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A complete discrimination system for the fourth order polynomial is given. As an application, we have reduced a

(1+41)-dimensional dispersive long wave equation with general coefficients to an elementary integral form and obtained its

all possible exact travelling wave solutions including rational function type solutions, solitary wave solutions, triangle

function type periodic solutions and Jacobian elliptic functions double periodic solutions. This method can be also

applied to many other similar problems.
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1. Introduction

There exist many methods of obtaining the ex-
act solutions for nonlinear evolution equations, such

(1-3] varied hyper-

as homogeneous balance method,
bolic function expansion method,[ mixing expo-
nential method,!®! varied elliptic function expansion
method,[®7] sine—cosine method, [®! variable separation
approach!?) and nonlinear transformation method!*%
and so on. Fan['"'2l introduced an algebraic method
into which many known methods were integrated. But
there exist allegedly few methods of being able to
give all possible exact travelling wave solutions for
the equation considered. Recently, Liul'®! introduced
a simpler method than Fan’s, that is, trial equation
method. If a nonlinear equation can be reduced to an
elementary integral form[*4—16! directly or by using the

(13] then in some cases all possi-

trial equation method,
ble exact travelling wave solutions can be obtained. In
order to apply these methods, we often need to classify
the roots of a polynomial according to its coefficients.
Yang et all'”) have solved the problem and obtained
a complete discrimination system for polynomial with
words coefficients. In the present paper, we give the

complete discrimination system for the fourth order
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polynomial according to the theory in Ref.[17]. As an
application, we consider a (1+1)-dimensional disper-
sive long wave equation (DLWE)[8-2% with general
coefficients, and reduce it to the form of elementary
integral, and obtain its all possible exact travelling
wave solutions which include rational function type so-
lutions, solitary wave solutions, triangle function type
periodic solutions and Jacobian elliptic functions dou-

ble periodic solutions.

The solutions of the DLWE are very helpful for
coastal and harbor design. Therefore many papers
are devoted to this equation,'8=2% and many types of
its exact solutions have been obtained. But there is
not any known method that can give all possible ex-
act travelling wave solutions. We can search for such a
method by using a complete discrimination system for
the fourth order polynomial. Moreover, this method
can be applied to many other equations such as double

Sine—Gordon equation, combined KdV-MKdV equa-

tion and (241)-dimensional breaking soliton equation.

In Section 2, we give the complete discrimination
system for the fourth order polynomial. In Section 3,
we obtain all possible exact travelling wave solutions

for the DLWE. In Section 4, we draw a conclusion.
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2.A complete discrimination sys-
tem for the fourth order poly-

nomial

Definition 1['"l Given a polynomial f(z) =
anx"™ + -+ + ayx + ag. The Sylverster matrix of f(z)
and f’(z) is called the discrimination matrix of f(z),
and denoted by Discr(f). Dj denotes the determi-
nant of the submatrix of Discr(f), formed by the first
2k rows and the first 2k columns, for £ = 1,...,n.
We call the n-tuple {D;,...,D,} the discriminant se-
quence of polynomial f(z).

Let M=Discr(f), M} denotes the submatrix
formed by the first 2k rows of M, for k=1,..., n;
and M (k,7) refers to the submatrix formed by the first
2k — 1 columns and the (2k + ¢)th columns of My, for
k=1,...,n;:=0,...,n— k.

Definition 2['” We construct polynomials

k
Ar(f) = Zdet(M(n —k,i))z*t for k=0,...,n—

1. We calllzﬁe n-tuple {Ag(f),- .., An_1 (f)} the mul-
tiple factor sequence of f(z).

Definition 3[!7 U denotes the union of all mul-
tiple factor sequences at different levels, that is,
U={f(), De(F), Ai(Ae(D)s Ai(Ai(Au(F))s- ).
Every polynomial in U has a discriminant sequence,
and all of them form a complete discrimination system
of f(z).

In the present paper, we consider the following

fourth order polynomial:
F(w) = w* 4+ pw? + qu + r. (1)

According to the theory in Ref.[17], its complete dis-

crimination system is computed as follows:

Dy =4, Dy=-p, Ds=—2p°+8pr—9¢°

27
D, = —;73q2 + 4p4r + 36pq2r — 32p21“2 - Zq4 + 64r3,

By = 9p* — 32pr, (2)

where Ej is the discriminant of Ay(F).

By use of Eqgs.(2), we can classify the roots of
Eq.(1).
classification.

In Section 3, we will give the details of the

The essential ideal of our method is to reduce the
equation considered to the following elementary inte-

gral:

dw
——= = £({ — &),
VAT

where F(w) is a polynomial. According to the com-
plete discrimination system for F(w), we classify the

roots of F(w) and solve the respective integral.
3. All possible exact travelling
wave solutions for (1+1)-

dimensional DLWE

Consider a (1+41)-dimensional dispersive long

wave equation with general coefficients,
U + €1Ul, + €20, = 0, (3)

vy + m (’U/U)l- + MUzzx = 0. (4)

As a particular case, we obtain a (14+1)-dimensional

[18—20]

dispersive long wave equation when parameters

take their values as follows:

1
81:8227]1:1,1’]225. (5)

In order to find travelling wave solutions, let
u=u(§), v=v(), {=k(@—c).  (6)
Substituting the values (5) into Egs.(3) and (4) yields

