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Using a direct perturbation method, we investigate the stability of a diatomic molecule modelled by a weakly

laser-driven Morse oscillator. It is shown that stationary state solution of the system is stable in the sense of Lyapunov

and the periodical one possesses conditional stability, namely its stability depends on the initial conditions and system

parameters. The corresponding sufficient and necessary conditions are established that indicate the stable states asso-

ciated with some discrete energies. The results reveal how a diatomic molecule can be stabilized or dissociated with a

weak laser, and demonstrate that the mathematical conditional stability works in the considered physical system.
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1. Introduction

With the development of high-power infrared
lasers, there has been considerable interest in inves-
tigating the dynamical behaviour of a molecular sys-
tem under intensive laser radiation.[!'=4 Classical the-
ories have often been used successfully to investigate
the microscopic nonlinear system, such as the subjects
of multiphoton ionization of the Rydberg atoms,?~7]
the properties like the chaotic photodissociation, !
harmonic-generation spectrum,®1! and the ana-
Iytic structurel®®! of diatomic molecules in an ex-
ternal field that are moulded by a laser-driven
Morse oscillator(®=12] and the multiphoton process
of excitation and dissociation of diatomic molecule
driven by the chirped pulses.!'*15] The classical re-
sults are in accordance with the quantum-mechanical
calculations.[8:91416-19] Tpy these theories, chaos diffu-
sion theory gave an explanation to the process of dis-
sociation induced by an external field in the Morse os-
cillator model;[89-20:21] in other respects, the “bucket
dynamics” 1415 gave the dynamic behaviour of the di-
atomic molecule driven by the chirped pulses, which is

in agreement with quantum-mechanical results.[14:15]

8:9,13-15]  Chirikov’s res-

In the previous work,!
onance overlap criterion was applied to treat the
The stability of the system

plays an important role, since the dissociation is corre-

molecule dissociation.

lated with loss of the stability. In this paper, we study
the stability of diatomic molecules that are moulded
by a Morse oscillator driven by a weak laser field with
a constant frequency. We seek the stabilities of the
stationary solution and the periodical one through a
direct-perturbation method.?2=24 We find that, ac-
cording to Lyapunov’s linear stability theorem,[25:26]
the stationary solution is stable except in the reso-
nance case, but stability of the periodical solution de-
pends on the initial conditions and system parame-
ters. It is well known that if the stability of a nonlin-
ear system does not depend on the selection of initial
time, it is called uniform stability.?6] Therefore, the
periodical solution is non-uniformly stable. Some re-
searchers called the stability depending on initial con-
ditions “the conditional stability”.[2”] We present the
conditions promising the stability/?®! and show how
the periodical solution’s stability varies with the per-
turbation parameters and initial conditions. A small

change of the initial condition will be amplified lin-
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early with time, which leads the perturbed solution to
linearly diverge. In other words, the periodical solu-
tion is stable for some initial conditions, but unstable
for other ones, so it is called the conditional stabil-
ity. The conditionally stable solution corresponds to
a critical case with zero Lyapunov exponent in which
it is unknown to characterize the periodical solution
as “stable” or “unstable” through the Lyapunov ex-
ponent method.[2%:26]

In the resonance case, from the stability condi-
tion of a parameter space we find that the diatomic
molecule has a series of discrete energies associated
with the stable orbits, which is similar to the quan-
tized energy-level. For a certain initial condition the
diatomic molecule will be excited and transits to these
stable orbits or be dissociated. The system possesses
this kind of conditional stability too. We numerically
calculate the time evolution of the first-order corrected
solution and the track in phase space, showing that the
calculations are in good agreement with the theoret-
ical analysis. The results display that for any initial
setting we can control the stability of the diatomic

molecule by adjusting the weak laser field.
2.Analyses of the linear stability

Generally, a diatomic molecule driven by a laser
is described by a Morse oscillator interacting with the

laser field. The Hamiltonian of the system is given
by(8:13-15]

