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It is found that the field of the combined mode of the probe wave and the phase conjugate wave in the process

of non-degenerate four-wave mixing exhibits higher-order squeezing to all even orders.

The higher-order squeezed

parameter and squeezed limit due to the modulation frequency are investigated. The smaller the modulation frequency

is, the stronger the degree of higher-order squeezing becomes. Furthermore, the higher-order uncertainty relations in the

process of non-degenerate four-wave mixing are presented for the first time. The product of higher-order noise moments

is related to even order number N and the length L of the medium.
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1. Introduction

Squeezed statesl’=% play a prominent role in
modern quantum optics. They have drawn a
great deal of interest in connection with low-noise
communications, high-precession interferometric mea-
surement , quantum teleportation with continuous

variables.[5 8]

The generation of squeezed state requires a non-
linear phase-dependent interaction. The first obser-
vation of the second-order squeezing of quantum field
was achieved by Slusher et al in 1985 at Bell labo-
ratories in the process of four-wave mixing in atomic
sodium.[?! This was soon followed by demonstration
of squeezing in four-wave mixing in an optical fibre
by Levenson et al.19 And a number of articles!*1—14
and books[!%16] on the theory of second-order squeez-
ing in four-wave mixing have been published and can

be consulted for more details.

With the development of techniques for making

higher-order correlation measurement in quantum op-
tics, the new concept of higher-order squeezing of the
single-mode quantum electromagnetic field was first
introduced and applied to several processes by Hong
and Mandel in 1985.117-19 Lately Li and Shan have
calculated the higher-order squeezing in the process of
degenerate four-wave mixing.?°) As a natural general-
ization of Hong and Mandel’s work, we established the
quantum theory of higher-order squeezing of the quan-
tum fields in two-mode squeezed states in 2004.21]
The above theory can be applied to non-degenerate
two-photon nonlinear optical processes, in which the
two-mode output field exhibits higher-order squeez-
ing. In this paper we confine our discussion only to
the process of non-degenerate four-wave mixing (ND-
FWM). The properties of this higher-order squeezing
in NDFWM are investigated and the higher-order un-
certainty relations among higher-order noise moments

of quadrature components in NDFWM are given for
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the first time.

2.Definition of higher-order
squeezing of two mode quan-
tum fields

The real two mode output field E can be decom-

posed into two quadrature components Ey and Eg,
E = By cos(2t — ¢) + Eysin(2t — ¢). (1)

Here, F/y and FE5 are canonical conjugates, and obey

the commutation relations
[Ey, Eo) = 2iCy, (2)

where Cj is the commutator.

Then the field is squeezed to the Nth-order in
El(N = 2,4,6,---) if there exists a phase angle ¢
such that ((AE1)N) is smaller than its value in a com-

pletely two-mode coherent state of the field, viz
<(AE1)N> < <(AE1)N>two—mode coh.s. (3)

This is the definition of higher-order squeezing of two

mode quantum fields.
3.Scheme for generation of

higher-order squeezing via ND-
FWM

The scheme for generation of higher-order squeez-
ing via NDFWM is shown in Fig.1.
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Fig.1. Schematic for generation of higher-order

squeezing via NDFWM. M;, M2, M3 are mirrors, BS
is the 50%—50% beam splitter.

It is shown in the figure that two strong, classical
pump waves of complex amplitude (v; = |v;]el? and
vy = |vz|e??) with the same frequency 2 are incident
on a nonlinear crystal possessing a third-order (X(S))
nonlinearity. The length of the medium is L. a4 is the
annihilation operator of the probe wave with the fre-

quency wy, as is the annihilation operator of the phase

conjugate wave with the frequency ws, and

U.)3+(.d4
—_—. 4
; (4)

The effective Hamiltonian of this interaction sys-

Q:

tem has the form of

H =hwsalas + hiwsalag
+ hgo(vivealale 29 + H.C), (5)

where gy is the coupling const, ¢ is the propagation
time of light in NL crystal.
By solving the Heisenberg equation of motion we

obtain the output mode

() =[uas(L) + val(0)e™ "

(z=L—ct for as), (6)
da(t) =[naa(0) + val(L)]e™ !
(z=ct for ay), (7)
where
u = seclk|L,
v = —iei(91+92)tan|k|L, (8)
golvi][va]
k| = —

4. Combined mode and its

quadrature components

It can be verified that the field of either as(0) or
a4(L) mode does not exhibit higher-order squeezing.

