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By introducing a new tortoise coordinate transformation, we investigate the quantum thermal and non-thermal

radiations of a non-stationary Kerr—Newman—de Sitter black hole. The accurate location and radiate temperature of

the event horizon as well as the maximum energy of the non-thermal radiation are derived. It is shown that the radiate

temperature and the maximum energy are related to not only the evaporation rate, but also the shape of the event

horizon, moreover the maximum energy depends on the electromagnetic potential. Finally, we use the results to reduce

the non-stationary Kerr—Newman black hole, the non-stationary Kerr black hole, the stationary Kerr—Newman—de Sitter

black hole, and the static Schwarzshild black hole.

Keywords: quantum thermal radiation, quantum non-thermal radiation, tortoise coordinate trans-

formation, Kerr-Newman—de Sitter black hole

PACC: 0420, 9760L

1. Introduction

In 1973, Hawking proved that the temperature of
black hole existed on the event horizon, and black hole
could emit radiation from its event horizon.'=3! Sub-
sequently the non-thermal radiation near the event
horizon was proved.[*=¢ Since then, the important
subject of revealing the thermal properties of various
black holes has aroused much attention in black hole

physics. In the past few decades, much effort"—?!

was
devoted to the quantum radiation of scalar and Dirac
fields in some static or stationary black holes. A re-
alistic black hole in astrophysics must radiate or ab-
sorb matter surrounding it, so it is non-stationary and
evolves in time. Thus, the thermal properties of non-
stationary space—times are more interesting than those
of static or stationary black holes, and more worth be-
ing studied. At present, quantum radiation by black
holes has been studied extensively in the non-static
and non-stationary space-times.19~13] But the quan-
tum radiation for the non-stationary Kerr—-Newman—
de Sitter black hole has been unknown to us, in which
there exists a cosmological constant. In recent years,
there has been a renewed interest in the cosmologi-

cal constant as it is found to be present in the in-

flationary scenario of the early universe. Moreover,
when solving the problems about the quantum radia-
tion of black holes, one usually uses the generalized
tortoise coordinate transformation. Recently, some
people have found that by using a kind of new tor-
toise coordinate transformation the problems about
the quantum thermal and non-thermal radiations near
the event horizon can be also solved. In this paper,
we use the definition of the event horizon to determine
its locations, and then use a kind of new tortoise co-
ordinate transformation to discuss the quantum ther-
mal and non-thermal radiations of a non-stationary
Kerr-Newman—de Sitter black hole. Finally we use the
results to reduce the non-stationary Kerr—Newman
black hole, the non-stationary Kerr black hole, the sta-
tionary Kerr—-Newman—de Sitter black hole, and the

static Schwarzshild black hole.

2.Space—time of non-stationary
Kerr—-Newman—de Sitter black
hole

According to Refs.[14,15], the metric for non-

stationary Kerr—Newman—de Sitter black hole in a re-
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Here A is the cosmological constant and A =
[1+ (1/3) Aa?] % is a constant multiple to be deter-
mined. M(v) and Q (v) are the mass and charge of
the non-stationary Kerr—-Newman—de Sitter black hole
respectively, they change with advanced time v. The
total angular momentum of the black hole is given by
aM (v) with a being a constant. From Egs.(2) and (3),

we can easily acquire the inverse tensors in Eq.(2) as

follows:
1 1
o ==y pa,
1 1
01 10 2
= =——=5(r"ta
9t =g 7 7 )
03 30 a

Bl — by — b — mbm, —
", =ntn, =mtm, =m'm, =0,
Hpp  — [ — pban — nlygy —
"m, =1"m, = ntm, =ntm, =0,

Fn, = —-mtm, =1,
and
g = 1*n" + nklY — m*m” — mFm”. (7)

The black hole district can be defined as the light-
like district where no information can arrive, and the
boundary area around the black hole district is called
the event horizon. According to York’s “definition of
work” [17] (The event horizon should be light-like and
the photon should stay on the event horizon for a long

time). So, the event horizon should be determined by

’I.‘H ~ O, and T‘H =~ 0. (8)
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As 7g =~ 0 near the event horizon, we can obtain A2 .

