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An experimentally feasible scheme for implementing quantum secret sharing via cavity quantum electrodynamics
ED) is proposed. The scheme requires the large detuning of the cavity field from the atomic transition, the cavity is
g g

only virtually excited, thus the requirement on the quality factor of the cavity is greatly loosened.
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1. Introduction

Quantum secret sharing (QSS), plays a key role in
protecting secret quantum information. The simplest
scheme of QSS is that the sender Alice sends a secret
message to two receivers Bob and Charlie so that none
of the receivers can recover the message on his own.
Using QSS we can create joint checking accounts con-
taining quantum money,! share hard-to-create ancilla
states,?l and perform a secure distributed quantum
computation. Owing to its numerous practical appli-
cations, many schemes have been presented to realize

QsS.13-3l

Entanglement plays a major role in quantum in-
formation processing including QSS. Cavity quan-
tum electrodynamics (QED) is one of the ideal sys-
Reference [6]

proposed an efficient scheme to prepare two-atom

tems for preparing entangled states.

maximally entangled states by means of two Ryd-
berg atoms interacting with a nonresonant cavity, this
scheme has been experimentally implemented.[” It
can be used to realize teleportation,!® dense coding,®!
quantum cloning,[”! and the preparing of multiparti-
cle entanglement.[1%1] In this paper, we propose a
scheme for implementing QSS based on the cavity

QED model.

2.Quantum secret sharing

Now we briefly review the protocol of QSS pre-
sented in Ref.[3]. Suppose Alice, Bob and Charlie
initially share a Greenberger—Horne—Zeilinger (GHZ)
state

[¥)124 = %(|€19294> — |g1ezes)), (1)

where |e); and |g); (=1, 2, 3, 4, 5) are two states of
the jth Rydberg atoms respectively. Alice now wants

to send a message encoded in the 5th qubit

()5 = algs) + Bles) (2)

to Bob and Charlie in such a way that any one can
recover the quantum information but not without the
assistance of the remaining, where |a|?+|3]? = 1. The

state of the four-particle system can be written as

| %5124 :1[|¢+>51(04|99>24 - ﬁ|66>24)

2
+ |¢_>51(Ul‘99>24 + 5|66>24)
+ | 1)51(8]99)24 — alee)2s)

+ 19 )51(—Blgg)aa — alee)as)],  (3)

where

|¢i>51 = %(\9@51 + |eg>51),
1

|0F)5 = \/5(|gg>s1 + |ee)s1). (4)
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After performing a Bell measurement on her two

qubits 1 and 5, Alice informs Bob to measure his atom
1
2 in the z direction, where |£z) = E(|g>ﬂ:|e)). Then

Alice tells Charlie the result of her measurement so
that he can obtain amplitude information about her
qubit 5. However, at this stage Charlie can not re-
cover the whole message exactly. He can obtain the
phase information about Alice’s qubit 5 if and only if
he gains a bit of classical information from Bob. Fi-
nally, Charlie can reconstruct Alice’s qubit 5 by per-

forming certain local operations as follows:

|05 )s1]—2)2, |97 )51 +@)2 — 1, (5a)
|67 )s1]+a)2, |87 )51 —2)2 = 02, (5b)
|0 )s1|—2)2, | #7 )51 |+a)2 — 0u, (5¢)
|0 )s1l+a)2, |07 )s1]—a)2 = 0502,  (5d)

where I is the identity operator, o, and o, are Pauli
operators. Namely, the state of atom 4 collapses to the
state depicted in Eq.(2) after Charlie performing one
of the above operations. As the discussion above, we
see that Charlie can not recover the qubit in its exact
form without Bob’s information, and it is impossible
for both Bob and Charlie to get hold of the desired

state as it is forbidden by the no-cloning theorem.?
3.Interaction of the atoms with
the field

Consider that two identical Rydberg atoms simul-
taneously interact with a single-mode cavity field of
high quality factor. The relevant atomic levels and
transitions are shown in Fig.1, where the states |e),
lg), and |f) represent the three circular levels of the
Rydberg atom with principal quantum numbers 51,
50 and 49 respectively. In the rotating-wave approxi-
mation, the interaction Hamiltonian of the system in

the interaction picture is (assuming & = 1)[¢]

_ V
le) 5
A
51.1GHz
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lg)
54.3GHz
[f) ————
Fig.1. Rydberg atom interacts with a single-mode
cavity field.
_ —idt  + — i6t .+
H1—17z:(e1 a’s; +eas;), (6)

7j=1,2

where s = |g;)(e;| and s;' = lej)(g;| are the atomic
transition operators, a® and a are the creation and
annihilation operators for the cavity field respectively,
and 7 is the atom-cavity coupling strength. As §
(where 6 denotes the detuning between the cavity
field mode and the |e) < |g) transition) satisfies
§ € (wg —wy) — (We — wy)=3.2GHz, the state |f) will
not be affected during the atom-cavity interaction. In
the large detuning case of § > 7, no energy exchange
between the atoms and the cavity will happen. As-
sume that the cavity field is initially in the vacuum

state, the Hamiltonian reduces tol®

HI=A[ S Jesdesl £ 5ty +srst|, ()

7j=1,2

2
where A = 77_ Then the state evolution of the system

is given by
l91.f2) = |91 f2), (8a)
l9192) = [9192), (8b)
le1 fa) — e_i)‘t|elf2>7 (8¢c)
le1ga) — efi)‘t[cos(/\t)|elgg> — isin(At)|g1e2)]. (8d)

Suppose that two atoms are initially in the state
le1g2), we can obtain the maximally entangled two-

T
atom state by choosing A\t = 7 ie.