H=Hy+H, (1)

P2
Ho = — D(1 — —a(r—re)\2 2
0 2“ + ( e ) ’ ( )
H' = —Ba(r — r.) cos(w't), (3)

where D represents the dissociation energy, p denotes
the reduced mass of the molecule, B is the driving am-
plitude related to the intensity of the laser, o charac-
terizes the steepness of the potential, r is the relative
position between two atoms, and 7. the equilibrium
position. So the Hamilton equations associated with
Eq.(1) are
P=, (¥
o
P = —2Dae ") (1 — e7*("7")) 4 Bacos(w't).
(5)
Setting * = a(r — r.), and combining Eq.(4) with
Eq.(5) yields

T=—Ae "(1—e ®)+Ecosw't, (6)

where A =2u"'Da? and ¢ = o?Bu~ !,

Under the periodical laser field the motion equa-
tion (6) is non-integrable that necessitates the per-
turbed solution. For a weakly external field with
|€] < |A], we can use a direct perturbation method

to obtain the analytical solution. To do this we set
T=To+xT1+x2+ -

for |£‘ < |A|7 ‘mz‘ < |$i,1|, 7= 0’1’2’... . (7)

Here x is the unperturbed solution and z; (¢ > 0) the
ith-order corrected solution. Substituting Eq.(7) into
Eq.(6) results in the zeroth equation

fg = —A(e” ™ — e 20) (8)

and the first-order approximation equation
i) = —A(2z1e7 20 —z1e7"0) + Ecosw't.  (9)

Note that if the parameter condition || < |A| is sat-
isfied, the first approximation is a good one, because
of the inequality |z;| < |@;—1].

At first, we consider the unperturbed system in
which there is no external field. Integrating Eq.(8) we

obtain

1 dxo 2 _ 1 _9
(0} —Afe o - e 20 ) 40 10
2<dt> (e 2¢ )+ Lo (10

1
where C] denotes the first integration, C; = im'o(to)—

1
Al e¥olto) — ie’m”“(t“) , To(t) is the unperturbed so-

lution and ¢( is the initial time. In this case Eq.(8)

may be written in the simple form
U=, (11)

v=—Ae “(1—-e ") (12)

with u = xg. These unperturbed and first-order per-
turbed equations are the bases for the stability anal-

ysis.

2.1. Analysis of the stationary solution’s stabil-

ity

According to the nonlinear dynamic theory, 2
from Egs.(11) and (12) we know the stationary so-
lution of system is (u, v) = (zg,%0) = (0, 0), namely
the two atoms lie in the equilibrium positions. Sub-
stituting the unperturbed solution zog = 0 into the
first-order perturbed Eq.(9) yields

#1 + Axy = Ecosw't. (13)
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Because A > 0 we can set A = w? such that Eq.(13)
becomes
B +wlzy = Ecosuw't. (14)

When wy # w' , the solution of Eq.(14) can be easily

obtained as

x1 = ¢ cos(wot + ) — cosw't, (15)

where ¢’ and ¢ are two arbitrary constants to be de-
termined through the initial conditions. We can ob-
serve that for any t > tg x; is a bounded function
that vibrates around the unperturbed solution with
finite amplitudes. Therefore, according to the Lya-
punov linear stability theorem the stationary solution
is stable. However, we know that for the resonance

case, w' = wq, the solution of Eq.(14) is

x1 = ¢’ cos(wot + @) — it cos wot. (16)
2&)0

Obviously the corrected solution contains the term
proportional to time, it will approach to infinity lin-
early with time evolution such that the system loses
its stability through the resonance. This can lead the
system to excite from ground state to high-excited one

or even to be dissociated.
2.2. Analyses of periodic solution’s stability

After analysing the stationary solution, we now
begin to investigate the periodic one. According to the
nonlinear dynamics theory, the asymptotic stationary
solution of Egs.(11) and (12) require

lim « =0, and lim v =0. (17)

t—oo t—o00

Setting Cy = —Ac/2, Eq.(10) becomes

2= —A(e % —2e" 4 ¢). (18)

