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‘We discuss a scheme for probabilistic and controlled teleportation of an unknown arbitrary three-particle state by

constructing a peculiar non-maximally entangled state as a controlled quantum channel

which is teleported between

two sides with the help of the auxiliary particle and the cooperation of the third side (Charlie) as a supervisor. In

comparison with some existing schemes, on the receiver’s side it is easy to have the sender’s state through operating

two uniform unitary transformations in turn. In addition, we also give an efficient quantum network for implementing

the new scheme by means of some primitive operations.
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1. Introduction

In the field of quantum information, quantum en-
tanglement has been playing a more and more crucial
role because of its non-locality properties.[!! Quantum
teleportation, originally proposed by Bennett et all?
in 1993, is one of the most prominent progresses in
quantum information theory. It allows the transmis-
sion of an unknown qubit state from a sender “Alice”
to a spatially distant receiver “Bob” via a quantum
channel with the aid of some classical communication.
Based on the quantum teleportation scheme, quan-
tum teleportation has been demonstrated with the
polarization photonl®! and a single coherent mode of
field?] in experiment. At present, several schemes for
teleportation of entangled states have been presented.
Teleportation of a two-particle state under various
conditions was studied in Refs.[5-11]. Yang and
Guo,["?! Lu,[*] Liu and Guo,!" and Dai et all'%! pro-
posed schemes for teleporting a three-particle entan-
gled Greenberger—-Horne—Zeilinger (GHZ)-type state
and W-type state, respectively. Especially, proba-
bilistic teleportation of an unknown arbitrary three-

particle state was proposed in Refs.[16, 17] as well.

In ordinary teleportation schemes, the entangle-

tCorresponding author. E-mail: qikg@ustc.edu.cn
http://www.iop.org/journals/cp

ment of two parties between the sender and the re-
ceiver plays a very important role. In Ref.[18], three-
party states are considered in which one of the par-
ties, the assistant, makes such a measurement that
the remaining two parties are left with as much en-
tanglement as possible on average. As an obvious
extension of the entanglement of assistant, recently
Zhou et al* proposed the controlled teleportation of
single-particle state and Yan and Wangl?®! presented
the probabilistic and controlled teleportation of an ar-
bitrary two-particle state. In their protocols, the en-
tangled state shared by a sender “Alice”, a receiver
“Bob” and a supervisor “Charlie” serves as the quan-
tum channel, and without the cooperation of Charlie
the teleportation between Alice and Bob cannot be re-
alized, in other words, the teleportation is supervised

by Charlie.

In this paper, we study the scheme for probabilis-
tic and controlled teleportation of an unknown tripar-
tite state in a general form, which can be realized by
making three generalized Bell-state measurements on
the sender’s side and operating an appropriate unitary
transformation on the receiver’s side with the cooper-

ation of the third side. This scheme lies in the fact
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that it can be utilized to construct a peculiar non-
maximally entangled state as a controlled quantum
channel. In comparison with the scheme discussed in
Refs.[16, 17], on the receiver’s side it is easy to have
the sender’s state by operating appropriate unitary
transformations, which may be useful to the future

quantum communication and experiment.

It is generally accepted that all unitary operations
on any great number of bits can be decomposed into
the combinations of a set of one-bit quantum gates
and two-bit Controlled (CNOT) gates.?™2? In terms
of only single-qubit gates, two-qubit CNOT gates, Von
Neumann measurement and classical controlled oper-
ations, Gao et all?*~2% and Liu et all?9! have con-
structed the efficient quantum circuits for probabilis-
tic teleportation, which is important for realizing the

teleportation scheme in experiment.

We first

present our scheme for probabilistic and controlled

This paper is organized as follows.

teleportation of an unknown tripartite state in a gen-
eral form via a peculiar controlled quantum channel.
Then, we give an efficient quantum network for im-
plementing the new scheme by means of the primitive
operations consisting of single-qubit gates, two-qubit
controlled-Not gates, Von Neumann measurement and

classically controlled operations.