We consider the field of the combined mode of
as(t) and a4(t)

where

[ h 1
A=}/ —=— =4/ — 10
VEQ VEO’ ( )

V is the mode volume and —i denotes the phase delay.
The units are chosen so that A =c = 1.
E(t) can be decomposed into two quadrature

components E; and FEs,

A

E(t) = Ey cos(2t — ¢) + Eosin(2t — ¢),  (11)



1830 Li Xi-Zeng et al Vol. 14
where n Then we can express E1 in terms of B and Bf opera-
w3 + w .
n= %, (12)  tors in the form

and ¢ is an arbitrary phase angle that may be chosen
at will.
Ey can be expressed in terms of initial modes

&3 (L) and 6Al4 (O) s

A

Ey = gas(L) + hay(0) + g"al(L) + h*al(0), (13)

g =M/ E[/\g,,ue_"ZS + Al @t/ 2]t (14)

h :A\ / g[A4ue—i(¢+W/2) + )\BU*eid)]e—iet’ (15)
(16)

€= —w3=wy— 12,

€ is the modulation frequency.

Now we introduce a new operator B , defined by

B = gas(L) + ha(0). (17)

The adjoint of Bis BT,

= g*al(L) + h*al(0). (18)

(AEDNY = (= (AE)N =) +

N/2
(N —1yuc/
N!

N(2) 1 7 \N—2
T <§CO) (:: (AEY) Y+ 51

(19)

We call B the combined two-mode squeezed anni-
hilation operator in NDFWM. The operator B can
be used to calculate the higher-order noise moment

((AE;)N) in NDFWM.

5. Higher-order noise moment
((AE;)™) and higher-order

squeezing

The calculation of the higher-order noise moment
((AEl)N> is very complex . However, Applying the
above new combined two-mode squeezed annihilation
operator l%, we can calculate the higher-order noise
moment in NDFWM easily.

By using the Campbell-Baker—-Hausdorff formula,
we express the higher-order noise moment of AF; in

the following relation:[*7—19]

where

N =N(N—=1)---(N —r+1),

Co= 1B1, By = B, BY), 2
and :: :: denotes normal ordering with respect to B

3!2(1/2)N—3/2 lN _ §
2 2

N@ 71 \? -
<§C’0> (: (AE)N=% )
(N is even),
C/2N=3/2 A (20)
x —2 (:: (AE;)? ) (N is odd),

(3

and Bf.

We take the initial quantum state as |a)4|0)s,
which is a product of the coherent state |a)4 for a4(0)
mode and the vacuum state |0)3 for a3(L) mode. Since

|at)4|0)5 is the eigenstate of B, we obtain
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Then from Eq.(20) we acquire

(AE)NY = (N — 1)ne)?,

- (23)

and

Co =[B, B = |g|* + |hl*,

0
:5)\2{()\?3 + D) (1 + [v]?)
+ 22X\ [ r* el E) L eI 3)]) (24)
where
2 2 €
A3+ A1 =2, A3y = l—m.

Substituting Egs.(8), (10), (24) into Eq.(23), we
have the Nth-order moment of AEl,
(AE)N)
=(N — 1)MAN 02N/2[sec?|k|L + tan®|k|L

62
—24/1— gaseclklLtan[k|L cos(2¢ — 61 — 6,)]™/2.(25)

If ¢ is chosen to satisfy

20 —01 —0,=0, or cos(2¢—6;—02)=1,
then the above Eq.(25) leads to the result

(AE)NY =(N = )MV 02N/ 2[sec?|k|L + tan?|k|L

62
—24/1— ﬁsec|k\Ltan|1<:|L]N/2. (26)

aN

When 0 < |k|L < 7, for most L the right-hand
side is less than (N — 1)IAN 2N/2 which is the cor-
responding Nth-order moment for two-mode coherent
states. It follows that the field of the combined mode
of the probe wave and the phase conjugate wave in
NDFWM exhibits higher-order squeezing to all even

orders.

6. Higher-order squeezed param-

eter in NDFWM

The squeeze parameter g, for measuring the de-

gree of the Nth-order squeezing in NDFWM is
<(AE1)N> - <(AEA‘1)N>twofmode coh.s

<(AE1)N>tw07m0de coh.s

= {sec2k|L + tan?|k|L
= N/2
—24/1— ﬁsec|kLtank|L} —1. (28)

The numerical results of the higher-order squeeze

Iy = (27)

parameter gy versus |k|L are illustrated in Figs.2(a),

(b), (0)-
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Fig.2. Higher-order squeeze parameter q,, versus |k|L for (a) 5:0.1, (b) % = 0.01, (c) %:0.
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From Eq.(28) and Figs.2 (a), (b), (c), it is found
that

(1) For different values of %, the higher-order
squeeze parameter gy is a function of |k|L and even
order number N.