The diatomic system is a conservative Hamiltonian
one when there exists no external laser action. Conse-
quently, the system energy is £ = Hy, from Egs.(2),
(4) and (18) we know the constant ¢ being

c:lfﬁ. (19)

Setting y = e~"° here, then £y = —y/y, and institut-
ing them into Eq.(18) we have

% = VA(-y* +2y —¢)!/?

=+ VAl —c— (y—1)3"2% (20)

From Eq.(19), if the diatomic molecule system is in

bounded states, the system energy must be lower than

the dissociation energy, i.e. 0 < ¢ < 1. Integrating
Eq.(20) yields

1+ f1(E)cosw(t — Cp)
f2(E) ’

To = In

(21)

where

w=+VAc=+/A(1 - E/D) = a+\/2(D — E)/p,
[(E)=—V1-c=—-VE/D, f(E)=c=1-E/D,

efwo(to)fc

1
VAc e=wo(to) /T — ¢

Equation (21) is just the periodical solution of the

Co =1ty — arcsin

(22)

system.

We now use the direct perturbation method to
investigate the molecule system driven by the weak
laser field. At £ = 0, the non-homogeneous equation
(9) becomes a homogeneous one with the two linearly

independent solutions(2—24]

;. _wfl(E)fg(E) sinw(t — Cp)

1= %= 1+ f1(E)cosw(t — Coy) ~’ (23)
of =t [ (ah)
_ 1
14 f1(E) cosw(t — Cp)
[ cosw(t — Cp)
w?f1(E)f2(E)
24 f1(E)cosw(t — Cy)
w2f2(E)
H(E) , . B
+ wfz(E)tsmw(t CO)], (24)

therefore the general solution of Eq.(9) can be written

in the integral form
t
zy =cyx] + ) + 2] / x1€ cosw'tdt
0

t
— ) / x|/ € cosw'tdt (25)
0

with ¢; and co being two arbitrary constants that de-
pend on initial perturbation. By setting Cy = to = 0
as a simplest example, from Egs.(23), (24) and (25)
we find ¢ = W?f1(E)f2(E)x1(0)/(1 + fi(E)), and
cz = —(1+ f1(E))a1(0)/[w?f1(E) f2(E)], where z1(0),
and @(0) are the initial perturbations. For the rea-
son that z{ has the term that is proportional to the
time, to study whether x; is a bounded function or
not, we insert Eqgs.(23) and (24) into Eq.(25), giving

the first-order corrected solution
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_ 1(0) .
e 14 f1(E)][1 + fi(E) cos wt] [coswt + f1(E)(2 + f1(E) coswt) + wf{(E)t sinw]
_ 1+ fi(E)]z1(0) sin wt
w 1+ f1(E)coswt
1 sin wt t cos wt ,
L 1+ f1(E) cos wt] /0 1+ f1(E) coswt]Ecosw tdt
1 cos wt t sin wt s
W [1+ fi1(FE) coswt] /0 [1+ fi(E)cos wt]fcosw
fi(E) sin wt Y124 f1(E) cos wt] ,
+ /0 [1+f1(E)coswt]€COSWtdt

w [1+ fi1(E) coswt]
( ]

sin wt

fi(E) 24 fi(E)coswt] [*
Ty [1+f1(E)coswt]/

sin wt

o [1+ fi(E)coswt]

& cosw'tdt

tsin wt

& cosw'tdt

tsin wt

E [1+ f1(E) coswt] /0 [1 4+ fi1(E) coswt]

sin wt

& cosw'tdt. (26)