2.Probabilistic and controlled
teleportation of tripartite state
in a general form

Suppose, the sender “Alice”, the receiver “Bob”

and the supervisor “Charlie” who are spatially sep-

arated are involved in the scheme of the controlled
teleportation. The purpose of this scheme is to tele-
port an unknown arbitrary three-particle state |®)123
on the sender Alice’s side to Bob under the control of
Charlie.

| D) 123 =ap|000) + o1 [001) + 2|010)
+ a3|011) + ay|100) + a5|101)
+ ag[110) + ay|111), (1)

7
where Z |a;|> = 1. The above three people have
=0

shared a_seven—particle non-maximally entangled state

|©) 45678910 as their quantum channel, which reads

) 45678910 =030]0000000) + B;|1000011)
+ $2]0100100) + B3/1100111)
+ £4]0011000) + (35|1011011)

+ B6/0111100) + B|1111111), (2)

where particles 4,5, 6, particles 7,8,9 and particle 10
belong to Alice, Bob and Charlie, respectively. The

coefficients §; (¢ = 0,1,...,7) are assumed to be
nonzero real numbers such that (g is smaller than the
7
others and Z (? = 1, which would guarantee the suc-
i=0

cess of the unitary transformation stated later. There-
fore, the initial state of the whole system composed of
particles 1,2,3 and a quantum channel formed by en-
tangled particles 4, 5, 6, 7, 8, 9 and 10 is given by

|¥) = |®)123 ® |)a5678910- (3)

The diagram of this scheme is depicted in Fig.1.
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I .
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I -
state to be teleported ccC

Fig.1l. Schematic diagram of probabilistic and controlled teleportation, BSM denotes the Bell-states mea-

surement, VNM denotes the Von Neumann measurement, CC denotes the classical communication, QC

denotes the quantum channel.
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In order to realize teleportation, Alice must per- will project particles 7,8,9 and 10 into one of the fol-
form the Bell-states measurement on particles (1,4), lowing states (64 kinds in all).

particles (2,5) and particles (3, 6), respectively, which

36(¢% |25 (¢ E |14 (¢F| ¥) =i[a0ﬂ0|000> £% 4 1]001) £ 0r/32[010) +* % B5|011)

+¢ a1 34]100) £ a5 05[101) £ +Pa386|110) £ £° +% oy B7[111)] 780 |+ )10

+ %[aoﬂ0|000> F s 41]001) £° 02 32]010) F° £%6/35|011)

+° a1 34]100) F° a5 05[101) +° +Pa386|110) F¢ +° +% oy B7]111)]789|—) 10, (4)
36(VE a5 (6F 14 (6T | W) Zi[icalﬁo\mo) £° £%581001) £° £00382(010) £ £ £ a7 33]011)

+ 0B4|100) £* g B5]101) £° 2 86]110) £° £ s B7[111)] 789 |+ )10

+ i[i5a150|ooo> F¢ %561 |001) £° +%a362/010) F€ +° £ ayG5|011)

+ 0 fB4|100) F* aaB5]101) £° 2 86]110) F° £ B7]111)]789| )10, (5)
36(0™ |25 (¥ |14(¢T| P) Zi[ib%ﬂo\oom £ +%06/31]001) + 01032]010) £* vy B5/011)

4+ +%036,4[100) £ +£° 4+ a7 85[101) +° a1 B6110) £¢ +%a587]111)]780|+ )10

+ i[ib%ﬂomoo) F° £%61]001) + g B2]010) F* as35|011)

+¢ +%036,]100) F¢ +£° +% a7 85[101) +° a1 66/110) F° +%a587]111)]780| = )10, (6)
36 (Y E|as (W1 (0F| @) Zi[ic £ a3/30/000) ° +° £ a7 31[001) £ 1 32]010) £ +%r5 B5|011)

£ 01334/100) £° £%a635]101) + o Bs|110) £ cvg B7|111)] 79| +)10

+ i[f +° 360/000) F° +° £ a76,]001) £° oy 82]010) F¢ £%a543/011)

