35)
p27 1+b2t2_g2'

The determining equations of the momentum-

dependent symmetry in this case are

Gi=m, &=m, Mm=0, =0, (36)
Equation (36) has the following solutions,

§1=ct+ec3, & =cot+cy,

n==¢, MnN2=C2, (37)
and restricting equations,

E°(d1 + bty — bgo + t)
=E°(py + btps — bgs + t)
=C1 + thg - b(Czt + 04) = 0, (38)

then one has ¢; = ¢4.
Substituting Eqgs.(34) and (36) into Eq.(13) yields

G=1. (39)

In the Eq.(36), we take ) = c5 (E°(c5) = 0), then the

gauge function is
1
G =exp (p1 + Zarctan(bt))

1
+ exp <p2 + % In(1+ b2t2)> +cst. (40)

Substituting Eqs.(37) and (40) into Eq.(12) leads

to the non-Noether conserved quantity
1
¢ =ciexp| p1 + garctan(bt)

1
+ coexp <p2 + % In(1+ b2t2)> = const. (41)

5. Connections between the
momentum-dependent symme-
tries and both the Lie symme-

tries and Noether symmetries
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Now, we show the connections between the
momentum-dependent symmetries and both the Lie
symmetries and Noether symmetries.

Firstly, Lie symmetries can be called that the
Noether-type Lie symmetries when the symmetries
also preserve the action integral of the systems, and
the systems possess the Noether conserved quantities;
and Lie symmetries can be called the non-Noether-
type Lie symmetries (also called non-Noether sym-
metries) when the Lie symmetries can not retain
the action integral of the systems, and the systems
possess the non-Noether-type conserved quantities.
Where, the non-Noether symmetries in phase space
are called the momentum-dependent symmetries by
authors, and the systems possess the non-Noether con-
served quantities in phase space. In phase space, Lie
symmetries is also called the momentum-dependent
symmetries and possess non-Noether conserved quan-
tities when the transformation do not contain one with

respect to time and can not protect the action integral

of the systems.

Secondly, the momentum-dependent symmetries
of the nonholonomic nonconservative Hamiltonian
canonical systems can lead directly to the non-Noether
conserved quantities; the momentum-dependent sym-
metries and Noether symmetries of dynamical systems
are two different symmetries; above all, their defi-
nition are different; next, the gauge function of the
momentum-dependent symmetries is determined by
both Eq.(13) and via choosing invariant 9 of the sym-
metry group before the conserved quantities are given
with (12); nevertheless, the conserved quantities of the
Noether symmetries are obtained with Noether theo-
rem. The momentum-dependent symmetries and Lie
symmetries of the dynamical systems are also differ-
ent, the gauge function and the conserved quantities
of the Lie symmetries are obtained using structural
equation and the formula of Noether conserved quan-

tities, respectively.
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