- fH(E)

t
In order to calculate the integration of /
0

Zb sin(nwt), where b,

[1+ f1(F)coswt] /0 [14 f1(F)coswt]

tsin wté cosw't

1+ f1(E)coswt
_ 2w ™/% sin wt sin(nwt)

(0)

sin wt

dt, we make the Fourier expansion to W =

dt. Inserting these into Eq.(26) and simplifying it, we

tsin wt

— 7 Jo 14+ fi(E)coswt
have fz(E)
_ w 1 I
o= GO )
where

21(0)

T+ AB)L+ f1(E) coswi]
[+ f1(E)]#:(0)

1+ f1(E)coswt]’ (27)

[coswt + f1(E)(2 + f1(F) coswt)]

sin wt

w % 1+ f1(E)coswt

sin wt

+

cos wt
& cosw'tdt

cos wt

% [1+4 fi(E)coswt] /0 [1+4 f1(F)coswt]

sin wt
& cosw'tdt

€= &|r

sin wt

~

1(E)

“ T+ f1(E) coswt] / [

1+ f1(E) coswt]

P12+ f1(E) cos wi]

+

f1(E)

w % [1+4 fi(E)coswt] Jo [1+ fi(E)coswt]
(

[2 4 f1(F) coswt]

& cosw'tdt

sin wt

w [1+ f1(E) coswt]

sin wt

B g E

cos wt

is a bounded periodical function under the non-

resonance circumstances.

Looking at Eq.(27) we find that it includes a term
proportional to the time and this term is related to
the initial perturbation z;(0). If there exists no res-
onance, G(t) is a periodical function, therefore, only
when 21(0) = 0 can the corrected solution maintain

bounded. Under the condition the periodical solution

/ [1+ f1(E) cos wi]
€5 [t

& cosw'tdt

sin(nw — w')t
2

(nw + w')? (nw — w')

is called the conditionally stable for the deterministic
perturbation.[?”! If there appears a very small change
of the initial perturbation, this change will grow up
linearly with time evolution. Consequently, the cor-
rected solution will spread apart from the unperturbed
one and the system will become unstable. The system
remains bounded only for a particular initial perturba-

tion but loses its stability for other initial conditions.
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Although the stability condition z1(0) = 0 has
been found, we do not know whether the motion is
stable, for the initial perturbation z;(0) cannot be de-
termined experimentally. In order to control stability
of the system, we need to seek connection between
the stability and the controllable parameters. From
Eq.(27) we know that the function G(t) includes some
linearly increasing terms for the resonance case with
parameter w’' = mw(m = 1,2,3,---). If these terms
just balance the final term of Eq.(27), the corrected
solution becomes bounded and the system is stable.
The laser frequency w’ is just a controllable parame-
ter so we can adjust it to arrive at the resonance. To
clear this, we start by making a Fourier expansion of
the term 1/[1 + f1(E) cos wt],

1
[1+ fi(FE)cos wt]

24 Z ap, cos(nwt) (28)

n=1
with

[ w 1
fl/n dt,
7 Jo [1+ fi(E)coswt]
2w T/w

™ Jo

ag =

cos(nwt)

[1+ f1(E) coswt]

a, =

(29)
so the integrations included in Eq.(27) become
/ coswt cosw't
dt
0 [ + f1(E) cos wit]
ago

=T [cos(w — w')t + cos(w + w')t]dt
0

+Z /cosw+nw+w)

+ cos(nw —w—Ww)t+cos(nw+w — w')t

+ cos(nw — w + w')t]dt, (30)
/t sin wt cos w't
————dt
o 14 fi(E)coswt
t
:% / [sin(w + w')t + sin(w — w')t]dt
0
0o a t
+ - sin(nw + w + w')t
> | in )

+ sin(nw + w — W)t + sin(w + w’ — nw)t

+ sin(w — W' — nw)t]dt, (31)
2cosw't

t t
dt = "t
/0 [1+ fi1(E) coswt] 0 ‘/0 cosw

+ Z an/o [cos(w’ + nw)t + cos(w’ — nw)t]dt. (32)

Obviously, for w' = mw(m = 1,2,3,---) there exist
some terms proportional to time in Eqs.(30) and (32).
We collect all of such terms in Eq.(27) and obtain the

coefficient of t as

r=( &+ L s+ an)

4w 4w
LEAE), | wi(E)

w M + f1(E)

z1(0). (33)

If the system is in the stable states, the first-order cor-
rected solution should be bounded, so the coefficient

in Eq.(33) must equal zero, i.e.