+° @y 34]100) F° £ 05 |101) + o [110) T s B7]111)]780| = )10, (7)
36(0F |25 (0T |14 (WE| @) :i[i“a4,80|000> + apf1|001) +° +%a632]010) +£° oy B5]011)

£ £%584]100) £° a1 B5[101) £° £° £ a7 36|110) £° £ a387[111)]789|+)10

+ i[i“a4ﬂo\000> — pf1]001) £ £%532]010) F" a2 33]011)

+¢ £%584|100) F° a1 B5|101) £° £° £ a736110) F° £ a387[111)]789|— )10, (8)
36 (VT |25 (T |14 (WE| @) :i[ic +% a530|000) £ a1 51]001) £ £ £ a7 65|010) £€ +%ai343|011)

4% 434]100) + apB5|101) £ £%a85|110) £° o 37]111)] 78|+ )10

1

+ Z[

£ 004 34]100) — o B5]101) £° £ B6|110) F° a2 87|111)]789| )10, (9)
36 (0T |25 (W F |14 (WE| @) :%[ib +% a30]000) +° +Pp31]001) +% g 32]010) + g 35]011)

£° +° £% a7/34100) £° £ a3 85|101) £ £%0r586110) £ o1 B7[111)]780|+) 10

+° 4% a560|000) F° a1 61[001) £ +° £ a755|010) F° £Pa363|011)

+ i[ib £ a6/30/000) F° £ r2/31001) £* a4 32|010) — cxp/33|011)

£° £ £% a7/34]100) F° £ a3 85|101) +° £%0r586110) F° o1 B7|111)]780]—) 10, (10)
36 (VT |25 (W |14 (T | @) :%[ic +° £%0765|000) £€ +%a341|001) £€ +%a562]010) £ oy B5[011)

+ +%0644]100) £° a9 85]101) +* s Bs|110) + o B7]111)] 78|+ )10

+ i[ic £ %7 3000) F° £°0i3/31]001) +° +%ar532|010) F° a1 33/011)

+ +%06441]100) TP g 85101) £ s B5|110) — o f7]111)]780]|— )10, (11)
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1
where |¢F);; = ﬁ

1
——(|01) & |10)) are four Bell-states of particles ¢ and

V2 1 1
jand [4) = =0+ 10), [ = —=(0) - 1),

and where £%, +% and £° correspond to the super-

(J00) + [11)) and |¢¥); =

scripts for the Bell-states composed of particles (1,4),
particles (2,5) and particles (3,6), respectively and
F¢ = -4 b = —+> and F¢ = —£°. For example,
if Alice’s measurements are|1) ™ )14, [tV )25, and ¢ )3q,
namely the corresponding superscripts are —,+ and
+ in Eq.(10), the states of particles 7,8,9 and 10 will

collapse into
36(07 25 (¥ 14 (¥ 7] W)

1
:Z[_a6ﬂ0|000> + a231]|001)

— a4 f32|010) + apf5]011)

— a7[34]100) + a305[101)

— a506(110) + a137[111)]789[+) 10

+ i[—a6ﬂ0|000> — a331]001)

— a4f32|010) — af33]011)

— a7f34|100) — a3f85]101)

— a56/110) — a1 B7|111) 789 —)10-  (12)

After that, Alice informs Bob and Charlie of the
measurements via a classical communication. For as-
sisting Alice and Bob, Charlie should make a mea-
surement on particle 10 using the base {|+)10,|—)10}
and transmit her results to Bob over a classical com-
munication channel, then the particles 7,8,9 in Bob’s
place collapse into one of 128 kinds of states, again.

