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It is shown how the cross-correlation time and strength of coloured cross-correlated white noises can set an upper

bound for the time derivative of entropy in a nonequilibrium system. The value of upper bound can be calculated

directly based on the Schwartz inequality principle and the Fokker—Planck equation of the dynamical system driven by

coloured cross-correlated white noises. The present calculations can be used to interpret the interplay of the dissipative

constant and cross-correlation time and strength of coloured cross-correlated white noises on the upper bound.
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1. Introduction

In recent years, study of the information entropy
and related quantities has become an important is-
sue for the understanding of noise driven dynamical
systems in details, such as Refs.[1-9]. In the context,

Shannon’s information measure

S = f/P(m,t) In P(z,t)dz (1)

is a very important tool for the study of non-
equilibrium and stationary states of a Brownian parti-
cle. Here S is called information entropy, and P(z,t)
is the continuous probability distribution function in
phase space.

In general, the multiplicative noise and additive
noise of a nonlinear system are taken as different ori-
gins. However, noises in certain situation may have
a common origin. The cross-correlated noises were
considered for stochastic resonancel’®13 and compu-
tation of escape rate,'¥ a two-dimensional hydrody-

namical problem,[*®! etc. Bag et all'?l have studied

the upper bound of the time derivative of informa-
tion entropy for dynamical systems driven by external
Ornstein—Uhlenbeck noise and white cross-correlated
noise processes. The calculation shows that the upper
bound exhibits extremal nature with the variation of
system parameters such as noise correlation time, dis-
sipative strength.

This paper extends the calculation of upper
bound! to the dissipative dynamical system driven
by coloured cross-correlated white noises (i.e. the cou-
pling of the multiplicative and additive white noises is
coloured with nonzero cross-correlation time 7), which
is also thermodynamically open in the sense that
they can be described by classical stochastic processes
with the help of the standard Langevin equation.!1"]
We shall show how the properties of coloured cross-
correlated white noises influence the upper bound of
the rate of entropy change in a nonequilibrium system.
Due to the introduction of coloured cross-correlated
white noises, the nonzero cross-correlation time 7 is

expected to influence upper bound remarkably.

*Project supported by the National Natural Science Foundation of China (Grant Nos 10472091 and 10332030), the Natural Science

Foundation of Shaanxi Province of China (Grant No 2003A03).

TCorresponding author. E-mail: wenxianxie@mail.nwpu.edu.cn

http://www.iop.org/journals/cp



No.9

Upper bound for the time derivative of entropy ...

1767

2.The Fokker—Planck equation of
the dynamical system driven by
coloured cross-correlated white

noises

We consider a simple dynamical system driven
by both multiplicative and additive white noises
with coloured cross-correlation time. The relevant

Langevin equation is as follows:
X ==X — X¢() +n(t), (2)

where ((t) and n(t) are multiplicative and additive
white noises, respectively. The two noise terms are

characterized by their mean and variance

(C()¢()) =2D's(t - t'),

(n(On(t') = 2D5(t 1), 3
(€0ne) = o) = Y2 exp |21

where D’ and D correspond to intensities of multi-
plicative and additive white noises respectively, 7 is
the cross-correlation time of the coupling between the
multiplicative and additive white noises, A denotes the
cross-correlation strength between these two noises
with the limit 0 < A < 1.

Equation (3) shows that the coupling between
multiplicative and additive noises is coloured cross-
correlation.['®~12] The result of Ref.[10] is important
for treatment of our problem. Furthermore, within
small noise approximation,? we can write the Fokker—
Planck equation corresponding to Langevin Eq.(2)
and Eq.(3) as

OP(z,t) _

O[A(z)P(z,t)] 0?P(z,t)
ot ox +B

ox? (4)
where the drift term is

AVDD'

A(x) = —yz + D'z — (5)

where z., is a solution of A(z) = —~vz + D'z —

\WDD'

=0, i.e.
14+~1

, 1.

MDD
(I +7)(D' =)

If we put Eq.(7) in Eq.(6), the value of diffusion coef-
ficient B is

(7)

Te =

[D'1? + 22T + DI'?]
B = I.,2 ) (8)

where

DD
= (14~1)’ )
r=~-D" (10)

3. The upper bound for dynami-
cal system (2) and (3)
The Fokker—Planck Eq.(4) can be rewritten as the

general form of continuity equation

OP(z,t) v .
—a; = Vz'l

5 (11)

where V, denotes the phase space divergence and j is

BaP(m,t)-

j = A(e)P(e,t) - B= (12)

Bag!! has used Eq.(11) and Schwartz inequality and
defined the upper bound for the rate of evolution of

entropy % < Ug(t),
Us(t) = </dxp(f’t)>l/2 deW)lﬂ'

(13)

Since the Fokker—Planck Eq.(4) has the same form

and significance as the Eq.(37) of Ref.[1], hence the
upper bound for the rate of entropy change can be
calculated similarly and the final expression for the

upper bound Ug(t) is given by

1+~7’
ds
and a < Us(t),
/
B=py2- 2P0, b, (6)
1+~7 where
|
(28(t)2I?0(t) — 48(t)T'lo(t) + 21%0(t) + [0 (t)? + 4B? — 4BI'o(t))'/?
Ug(t) = . (14)

a(t)
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The time evolution of o(¢) and 3(t) can be written as 5
2B 4]
a(t) = T[l —exp(—21't)] + o(0)exp(—2I't), (15)
—~ 37
and x
l s 21
Bt) = 51 —exp(=TI't)] + 5(0)exp(~I't).  (16)
14 = -~
The initial conditions for ¢(0) and 3(0) can be set by e
the Eq.(25) of Ref.[1]. 0 . : :
0.0 0.2 0.4 0.6 0.8 1.0