the value of 7y on the event horizon
(3rs - QQ)
AVAIL (73 + a2)’

where ry represents the evaporation rate of non-

TH = (13)

stationary black hole near the event horizon. So, when
rg > 0, the outer event horizon is expanded gradu-
ally, and the black holes are called the absorbing black
holes. On the contrary, when 7 < 0, the outer event
horizon is contracted gradually, and the black holes
are called the evaporating black holes. And substitut-

Eq.(14) has the following roots: when 7y is for the

outer horizon, the root is

ru=ry =i =y + 15 (16)
when rg is for the inner horizon, the root is
ra=r_—=—f —f3y +f3; (17)

when ry is for the cosmological horizon, the root is

ing Eqs.(13) and (12) into Eq.(10), we can have P (18)
4 3 9 9 6M; 3
TH(Z“‘)TH"' 1 TH——( +Q7) =0, (14) where
|
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From Egs.(16), (17), and (18), we can obtain that 3. Research on the quantum ther-
the shape of each event horizon is of a spherical sur- o g .
) - , mal radiation by using a new
face in the zero-order approximation. And by using
this method to calculate the event horizon, rg cannot tortoise coordinate transforma-
exist in the formula, and it directly gives the relation- tion
ships between rg and @, M. So this method can give
a more specific location of each event horizon than the In the curved space-time, the Klein—Gordon
traditional method where the null surface equation is equation of the particle with the charge e and mass

used. s

\/% <% - ieAH> [\/—_gg”” <% - ieA,,)} & —putd=0. (20)

Substituting Eqs.(4) and (5) into Eq.(20) yields the Klein—-Gordon equation under the Lorentz condition
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T AZA, N ot T JAn  vor  ASA,  ovdp  JAN  ordp X 007 % or?
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Introducing a new tortoise coordinate transformation!'8:1!
1
r*:2—ln[r—rH(u,0)], vi,=v—1y, and 0, =60—0q (22)
K

and applying the expression (22) to Eq.(21), we can have
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sin 0 a0,
In the vicinity of the event horizon, namely » — rg, v — vg, and 6 — 6y, we take the limits of each item

in Eq.(23), we can arrive at

0% 0% 0% 0%

o
2 0T oy 120t 1 2(C +ied
oz T2, T Mg g, T 20, g, T2 (Gt iedn) 5

~o, (24)
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In order to reduce Eq.(24) to a standard form of wave equation near the event horizon, we adjust the parameter

x such that it satisfies

72\/ZA9TH’I"H + AAQ [TH - M —

(2/3) Arf; — (1/3) Aa®ry]

K [\/ZAG (r + a?) — a?sin® 907.'H}
which means that the “surface gravity” of the horizon is

—2VAAgruty + Adg [ru — M — (2/3) Ar}; — (1/3) Aa’ry]

=1, (30)

R =

; (31)

Ag(r2 + a?) —
\/_ H(TH+U’) 2(,,,.12{_1_0/2

where we use the null surface condition of non-
stationary Kerr—-Newman—de Sitter black hole. By
substituting Eq.(30) into Eq.(24), and carrying out
the separation variable to Eq.(24) in the following
form:

® = R(r,)0(0,)elcr v (32)
in which w is the Klein—Gordon particle’s energy and
¢ is the projection of the Klein—Gordon particle’s an-
gular momentum on the ¢ axis, and by substituting
Eqgs.(30) and (32) into Eq.(24) , we can have

6’ =)0,
R'+2(A+icy +iedyg —iw) R =0, (33)
where A is a real constant used in the process of vari-

able separation, and A = AC2 + Cy. So, Eq.(33) has

the following solution:

a? sin? 6, <a27'“12{ sin? 6,

VAN + VAA rﬂ)
VAN, H 0T’ "

of the charged particles in-going and out-going non-

stationary Kerr—-Newman—de Sitter black hole:

Ry, = R, = e,

Rout _ R(—)‘y-ut _ efiwu*eZi(wfg.QerQHI)r*ef2Ar*. (35)
In Eq.(35), R; is analytical on the outer event hori-
zon, while R}, has a logarithm singularity. By using
the Darmour—Ruffini stretch method of analysis, and

extending it to the inside of event horizon, we have

R+

—iwr, 2i(w—c 2y —ePy)r. ,—2AT,
out € €

=€

ina 7(w—sfg—edy)

Xer e " . (36)

With the Damour—Ruffini-Sannan method, we obtain
the following spectrum of out-going wave on the outer

event horizon:

O = cyer?,
R = C2e2i(w7<Qerd5H)'r*f2Ar* + cs, 34 + 1
(34) NS = o eam KT 17 (37)
where ¢1, ¢3, and c3 are constants, 6, is the polar an-
gular. Solving Eq.(24) yields the radial wave function =~ where
|
T+ L 72\/ZA9THTH + AAG I:TH - M — (2/3) ATI?:I B (1/3) Aa’er} (38)
2 a? sin? 6,

21 \/ZAQ(T%_I +a?)—

2(rg + a?

a27"12{ sin? 6, .
+ VAAg 4+ VAN >]
) < VAA, " o
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In the same way, we have the spectrum of out-going wave on the cosmological event horizon as follows:

1
N = elw—cQu—ePu)/KgT° 4 1’ (39)
where
e B _ —2VAAgrcte + Al [Tc — M —(2/3) Ar} — (1/3) Aa27"0] (40)
27 \/ZAG(TZ +a?) — a? sin’ 0y <a2f%1 sin” 0y + A+ Aer’2>} .
B R R v C
|
In Egs.(37) and (39), 2y and &y are the drag- 2_‘1%& + 2_"%&
ging angular velocity and electro-magnetic potential AAg dv dp /A Or dp
of non-stationary Kerr—-Newman—de Sitter black hole _ 2 (a2 sin?0A4y + a Ag) %
respectively. Obviously, Eqs.(37) and (39) give out Ade v
the radiation spectrum of quantum thermal radia- e’ A3 a? sin” fe® Af
tion of charged particles in the non-stationary Kerr— Algsin®f Al
Newman—de Sitter black hole. Through Eqgs.(26), _ 2 [(TQ + a2) Ag + aA3] é
(38), and (40), we can see that by using the new tor- VA ov
toise coordinate transformation the problems about — 2e <a Ag + A_§’> ﬁ
the quantum thermal radiation can be also studied, AA;) sin"6/ 9y
and that the radiated temperature as well as the drag- + M + ,ugZ' —0. (42)
ging angular velocity is related to not only the ad- Adp
vanced time v but also the angle #. This is an inter-  We now introduce the new tortoise coordinate trans-
esting result. formation as follows:
4. Research on the quantum non- 1
re = —In[r —rg (v,0)],
thermal radiation by using a 2
new tortoise coordinate trans- ve =v—vg, and 6. =6— 6. (43)

formation

8 [e3
There exists the killing vector <S> in the curved
In the curved space-time, the Hamilton—Jacobi 9

)

. . . —ti ted by Eq.(2 h
equation292!] of the particle with the charge e and space-time represented by Eq.(2), so, we have

mass [ is b
9 9s 8_5 =¢ (constant). (44)
wo (95 2 — 2 = ¥
g <8m” eA, oy €A, ug =10, (41)
Let
where s (v, 7,0, ¢) is the Hamilton principal function, ¢ 9s 9s
A, is an electromagnetic four-potential, and given by o, = —w, and a0, =p (45)

Eq.(5) for the axial-symmetry of the non-stationary

Kerr-Newman—de Sitter black hole. By substituting where w is the energy of a particle, and pis a com-

the expressions (4) and (5) info Eq.(41), we can arrive ponent of the general momentum, and substitute the

at
a®sin?0 [9s\? 2 (r2 + a2) Os Os ds\ 2 2
=) 4 A= Os Os
AAg <81/> VA  Ovor A <87‘> G<3T*> —2D <Br*> +26(r—ru)Y =0, (46)