I'=0 for w'=mw, m=1,2,3,---. (34)
This is the sufficient and necessary condition of stabil-
ity in parameter space for the resonance case. Given
Eqgs.(33), (22) and (29), for any fixed initial value
21(0) the stability condition (34) implies that the en-
ergy must take a series of discrete values, E = E(m)
form=1,2,3,---

crete energies can maintain bounded. Those molecules

and only those orbits with these dis-

that are not in these energy states will be excited to
these states or be dissociated. Combining this with
Eq.(33) shows that boundedness of the corrected so-
lution and stability of the unperturbed periodical so-
lution depend on not only the initial condition but also
the system parameters. Therefore, the system has this
conditional stability under deterministic perturbation

too.

Now, we analyse the stability using the Lyapunov

exponent method. Employing Eq.(27), the Lyapunov

zq(t
exponent reads o = lim;_, — In [21(1)] = 0. Accord-
t - |z1(0)]
ing to the linear stability theory, for o < 0 the system

is stable and the system will lose its stability at o > 0.
Unfortunately, in the present case the Lyapunov ex-
ponent is just the critical value ¢ = 0 such that the
function z(t) may be a bounded one, indicating the
stability, or may be the sum of a bounded function
and a linear function of time ¢, implying the instabil-
ity. The stability cannot be determined and the Lya-
punov exponent method becomes invalid thereby. But
using the direct perturbation method we can study the
stability of the critical case analytically and obtain
the condition for controlling the instability, namely
Eq.(34).
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Fig.1. The time evolution of the non-resonant solution, 1 vs ¢ (a) and the orbit in phase space,
1 vs z1 (b), from Eq.(27) with the initial conditions z1(0) = 0, #1(0) = 0.1. The spatial coordinate
is normalized by o~ ! and the time is in units of a=14/u/2D. The plots show that the corrected
solution vibrates with finite amplitude as in Fig.1(a) and the orbit is a closed curve as in Fig.1(b),

indicating periodicity of the motion.

It is necessary to give the numerical results of
the corrected solutions’ time evolution and the orbit
curves in phase space. For the non-resonance case,
we substitute w = 2,0’ = 3, f1(F) = —0.5,£ = 0.01
into Eq.(27) and choose the appropriate initial val-
ues z1(0) = 0,2;(0) = 0.1 to satisfy the stabil-
ity condition. Setting A = 2a2D/p = 1 implies
w = \/m being in units of a\/m. Cor-
respondingly, the time evolution curve and the orbit
in phase space are given in Fig.1. Figure 1(a) shows
x7 oscillating with finite amplitude and Fig.1(b) in-
dicates the phase orbit to be a closed curve, which
means that the corrected solution vibrates around the
unperturbed solution and does not stray away from
it. So the solution is conditionally stable according
to stability theorem. If we select another initial con-
dition z1(0) = 0.1 which does not fit the stability
condition and other parameters to be the same as
Fig.1, the numerical results are as shown in Fig.2.
We can see from Fig.2 that the corrected solution vi-
brates with amplitude proportional to time, until in-

finity as time tending to infinity. The track in phase

L *
>
=
—
| —
| —

-4

Corrected solution

b

{

<

<

]

]