Equations (14)—(16) depict the interplay of the
dissipative constant v of Egs.(2) and (3), the cross-
correlation time 7 and cross-correlation strength A of
coloured cross-correlated multiplicative and additive
white noises. In the limit 7 — 0, i.e., in case of white
cross-correlated between multiplicative and additive
white noises, the details have discussed in Ref.[1]. The
interest of this paper is the general case of nonzero

cross-correlation time.

4. Effects of noises and dissipative

constant v on the upper bound

By combining the results of Eqgs.(8)—(10) and (14),
we obtain the schematic representations of the up-
per bound vs time ¢, dissipative constant 7y, cross-
correlation time 7 and cross-correlation strength A
shown respectively. In the following figures, we choose
D'=1.0, D =1.0, 6(0) = 0.0 and $8(0) = 1.0 accord-
ingly.

Figures 1-3 show the time dependence of the up-
per bound Ug(t), the rate of entropy change decreases
monotonically, with different values of the dissipative
constant -y, cross-correlation time 7, cross-correlation
strength A. In Fig.1, Ug(t) with the weak dissipa-
tive constant such as v = 0.5, depicted by curve a,
at first the value is below that with the strong dis-
sipative constant such as v = 3.0, depicted by curve
b. But the change of Ug(t) is quite the reverse as
soon as time increases up to a critical value and later.
The role of cross-correlation time 7 on Ug(t) is inves-
tigated in Fig.2. It shows that Ug(t) becomes larger
while larger 7 is chosen. Next, we consider the ef-
fect of cross-correlation strength A of coloured cross-
correlated multiplicative and additive noises on the
time dependence of Ug(t), shown in Fig.3. It shows

that Ug(t) becomes smaller while larger A is chosen.

t

Fig.1. Plot of upper bound for the time derivative
of entropy Ug(t) vs time ¢ for Eq.(14) where A = 0.5,
7 = 1.0, curve a for v = 0.5 curve b for v = 3.0 (units

are arbitrary).
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Fig.2. Plot of upper bound for the time derivative
of entropy Ug(t) vs time ¢ for Eq.(14) where A = 0.5,
v = 0.5, curve a for 7 = 0.5 curve b for 7 = 4.0 (units

are arbitrary).
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Fig.3. Plot of upper bound for the time derivative
of entropy Ug(t) vs time t for Eq.(14) where 7 = 3.0,
~v = 0.5, curve a for A = 0.2 curve b for A = 0.9 (units

are arbitrary).
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0.0 0.4 0.8 12 16 20

Fig.4. Plot of Ug vs dissipative constant v at t = 2
for Eq.(14) where A = 0.5, curve a for 7 = 0.2 curve b

for 7 = 8.0 (units are arbitrary).

In Fig.4 we plot the variation of Ug at t = 2 vs
dissipative constant v with different cross-correlation
time 7. Where  increases, Ug decreases monotoni-
cally to a minimum at first and then slowly increases
a maximum and coasts slowly later for 7 = 0.2. How-
ever, for larger 7, such as 7 = 8.0, Ug monotonically
decreases fast at first and then settle down slowly. 7

accelerates the decreasing effect of v on Ug.

0.60

0.58 1

0.56

Us

0.54

0.52 1

T

Fig.5. Plot of Ug vs cross-correlation time 7 at ¢t = 4
for Eq.(14) where v = 0.5 and XA = 0.5 (units are arbi-
trary).

Furthermore, we discuss the relation between Up
and 7 at t = 4, shown in Fig.5. Up increases mono-
tonically with increasing 7. So the dissipative con-

stant v always weakens Ug and 7 enhances Ug by

virtue of nonzero coloured cross-correlation time. For
interpreting the variation of Up with the strength of
cross-correlation A, we plot Ug vs A at t = 4 in Fig.6.
Up at first decreases and then increases after passing

through a minimum.
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Fig.6. Plot of Ug vs cross-correlation strength A at
t = 4 for Eq.(14) where v = 0.5 and 7 = 0.5 (units are
arbitrary).

5. Conclusions

In this paper we extend the calculation of the up-
per bound for the time derivative of entropyl! to a
dynamical system driven by coloured cross-correlated
multiplicative and additive white noises based on
the new results about Fokker—Planck equation cor-
responding to Refs.[2,10]. The dissipative constant
weakens the upper bound and cross-correlation time of
coloured cross-correlated white noises always enhances
the upper bound monotonically, however, the cross-
correlation strength of coloured cross-correlated white
noises at first decreases and then increases the upper
bound after passing through a minimum. Moreover,
we reveal how the interplay of the dissipative con-
stant and the intrinsic characteristic of coloured cross-
correlated white noises can set on the upper bound,
shown explicitly in Figs.1-3. In short, the import of
coloured cross-correlation influences the upper bound

for the time derivative of entropy distinctly.
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