LA 0s 2+ 1 9s\ 2
“\ 06 Al sin? 6 \ 9p where

expression (43) into Eq.(42), then we will have
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a® sin 72 (r*+a )7"H+A>\+A97“'12q
R AY) VA
G = (47)
2k (r —ry)
a?sin%6 (7‘2 + a2) a a e
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a8, "mempAers = S mtw = rnins ke = o (4 ah) Ao +ads)
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Y =——— 202 4+ Ayp? 2_ 2y, 48
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In Eq.(46), each item is multiplied by the factor

AAg

VAAg (r + a?) — a?iy sin® @

. Obviously, in the vicinity of

0
the event horizon, the coefficient of the first item in Eq.(46) is of 6—type. We adjust the parameter s such that

it satisfies

—2v/AAgrytiy + Adg [ry — M —

(2/3) Ard; — (1/3) Aa®ry]

K [\/ZAg (rf + a?) — a? sin? 907‘H}

=1. (49)

By solving Eq.(49), we can obtain the “surface gravity” of the horizon

—2\/ZA9TH7.“H + AAy [’I‘H - M — (2/3) A'I‘% — (1/3) Aa2rH]

" a?sin? 0, [ a%7% sin? 6, ' (50)
Alg(r + a2) — H AA ANgr'3
VA o(rf + a?) 208 + o) < VAN, +VAAL + VA erH>
. . a
The solutions of Eq.(46) can be written as Cy =|pAgrly + Frc — .
Js 1 Adg VA
. :5<Dj:\/D2—2n(r—rH)GY). (51) ,
Tx
+ ﬁ((r2 +a®)Ag + aAs)]
Since s and cannot be imaginary numbers, we
T« 2
have — 26(r — 1) G[Agp® + S
D? — 2k (r — rg) GY > 0. (52) Algsin® 0
By solving Eq.(52), we obtain — i (T2 + a® cos? 0)] (54)

L~ £ \CE-CiCy

w C (53)
where
O — a?sin®6 . r? 4+ a? 2
1= AN, TH JA
2 o 29
—QK(T—TH)%G,
a?sin? 0 r? 4+ a? a
Cy = . — — pAgriy — ——7
2 < AA, TH \/Z >{ pAeTy AAngg

+ %§, % ((r2+a2) A0+aA3):|

1
+ 2k (r —ry) <A—Ag> Gag,
|

+ 0

Iim w™ =w” =

VAalgs — arac — ApAZry; — VAAge [(r%l + a2) A + aA3]

By considering the sign of inequality in Eq.(52), we
have

+

w>w'" and w<w™. (55)

In the non-stationary Kerr—-Newman—de Sitter space—
time, the Dirac energy level distribution is described
exactly in the expressions (53)—(55), but the energy
states that satisfy w™ < w < w™ are in a forbidden
region. In the vicinity of the event horizon, namely,
when r — g, v = 1p, and 0 — 6y, we can obtain the
maximum energy from Egs.(14), (53) and (54):

T—>TH

VAAg (rZ + a?) — a? sin? Org

; (56)
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which means that the width of the forbidden region
vanishes on the event horizon, and positive and nega-
tive energy levels are crossed near the event horizon.
When w® > pg, the Starbinsky—Unruh process must
occur. This means that there appears a non-thermal
quantum radiation from the region near the event
horizon, the maximum energy of a particle is w®, while
the energy of the radiated particle is py < w < w°.
Through Eq.(56), we can easily see that this radiation
is irrelevant to temperature, which differs from the
thermal radiation given by Egs.(37) and (39). Equa-
tion (56) indicates that the maximum energy w° of a
particle varies with radiating direction and the evap-
oration rate as well as the four-potential, correspond-
ingly, the energy of the radiated particle changes with
them.