) = = (lexga) — ilgrea)), (9)

V2

where we have discarded the common phase factor.
In our scheme, the single qubit unitary operation
is implemented by the resonant interaction of atoms
with a classical field. If the classical field is resonant
with the |m) < |[n) (m,n =e,g, f;m # n) transition
of the jth atom, the evolution operator of the atomic
state can be easily shown under the bases {|m),|n)}

as follows: 8l

cos 0 —ie"%sin@
, (10

cos 6

U0, = ("

—ie'? sin 6
where 0 = 2,,,|alt, @ = |alel¥ is the complex ampli-
tude of the classical field, §2,,, is the atom-field cou-
pling constant, and the state |k) (k = e, g, f; k # m,n)

takes no effect during this stage.
4. Realization of quantum secret

sharing

Now we describe in detail how to realize QSS us-
ing this cavity QED model.
divided into four steps (depicted in Fig.2).

The procedure can be
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Fig.2. Schematic setup to implement quantum secret sharing. U denotes one of the four
unitary operations {I,04,0.,0.,0:}.
Step 1 The preparation of a GHZ statel!3]  of the Bell states (shown in Eq.(4)) is given by
Atom 1 (3) and 2 (4) initially prepared in the |e
3) ) . Y Prep . fe1) |4’+>51 — |ee)st, (11a)
(les)) and |g2) (]gs)) respectively, are simultaneously B
sent into cavity A (B) with same velocity but at differ- |27 )51 = lge)s1, (11b)
T

ent positions. After the interaction time t; = t5 = 5 | W+>51 — —leg)s1, (11c)
both atoms leave the cavity A (B) and are prepared in |01 — —|g99)s1. (11d)

the state described by Eq.(9).

Tr U3
272

ge
both atoms 3 and 2 are sent into cavity C. After the

Subsequently, the op-

T
erations U? —,— | are performed, then
g 4’2

7r
interaction t3 = —, both atoms leave the cavity C

T
<§, 5) are per-

formed. By measuring the state of atom 3, we can

and the operations Ug’e <%, g) U]‘j’g

prepare a GHZ state. If the state of atom 3 is |es),
the state of atoms 1, 2 and 4 will collapse to the
state described by Eq.(1); if the state of atom 3 is
lg3), the state of atoms 1, 2 and 4 will collapse to

[')124 = E(|elgge4>+ |g1€294)), which can be trans-
formed into the state of Eq.(1) after performing the

local operation 0,0, on atom 4. Without loss of gen-
erality, we assume that the state of atom 3 is |es),
therefore, the atoms 1, 2 and 4, which belong to Al-

ice, Bob and Charlie respectively, is in the state of

Eq.(1).

Step 2 Alice performs a Bell measure-

ment on her two qubits Alice performs the

T T
operations U}g<2, 2)Ugle<4,2>, then simultane-
ously sends atoms 1 and 5, which is in the state

described in Eq.(2),

teracting t4

into the cavity D for in-

After leaving the cavity

for the two atoms, Alice performs the operations

™ T ™ T ™ T
us,( =, = UL =, = |U (=, =
96(4’2) 96(4’2) fa\ 272

states of atom 1 and 5 respectively. Thus the evolution

> and measures the

Step 3 Bob makes his measurement Bob per-

o [T m
forms UZ, 13
state of the atom 2. There are two possible results

operation, then he measures the

le2) or |g2), where |e3) (|g2)) corresponds to the state
|[+z)2 (|—x)2) of Eq.(5) respectively.

Step 4 Charlie recovers Alice’s qubit Based
on the results of the measurement by Alice and Bob,
Charlie decides to perform one of the four U opera-
tions {I,0,,0,,0,0,} (see Eq.(5)), which can be im-

plemented as follows:
4
Uge(O, 0) — I,
T
U}lg(ﬂ-70)U3e <§? 5) — 0':57

U}lg(w, O)U;e(ﬂ', 0) — o2,

Ul I,E — 04,0,
96\ 2" 2

After that, Charlie’s qubit collapses to the state
|p)a = alga) + Bles). Thus the procedure of QSS is

completed.

(12a)

(12b)
(12¢)

(12d)

5. Discussion and conclusion

The key of the scheme is that both atoms should
be simultaneously sent through the cavity, otherwise
there will be some deviation. Neglecting the cavity de-
cay and the atomic radiative transmission, we make
a rough estimation. Assume that atom 1 (3) enters
the cavity A (B) 0.1¢; (0.1¢3) sooner than atom 2 (4),
atom 2 (5) enters the cavity C (D) 0.1¢5 (0.1¢4) sooner
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than atom 3 (1), the results of the measurements in
step 2 and 3 are |ge)s1 and |e)s respectively, Charlie
should consequently perform I operation on atom 4
in order to reconstruct Alice’s qubit. In this case we
get the fidelity F' = [(¢|,)]? ~ 0.98 with the choice

1
a=0= 7 where |¢) and |¢,) are the final states of

atom 4 when the atoms are sent through the cavities
at the same time and at the different time respectively.

The radiative time of the Rydberg atoms is about
T, = 3 x 10725, the efficient decay time of the cav-
ity is about T, = 1 x 10™3s, the coupling constant is
n = 2w x25kHz.['Y With the choice § = 105, the inter-

w0
action time in cavities are t; =ty = oo =5x10"%s
n

)

and t3 =ty = — = 2 x 10~%s respectively, which
are much shorter than T.. Suppose the length of the
cavity is 2.75cm, the distance between cavities C and
A (D) is 5.5cm, the velocity of the atoms leaving the
cavities is of the order 550m/s, thus the total time

performing the scheme is 10~3s, which is much shorter
than T;.

In summary, we have proposed a high-fidelity
scheme for QSS. The distinct advantage of our scheme
is that the cavity decay can be effectively suppressed
as the cavities are only virtually excited and based on
the current experimental technology!” the scheme is

possible to be realized.
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