For instance, if Charlie obtains |+), then in Eq.(12)

B
4
+ an[111)]7s00) 4 + i[azﬂl
1 — B2/@31011) — ar s

1 — B3/B31110) + a1 B

+ apfs
—asf

Similarly, Eq.(14) turns into

1 — B3/B7[001) — cafBy
1 — 33/5%1100) + as s

1 — 33/B71111)]7s0[1) - (16)

particles 7,8,9 collapse into the following state:

1

Z[—a6ﬁ0‘000> + O(QﬁﬂOOl) — Oé4ﬁ2‘010> + a0,83|011>
— a7,6’4\100> + a3,85|101>

— a5f6[110) + a1 87[111)]7s9, (13)

otherwise, the state is

i[*&eﬂo‘OOO) — Oé2ﬂ1‘001> - a4ﬂ2\010> - a0ﬂ3|011>

— Oé7ﬂ4‘].00> — Oégﬂ5|].01>
—a5,86\110) —a1ﬁ7|111>]789. (14)

In order to make the teleportation successful, Bob
needs to recover the original state |®)123 on his side
from the states of particles 7,8,9. Firstly, Bob in-
troduces an auxiliary particle A with an initial state
|0) 4 and performs a collective unitary transformation
U, on particles 7,8,9 and particle A. Under the base
of particles 7,8,9 and A{|0000}, |0001),...[1111)}, the

unitary transformation U; (a 16 x 16 matrix) may take

the form
I 0 O 0
(5% 0 0
U= 0 0 wu o |, @5
0 0 0 - u
1 0
where I = < >,
0 1
e (B VTR
V1-063/67 Bo/Bi
(1=1,2,...,7). For example, the unitary transforma-

tion Uy will transform the state in Eq.(13) into

—[—|000) + a3]|001) — ag|010) + ap|011) — a7|100) + v3|101) — a5]|110)

1 - 53/ p31010)
1—B3/B3]101)
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%[*a6|000> — a2|001> — a4|010> — a0|011> — a7|100> — 053|101> — 055|110>
1
— a1[11)]re9]0) 4 — Zlaafry/ 1 — B5/571001) + cafBay/1 — 55/ 53]010)
+aofsy/1 = B3/B5|011) + arfBay/1 — B3 /B3|100) + 3854/ 1 — B3 /32|101)
+asfe\/1 — B3/B51110) + a1 Bry/1 — B3/BF]111)]7s9|1) . (17)

Secondly, Bob will make a measurement on auxiliary
particle A. If the outcome is |1) 4, the teleportation
fails; otherwise, the states of particles 7,8,9 will fur-
ther collapse into the desired state | ®)7g9. For exam-
ple, in Eq.(16) Bob has a probability of |3|2/16 to
obtain the following state:

[—ar6|000) + a2|001) — a4]010) + ag|011)

— Oé7‘].00> + a3\101> — Ot5‘].].0> + a1|111>]789, (18)
and in Eq.(17) Bob also has the probability |3,|?/16

to obtain the following state:
[—a6|000) — a2]001) — a4|010) — p]011)
- Ot7‘].00> - a3\101> — a5\110> - a1|111>]789. (19)

Table 1.
states of particles 7, 8 and 9.

Unitary transformation Us corresponding to the

States of particles 7, 8 and 9
36 (6% |25 (6% [14 (6™ | ) Ste

The corresponding operation

36(¥F |25 (pF |14 (pT| ) (0x)9S79

36 (6% |25 (¥ F |14 (6| @) Cr78S7g

36 (PF |25 (Y E 14 (85| @) (0x)o(ox)8S79

36(6E |25 (6t [1a(ppE| ) (ox)7579
36(¥F|25(¢F[14(WE| ) | (0x)sCs7Cs0(0x)sCs7Cs0S79
36(¢F |25 (¥E[14(WE| ) | (0x)9Co7Cos(0x)9Co7Co8ST0
36 (¥F |25 (T |14 (¥ F| T) (ox)o(ox)s(ox)7S79