5. Discussion

(1) Through Egs.(31) and (50), we can con-
|

2(rg + a®) [-2raru + (ra — M)

clude that both Hamilton-Jacobi equation and Klein—
Gordon equation can give the “surface gravity” of the

event horizon. In both radial equations, the coeffi-

2
0%
cient of Os is equal to the coefficient of ——. As
0 or?

T 2
r — rg, vV — vy, and 8 — 0, the coefficient is of

g— type. By calculating the limit of the two coeffi-
cients, and taking the limit value as 1, we can obtain
the value of k. By applying the formula of the thermal
radial temperature (k/27Kp), we can also acquire the
thermal radiation temperature of the black hole.[22—24]
From the above discussion, we can see by using a
new tortoise coordinate transformation the problems
about the quantum thermal and non-thermal radia-
tions near the event horizon can be also solved, which
usually are solved by using the generalized tortoise

coordinate transformation.[25—28]

(2) When A = 0, substituting it into Egs.(26),
(31), and (56) yields

Oy =

_ , 57
2(7‘12{ +a?)? —a? sin? 0 (azf“%{ sin? 6y + 7“12_I +a?—2Mrg + Q2 + 7"12—1) (57)
rE +a? — a? sin? Ory

0 @S — arys — pry —e [(TIZ{ +a?)Ao + aA3] (59)

w =

which are the results describing the non-stationary
Kerr—Newman black hole, so under the circumstances,
the metric of the non-stationary Kerr—Newman—de
Sitter black hole comes back to that of the non-
And it is in-
teresting that the “surface gravity” and the dragging

stationary Kerr—Newman black hole.

angular velocity of the event horizon as well as the

2(rf + a®) [=2ruru + (ru — M)]

(r3 + a?) — a? sin? Ory

maximum energy of a radiated particle are related to
not only the advanced time v but also the angle 6,
so the radiated temperature (k/27Kp) on the event

horizon also changes with them.

(3) When A4 = 0 and Q = 0, substituting them
into Eqs.(26), (31), and (56) can give

_ , 60
2(r + a?)? — a? sin? 6, (a27'“ sin? 6y + % 4+ a? — 2Mry + r’%{) (60)
a (1 — TH)
O = , 61
H % +a? — a? sin® Ory (61)
I arus — pri (62)

. . )
rE + a? —a? sin? 07y

which are the results describing the non-stationary
Kerr black hole. Equations (60), (61), and (62) give

the “surface gravity” and the dragging angular veloc-

ity of the event horizon as well as the maximum energy
of a radiate particle, and we can easily know that all

of these parameters depend on not only the advanced
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time v but also the angle 6, so the radiated temper-
ature (k/2mKp) on the event horizon changes with

them. |

B 2AAp(ry + a?) [TH — M —(2/3) Ard — (1/3) AG,QTH]

(4) When 7y = 0 and rj; = 0, substituting them
into Eqs.(26), (31), and (56) can give

K= , 63
oA Ag(r3 + a2)? — /A2 sin® o An (63)
a
U702 e (64)
O \/ZaAgg — \/ZAge [(T%{ + a2) A+ aAg] (65)
VAAg (13 + a?) ’
which reduce the stationary Kerr-Newman—de Sitter g =0, and " =0. (67)

space—time result, where ryg is given by the null sur-
face equation of the stationary Kerr-Newman—de Sit-
ter black hole. So the “surface gravity” and the drag-
ging angular velocity of the event horizon as well as
the maximum energy of a radial particle are constants.

(5) When A =0, a =0, Q =0, 7g = 0, and
rj; = 0, under the null surface condition of the static
Schwarzshild black hole, by substituting them into
Eqgs.(26), (31), and (56) we can have

K=— (66)

From Eq.(67), we can obtain that the dragging an-
gular velocity of the event horizon as well as the
maximum energy of a radiated particle is zero in the
static Schwarzshild black hole. And the quantum non-
thermal radiation cannot occur there, while the quan-
tum thermal radiation is still carried on; the “sur-
face gravity” of the event horizon is given by Eq.(66).
The maximum energy of a radiated particle is re-
lated to the dragging angular velocity of the event

horizon.[29-31]
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