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This paper further investigates the synchronization problem of a new chaotic system with known or unknown system

parameters. Based on the Lyapunov stability theory, a novel adaptive control law is derived for the synchronization of

a new chaotic system with known or unknown system parameters. Theoretical analysis and numerical simulations show

the effectiveness and feasibility of the proposed schemes.
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1. Introduction

Over the last four decades, chaos as a very in-
teresting nonlinear phenomenon has been intensively
investigated in science and technology communities.

In 1963, Lorenz found the first chaotic attractor—
the Lorenz attractor.!! In 1999, Chen and Ueta
found another similar but not topologically equivalent
chaotic attractor, called the Chen attractor.[?! In 2002,
Li and Chen found a critical chaotic system between
the Lorenz and Chen systems, called the Lii system.!?!
To bridge the gap between the Lorenz and Chen at-
tractors, Lu et al proposed a unified chaotic system
with the Lorenz and Chen systems as two extremes
and the Lii system as a transition.* From the defi-
nition given by Vanécek and Célikovesky,®! the gen-
eral Lorenz system can be classified as follows: the
Lorenz, Chen, and Lii systems satisfy the conditions
aizaz1 > 0, ajpas; < 0, and ajzaz; = 0, respectively,
where aj; and ay; are the corresponding matrix ele-
ments of the linear part of the system. In fact, the
unified system is a convex combination of the Lorenz
and Chen systems. That is, for a=0, it becomes the
Lorenz system; for a=1, it becomes the Chen system,;
for a=0.8, it becomes the Lii system.* Recently, Liu
et al introduced a critical chaotic system,® which is

a particular case of the so-called generalized Lorenz

canonical form (GLCF) with 7 = —1.["] Therefore,
this critical chaotic system deserves further investiga-
tion.

This paper further investigates the adaptive
synchronization®~'! of this critical chaotic system.
This

chaotic system is briefly introduced in Section 2. The

The remaining part is organized as follows.

adaptive feedback synchronization criteria and corre-
sponding numerical simulations for known and un-
known parameters are given in Sections 3 and 4 re-
spectively. Conclusions are finally drawn in Section

5.

2. System description

Liu et al proposed a critical chaotic system,!®
which is described by

>e

:a(:‘)_ A)a
§ = bi — ki3, (1)
5= —ct+ h3?,

where a, b, ¢, k and h are positive parameters.

When a =10, b =40, k=1, c = 2.5, and h = 4,
system (1) has a chaotic attractor as shown in Fig.1.
Obviously, system (1) is a particular case of the gener-

alized Lorenz canonical form (GLCF) with 7 = —1.7]
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Notice that there is only one parameter in the GLCF.
In particular, for 0 < 7 < +o00, the GLCF becomes
the Lorenz system; for 7 = 0, the GLCF becomes the
L1 system; for —1 < 7 < 0, the GLCF becomes the
Chen system; and for 7 = —1, the GLCF becomes
system (1).

For any a, b, c € R and k,h € R\ {0}, system (1)

is equivalent to

t=a(y—x),
y = bz —zz, (2)
2= —cz+a?,

under the following linear transform of coordinates:

z = 2V hk,
y = gVvhk, (3)
z=kz.

120

20
-100 —40 z

Fig.1. Critical chaotic attractor.

When k = h = 1, system (2) is equivalent to sys-
tem (1).[7]

In the following, we investigate the adaptive syn-
chronization of system (2). Assume that system (2) is

the drive system, and the response system is given by

& =a(yr — 1) + uq,
U1 = bry — 2121 + uo, (4)
zZ1 = —cz1 +£E% + ug,

where uy, us, and ug are three controllers. The con-
trol goal is to design and implement appropriate con-
trollers uy, ug, and ugz for the response system in which
the controlled response system (4) and the drive sys-
tem (2) are synchronous, i.e.

Jim (2 —2) =0, lim (y1 —y) =0,

tkﬂ-noo (z1 —2z) =0.

Define the state errors between the response sys-

tem and drive system as follows:

e =T1—T, ey;=y —y, and e, =2z — 2.

Suppose that M, and M, are the upper bounds of |z|,

|z1| and |z|, |z1]| respectively.

3. Adaptive feedback synchro-
nization with known parame-
ters

Theorem The response system (4) can synchro-

nize the drive system (2) if vy = 0, ug = 0, and
up = —Xey, where A= aez, A(0) =0, and a > 0.

Proof According to systems (2) and (4), the er-

ror dynamics is
ér =al(e, —eg),
éy =be, — 121 + 22 — Aey, (5)

€, = —ce, + (z1 + ) e,.

Construct a Lyapunov function as follows:

1 [2M32 1
V(e,)\):§< aczei+e§+e§+a()\—)\*)2>,

where A\* is a constant to be determined. Its time

derivative along with the system (5) becomes

. 2M? 1y
V(e A) =" Tenéy +eyéy +esén + —A(A— A"
(6, ) acee +€y6J+ee+a ( )
2M?2 2M;
= emey - €r + bezey
— (Zlez + xez) €y
— )‘*6321 —ce? + (21 + z) ege,
2M?
e T
c
2M2
+ < cz +b+Mz> |em||ey|
+ 2M, |es| le.| + M, |ey| les]
= — eTPe,
where e = [le,], |ey], |ez|]T and
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2M2 1 [(2M?
= - < T +b+ Mz) —M,
c 2 c
1 /2M? M,
P=1 _- L b4+ M, 2* i —
2 c 2
M,
~Ma el ‘
|
To make the origin of the error system (5) asymp- ‘;g '
totically stable, the symmetrical matrix P should be ¢ o k,
positive definite, that is, P must satisfy the following _20 . ,
e 0 1 2 3
condl‘clo;l]sh , . , :
(i) == >0, s ZOLJ
C ol
OM2N* (M2 b+ M\’ 20 . .
(i) =+ + > 0, 0 1 2 3
c c 2 40[ \
. M2 M? b+ M, W 20
(iii) M2X\* — e M? (c +— > R N
—20 .
<M§ b+ M, > 2 0 1 2 3
—c| — + > 0.
& 2 t
Obviously, the condition (i) holds. And if A* >
5M2  3(b+ M, b+ M, \? ; ;
QCE + ( ‘; ) —‘rC( ;‘Mm > ,the conditions (11) Fig.2. Synchronous errors versus time t.
and (iii) hold. That is, P is positive definite and V is 80
negative semidefinite. Thus e, (t),e, (t),e, (t) € Lo
and one obtains
60
t
/ Amin (P) (ei + 612; + ei)dt
0 < 40
t t
< / eT Pedt < — / vdt
0 0
=V (e(0),A(0)) =V (e(t),A(t)) <V (e(0),A(0)), 20
where A, (P) is the minimum eigenvalue of the ma- 00 : 3
1

trix P. It follows that e, (t), ey (t),e. (t) € La. From
the system (5), one has é,(t),é, (t),é.(t) € Lu.

12] 5ne has

Moreover, according to Barbalat’s lemma,!
e;(t) = 0, e,(t) = 0, and e, (t) — 0(t = +00).
Therefore, the system (4) synchronizes the system (2).

QED

Figures 2 and 3 display the synchronous errors
and the feedback gain A. In all simulations, the pa-
rameters are a = 10, b = 40, ¢ = 2.5, and a = 2, and
the initial conditions are (z = 2.2,y = 2.4, z = 38) and
(z1 = 30,y; = 30,21 = 20, A = 0). Figure 2 shows the

synchronous errors of e, ey, and e, respectively.

Fig.3. Feedback gain A versus time t.

4. Adaptive feedback synchro-
nization with unknown param-

eters

This section discusses the adaptive synchroniza-
tion of the response system (4) with unknown param-

eters.
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Assume that parameters a, b and ¢ of the system
(4) are unknown. Then the system (4) can be rewrit-

ten as follows:

& =a(yr — 1) + uq,
Y= 3931 —x121 + ug, (6)

. A 2
z1 = —Cz1 + x] + uz,

where a, b and ¢ are estimated values of a, b and ¢,

respectively. Thus the error dynamics is given by

€, = aey — aey + (&*a) (y1 *301) + ug,
€y = bey — z1€5 — we, + (ZA)— b) 1 + us, (7)
é, = —ce, + (:El —i—:lf)em + (—é‘i‘c) z1 + us.

Denote&:&fa,l;:l;fb,ézéfcanddeﬁnethe

active control functions uq, us, ug as follows:

up = (21 —a—0b)ey,
Uz = Ty — €y, (8)
uz = — (1 + z) €.

Construct a quadratic Lyapunov function as fol-

lows:

_ 1 ~
V<e,a,b,a) =3 <e§+e§+e§+52+b2+52).

According to the Egs.(7), and (8), the differential of
1% (e,a,B,a) is

1% (e, a,b, 5) —enby + eyly + €6, + d + bb + G

— 2 2
=—ae, —e€,

—ce +a(yr — 1) e,
+ I;xley — ézie, +aa + I;I; + éé. (9)

Define the updating laws of the estimated parameters

as follows:
a(y1 —ml)ez—l—&ézo,
l;;vley +bb =0, (10)
—cz1€e, + éc = 0,
and
a=— (yl - 3?1)69:7
i): —I1€y,
c= z1€,

From Egs.(9) and (10), one has

(11)

Since V is a positive and decreasing function,

Yy

1% (e,d,b,é) = —aei —e2 - cei.

V is negative. It follows that the equilibrium point

(ew,ey,ez,d,i),é):(o, 0, 0, 0, 0, 0) of the systems

(7) and (10) is uniformly stable, i.e. e, ey, €., @, b,
¢ € Lo,. According to Eq.(11), one obtains

t t
/ (a2 + ez +ce?) < —/ V (e,a)dt
0 0

=V (e(0),a(0)) =V (e(t),a(t)) <V (e(0),a(0)),
where o = (d,i), E). Obviously, e, (t),e, (t),e. (t) €
L. From Barbalat’s lemma, under any initial condi-
tion, the expression (7) implies é, (t),é, (t),é. (t) €
L. Thus one has e, (t),e, (t),e, (t) = 0(t = 00).
Therefore, the two systems can realize synchronization

under the feedback controllers.
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Fig.4. Synchronous errors versus time ¢.
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Fig.5. The parameters identification results versus
time .

Figures 4 and 5 show the numerical simulations
for the adaptive synchronization of the systems (2)
and (6). Here, a = 10, b = 40, and 2.5. The initial
values of the drive and response systems are given by
(x =2,y =2,z =176), and (z; = 30, y; = 30,
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z1 = 20) respectively. The initial values for the pa-
rameters are (a(0) = 0, I;(O) =0, é(0) = 0). Figure 4
shows the synchronous errors e, ey, e, respectively.
Figure 5 displays the parameter identification results
of a(t), i)(t) and é(t) denoted by the solid, dotted, and

dashed line respectively.

5. Conclusions

This paper has further studied the adaptive syn-
chronization of a critical chaotic system. Two novel
adaptive feedback synchronization criteria are given.
Theoretical analysis and numerical simulations show
the effectiveness and feasibility of the proposed meth-
ods.
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