=l

0 5 10 15 20 25

Time

space is not a closed curve, it diffuses to an infinite
region in phase space. So the corrected orbit will de-
part from the unperturbed one, and the system be-
comes unstable. In Fig.3 we give the results under
resonant circumstances with w = w’ = 2, the ini-
tial condition and others parameters fi(FE), ¢ are the
same as those in Fig.1. There exists a divergent phe-
nomenon similar to that in Fig.2, indicating the pe-
riodical solution loses its stability for the reason of
resonance. On the other hand, we consider the reso-
nant circumstances with parameters obeying the sta-
bility condition (34), that is w’ = 2w, i.e.
z1(0) = —0.1,A = 1,£ = 0.01, so from Eq.(34) and
Eq.(22) we have \/E/D = 0.02440442360913077, and
w = 0.99970216770211433. The corresponding time
evolution curve and phase track are shown in Fig.4.
Since the condition (34) is satisfied, periodicity of the

solution is similar to that in Fig.1, the corrected so-

m = 2,

lution remains bounded and the unperturbed period-
ical solution is stable. The numerical results are in
good agreement with the theoretical analyses men-

tioned above.

10

Time derivative

-6 -4 -2 0 2 4

Corrected solution

Fig.2. Plots of z; as a function of ¢ and the phase orbit 21 vs z1 for the initial perturbation z;(0) = 0.1, 1 (0) = 0.1
with the same units as Fig.1. The curve in Fig.2(a) shows that z; oscillates with a linearly increasing amplitude.

The area of orbit in Fig.2(b) diffuses in phase space, indicating instability of the motion.
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Fig.3. Plots of the time evolution z1(t) with the same units as those in Fig.2 and the track of phase space from
Eq.(27) under resonant circumstances for the initial perturbation #1(0) = 0,21 (0) = 0.1 and the forcing frequency
w’ = w = 2, which show the instability. In Fig.3(a) the perturbed solution vibrates around the unperturbed one

with a linearly increasing amplitude, and Fig.3(b) shows the divergence trait in phase space.

0.2 (b
g 01f(®) g )
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@ 2
-
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B ©
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o -0.1 13
o -0.2
0 5 10 15 20 25 o1 00 01
Time

Corrected solution

Fig.4. Plots of the time evolution of the corrected solution z; vs ¢ (with the same units as those in Fig.1) and the

track of phase space with parameters w’ = 2w, z1(0)

—0.1,A =1,£ = 0.01, /E/D = 0.02440442360913077,w =

0.99970216770211433 such that the stability condition (34) is satisfied. The plot in Fig.4(a) shows that z; vibrates
in a finite region, and the closed orbit in Fig.4(b) shows its periodicity.

3. Conclusions

In conclusion, we have solved a diatomic molecu-
lar system described by a Morse oscillator in an exter-
nal laser field. The Lyapunov stability of stationary
solution and the conditional stability of the periodical
one are investigated by applying the direct perturba-
tion method. The sufficient and necessary conditions
that cause the system to be bounded have been given
for the periodical solution under resonance and non-
resonance circumstances respectively. We found that
once the actions of laser field satisfy the conditions,
the molecular system would maintain bounded, oth-
erwise, would lose its stability. Because the conditions
depend on the initial perturbation, the stability of the
This
property is called the conditional stability, which is

system is dependent on the initial conditions.

similar to the non-uniform one. The analytical and
numerical results reveal that the unperturbed period-
ical solution has different stabilities for different ini-
tial conditions and system parameters. Under non-
resonance circumstances, a small change of the initial
perturbation will be amplified linearly with the in-
crease of time and lead a bounded solution to an un-
bounded one. For a given energy value and a suitable
initial condition the system can also lose its stability,
because of the resonance. However, in the resonance
case, there exist some stable states associated with
discrete energy values for any initial perturbation and
small laser field strength. In order to experimentally
control the stability, we must carefully trim the ini-
tial conditions for the non-resonance case or adjust
the laser frequency to obeying the resonance condi-

tion and let the laser amplitude keep smaller.
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