Finally, Bob may operate another unitary transfor-
mation Us on particles 7,8,9 and then choose appro-
priate unitary operations (I,ox,0y,0z) in order to
recover the original state he wants. All possible uni-
tary transformations on the states of particles 7,8,9
are listed in Table 1. For instance, the unitary trans-
formation Us = (0x)9Co7Cos(0x )9Co7CosS79, where
ox is a Pauli operation, C;; is CNOT gate of control
qubit 7 and target qubit j and S;; is the SWAP oper-
ation which is defined as S;;|m); ® [n); = |n); @ |m);,
will transform the state expressed by Eq.(18) into

[6]000) + a1 [001) + 2]010) + r3]011)
— 4]100) — 5]101) — a|110) — a7|111)]7s0, (20)

and Eq.(19) turns into

[—a]000) — a1]001) — a3|010) — ar5[011)
- Oé4|100> - Oé5|].0].> - Oéﬁ|].].0> — Oé7|].].1>]789. (21)

Then for Eq.(20), by using oz on the particles 7 Bob
may obtain the desired state of particles 7,8,9 and
for Eq.(21), Bob does not need any operation to have
the original state. By using a similar method, Bob
may make the teleportation successful in the other
outcomes of particles 7,8,9. For the sake of saving

space we will not write them out.

Now we calculate the probability of successful
teleportation in this scheme. Equation (16) shows
that the probability of successful teleportation is
|By|?/16. Tt can be easily proven that there exist 128
kinds of states that share the same probability, there-

fore in all synthesized cases, the probability of success-

5 2
| 106‘ x 128 = 8|fol?,

ful teleportation in this scheme is

which depends on the smallest coefficient of the entan-
gled state used as the quantum channel. Evidently, if
coefficients of the entangled state are all on equality
i.e. the maximally entangled state, auxiliary particle
A is not needed and the total probability reaches 1, i.e.
the probabilistic and controlled teleportation becomes

the ordinary controlled one.

From the above analysis, if Charlie does not co-
operate with Alice and Bob, the teleportation will not
be realized between Alice and Bob. In other words,
Charlie can be regarded as a supervisor in the telepor-

tation process.
3. Quantum networks for the

above scheme

In general, any unitary operation can be de-
composed into universal operations consisting of lo-

cal unitary operations on a single qubit and two-bit



No.9

Probabilistic and controlled teleportation ...

1721

Controlled-NOT (CNOT) gates.?1:?2l Based on the
above scheme, we can construct an efficient quantum
network for implementing this new scheme by means
of the primitive operations consisting of single-qubit
gates, two-qubit controlled-Not gates, Von Neumann
measurement and classically controlled operations in
the following.

To begin with, we array efficient gates for the
unitary operation U;. Evidently, the implementa-
tion of u; in Eq.(15) plays an essential role in this
teleportation. In Ref.[27], a four-bit controlled gate
is constructed from the NOT gate and controlled-
controlled-NOT (Toffoli gate).??! The four-qubit con-
trolled u; gate, which applies u; to the fourth qubit
if the first three qubits have the value 1, can be ex-

0; 0; .
A, = Ry<2 and B; = Ry| — 2) which repre-
sent rotations of §; and —@; around the y-axis, re-

spectively, and the dot “e” denotes the control qubit,

and the cross “@®” represents the control qubit. For

instance, the state |1110) turns into |111><%|O> +

V1-pB2/3% 1)) after the operation of four-qubit con-

trolled u; gate. Therefore, from Eqgs.(16) and (17), the
sequence of the gate U is shown in Fig.3 ,which is the
same as that in Ref.[24], where ox is a Pauli opera-

tion.

pressed in Fig.2, where we assume cosai = %, then
" - -8 HD—
COSs 5 — Sin 5
uz:Ry(ez): . 6 (7':1’25- '77)7 . . . . . . .
sin 2 cos 2 Fig.2. Two equivalent circuits using a set of single-bit
2 2 gates and four-qubit controlled NOT gates.
la o l—
I X X
_ [ = [
Up |=—
D
S oyt N g R g N ey N o et

Fig.3. Network implementing the U; operation.