(2) When 0 < |k|L < 7, gn is negative for most
L and has minimum values gnmin- When € = 0, gy is
negative for all L and qynin may approach the maxi-
mum negative value —1.

(3) |gn| increases with N, this gives out the con-
clusion that the degree of higher-order squeezing is
greater than that of the second order.

(4) The smaller the modulation frequency e is, the

larger the degree of higher-order squeezing becomes.
7. Higher-order uncertainty rela-
tions in NDFWM

We now derive and discuss the higher-order un-
certainty relations among higher-order noise moments
of quadrature components E; and E, in NDFWM.

E can be regarded as a particular case of Eyif 10)
is replaced by ¢ + 7/2. Then if ¢ is chosen to satisfy
2¢ — 61 — 05 = 0, from Eq.(25) it follows that

(AE)NY =(N — )UAN N/2 [sec2|kL + tan?|k|L

2 N/2
+214/1 — msec|k|Ltan|kL} . (29)

When 0 < |k|L < 7, the right-hand side is greater
than (N — 1)UIAN 2N/2 for most L.
From Egs.(26) and (29), we obtain
(AE)N) - ((AE)N)
=[(N = 1)I12\2N N

2 N/2
x |1 +4ﬁsecz\k|Ltan2|k\L . (30)

This shows that the product of the two higher-order
noise moments is related to the even order number N
and the length L of the medium . For certain given val-
ues of N and L, the product is a constant. So Eq.(30)
shows that <(AE1)N> and <(AE2)N> can not be made
arbitrarily small simultaneously. We call Eq.(30) the
higher-order uncertainty relations in NDFWM, which
are the generalization of the ordinary second order un-
certainty relations in NDFWM.

In the degenerate case wy = wg = {2 and € = 0,
then from Eqgs.(26),(28) and (30) we obtain

(AE)NY = (N — D)UIAN 2N/2[sec|k|L — tan|k|L]",
(31)

gy = [sec|k|L — tan|k|L]N —1, (32)

(AEDN) - (AE)N) = [(N = DUPPAN QY. (33)
When N = 2, we obtain

((AE1)?) = N2 Q2[sec|k|L — tan|k|L]?,  (34)

q, = [sec|k|L — tan|k|L)* — 1, (35)

(AE1®) - ((AE2)?) = X*02? (36)

These results are in agreement with the conclusions in

the previous references.29:1]

8. Conclusions

The higher-order squeezing of the quantum elec-
tromagnetic field and the higher-order uncertainty re-
lations in the process of NDFWM have been studied.
The major new results of this paper are as follows.

(1) We define a new combined two-mode squeezed
annihilation operator B in the process of NDFWM
,which is the linear combination of the input modes
to the four-wave mixer. By applying this operator
B, we can calculate the higher-order noise moment
((AE,)N) in NDFWM easily.

(2) We have studied the quantum theory of the
higher-order squeezing of the quantum field in the
process of NDFWM. It is found that if ¢ is chosen
to satisfy 2¢ — 61 — 0 = 0, and when 0 < |k|L < m,
the two-mode output field of the probe wave and the
phase conjugate wave in NDFWM exhibits higher-
order squeezing to all even orders in most cases.

(3)We have calculated the squeeze parameter gy
for measuring the degree of the Nth order squeezing.
When 0 < |k|L < 7, gn is negative for most L and has
minimum values ¢ymin. The smaller the modulation
frequency € is, the larger the degree of higher-order
squeezing becomes. When € = 0, gy is negative for
all L and gy pmin may approach the maximum negative
value —1.

(4) |gn| increases with N, this gives out the con-
clusion that the degree of higher-order squeezing in the
process of NDFWM is greater than that of the second
order squeezing. This confirms that the higher-order
squeezing of quantum fields is particularly attractive
for applications from the point of view of noise reduc-
tion.

(5) We have presented the higher-order uncer-
tainty relations among higher-order noise moments of
quadrature components in the process of NDFWM.

The product of the two higher-order noise moments
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is related to even order number N and the length L

of the medium. This higher-order uncertainty rela-

tions are the generalization of ordinary second order

uncertainty relations in the process of NDFWM, and

enable people to have a deeper understanding of the

indeterminacy principle in quantum mechanics.
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