Based on the above description and the unitary
operation Uj, the network of probabilistic and con-
trolled teleportation of an unknown tripartite state

|®)123 in a general form is shown in Fig.4. Here,
a;

(o
Ri=
b;

qubit rotation transformation, and H is a Hadamard

1(1 1

1 -1

> (a?+b? =1,i = 1,2,3) is a single-

a;

gate defined as H = ) and the six top

V2
lines represent Alice’s system, the seventh-tenth lines
are for Bob’s system, where the tenth line is for the
auxiliary qubit introduced by Bob, while the bottom
line is for Charlie’s system. If the measurement on
the auxiliary qubit in the output state is |0)4, the
teleportation is successful with the final state of par-

ticles 7,8,9 reconstructed as the initial state to be

teleported. From Fig.4, we see that the teleporta-
tion can be divided into three steps. The first step is
that we carefully choose a; and b;(i = 1,2, 3) to make
the state of particles 4,5,6,7,8,9 and 10 the quantum
channel like Eq.(2), indicated by the first dash line.
The second step is a purification process in which Bob
can concentrate the state |¢)45678910 Into a maximally
entangled state by introducing an auxiliary particle
A and performing a collective unitary operation Uj.
The final step is the standard teleportation using the

maximal entanglement as the quantum channel.

Note that a controlled unitary operation on any
number of qubits followed by a measurement of the
control qubit can be replace by the measurement of the
control qubit prior to the controlled operation.28:2%

Therefore, Fig.4 can be expressed as Fig.5.
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0)s Pt — - orlEHDHE] 1]
) 1 1 T VA N
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[0)a ; , 0) 4
ol RN :
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Fig.4. Quantum circuit for probabilistic and controlled teleportation of an arbitrary three-
particle state.
—y- (2] — (4]
|#)123 . [2]— I_M]
: (714
. [2]+— {4]
el N
|0)4 —| R1 ™ | @
[0)s —|R2 : (:) X M
! ™ M
[0)¢ —|Rs C,./ ' @‘ I_L N
1
0 &5 ; ; ox] EJJ =Ty
N : : o I
I0)e N~ oo [o7] . [ox|-[o = an ) Ve
0% e ; [rd—{H SPARN
10} 4 : ; 0}
/ 1 ]
[0)10 NP Eﬂ X

Fig.5. The same as Fig.4, but for Von Neumann measurement M and classical controlled

operation being made at the end.

Here, the double line coming out of the measure-
ment M denotes the classical information. In Fig.5,
Bob, relying on the measurements made by Alice and
Charlie on their own qubit, can realize the controlled
operation locally. If and only if the outcome of their
measurement is 1, Bob can operate the controlled-o x
or controlled-oz (07 = HoxH). Clearly, if the mea-
surement of the auxiliary particle is |1) 4, this telepor-
tation fails.

4. Conclusion

In summary, we have proposed a scheme for prob-
abilistic and controlled teleportation of an unknown
arbitrary tripartite state by constructing the pecu-
liar non-maximally entangled state as the controlled
As pointed out in Refs.[16, 17],

there is still a certain probability of teleportation

quantum channel.

for such a non-maximally entangled quantum chan-

nel and the probability of success is determined by
the smallest coefficient of non-maximally entangled
Not only be-
cause does an arbitrary three-particle state include

states used as the quantum channel.

all kinds of three-particle states in a particular case,
no matter whether they are entangled, for instance,
ifag 20, ar #0, and o; = 0 (: = 0,1,2,4,5,6),
|®)123 = ap|000) + a7|111) is the GHZ-type state, if
a; #0, a2 #0, a4 #0,and a; =0 (: = 0,3,5,6,7),
|®)123 = @1]001) + @2]010) 4+ a4|100) is the W-type
state, but also the quantum logic networks for imple-
menting this scheme has be provided. Our scheme
may be widely useful to the future quantum commu-
nication and experiment. Finally, we point out that
this scheme can also be generalized to controlled tele-
portation of an arbitrary and unknown multi-particle
state, so we expect this scheme to be realized by ex-

periment.
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