—cu' +equu’ + 650" =0, (7)

—cv' 4 1 (uwv) + mak?u” = 0. (8)

Integrating Eqgs.(7) and (8) once and further carrying

out the transformation yield

(u')? = agu® + azu® + axu® + agu + ao, (9)
€1 o C
_ ot il 10
v 262u —{—€2u+c1, ( )
where
o — €1
4 462772]{72,
2en + ceq
a3 = ———————5—
3 3eanak?
c? —meacy
Qo — - 1=2H 11
) - (11)

and ag, a1, c1 are arbitrary constants. In order to solve
Eq.(9), when a4 > 0, we take the transformation as

follows:

w:@ﬁ@+ﬂj,a=mﬁa (12)

4a4
Combining the expression (12) with Eq.(8) yields

wfl = F(w) = w* + pw? + qu + 1, (13)

where

_ ag 0,3 asas
p= Jaz’ 4= Sa?1 2a4

+a1>(a4)_%,
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and . N
-3
P T (14)
256a;y 16aj day
If ay < 0, then we take the following transforma-
tion:
w = (—a4)% <U+ &>7 and & = (—as)%¢. (15)
4CL4

Combining the expression Eq.(15) with Eq.(9) yields

wi, = —F(w) = —(w* + pw? + qu+7),  (16)

where
3

—as (13 agas _1

= = _ = + —a —a a

p —a,’ q < 8(1?1 2a4 1>( 4) ’
and . )

3a asa aja
r 3 2% DT . (17)

- 256a2 B IGaZ 4day

In order to obtain the solutions to Egs.(13) and
(16), according to the complete discrimination system
for the fourth order polynomial given in Section 2,
nine cases are discussed separately as follows:

Case 1 Dy <0, D3 =0, and Dy =0. F(w) has a

pair of conjugate complex roots of multiplicities two,

ie.
F(w) = ((w—1)* + )%, (18)
where s > 0. For ag > 0, by use of Eq.(13), we have
dw 1 w—1
51 — 50 = /m = ; arctan s , (19)

where £y is an integral constant hereafter. The solu-
tion of Eq.(13) is

w = stan(s(& — &)) + 1, (20)

which is a triangular function periodic solution.
Case 2 Dy =0, D3 =0, and Dy = 0. F(w) has

a real root zero of multiplicity four, i.e.
F(w) = w. (21)
When a4 > 0, by using Eq.(13), we have

dw 1

& — &= =—w (22)

w?
We derive the solution of Eq.(13) as follows:

w=—(& — &), (23)

which is a rational solution.

Case 3 D, >0, D3 =0, Dy =0, and Ey > 0.
F(w) has two distinct real roots of multiplicities two
such that

F(w) = (w - a)*(w— ), (24)

where a > 8. For a4 > 0, from Eq.(13) we have

dw
+(& — &) —/m
1 w— o
P In - (25)
For w > a or w < B3, by using Eq.(25) we have
08—«
e ey
_0 5 < [coth (o= ﬂ)gfl —&) 1] + 6. (26)
When 8 < w < a, by using Eq.(25), we have
08—«
e ey
:ﬁ ; “ {tanh (@ = ﬂ)gfl — %) — 1} + 6, (27)

where the expressions (26) and (27) are solitary wave
solutions.

Case 4 Dy >0, D3 =0, Dy =0, and E; = 0.
F(w) has a real root of multiplicity three and a real

root of multiplicity one, i.e.
F(w) = (w - a)*(w - f). (28)

When a4 > 0, integrating Eq.(13) yields

dw
(&1 — &) —/ (w—a)y/(w—a)(w—p)
:ﬁfa o )

When w > o, w > f or w < o, w < 3, the solution of
Eq.(13) is

i) )
VS Goap@—gyp—at > G0

For a4 < 0, by using Eq.(16), we have

dw
(w—a)(B - w)
2 B —w

Ta—-BVw-—a’

s -6 = [

(w—a)

(31)

When w > a, w < f or w < a,w > 3, the solution of
Eq.(16) is

4(a = B)
—(B—)*(& —&)* — 4

w =

+a, (32)
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where the expressions (30) and (32) are rational solu-
tions.

Case 5 Dy;D3 < 0, and Dy = 0. F(w) has a
real roots of multiplicity two and a pair of conjugate

complex roots, i.e.

F(w) = (w— a)?*((w —1)* + 5?). (33)
By using Eq.(13) we have
dw
£~ ) _/ (w—a)y/(w—10)2 + s2
1
B (a —1)2+ 52
O R VA C ) bl sl Y
w—a
where
_ a— 2l
T (a—1)2 4+ s? ’
and
a(a—21)

d=(a=1)2+4s2— (35)

Correspondingly we have the solution of Eq.(13)

- (etV{aD?+s2(E=80) )\ fla — )2 + 52(2 — )
(e* (a—1)24s2(E—&0) _ 7)2 -1 ’

(36)
which is a solitary wave solution.
Case 6 Dy > 0, D3 > 0, and Dy > 0. F(w) has

four distinct real roots such that

Fw) = (w— a1)(w — ao)(w — as)(w — ), (37)

where a; > as > asz > ay. When a4 > 0, if w > oy

or w < ay, then we take the following transformation:

w— az(oqfa4)sin2¢foz1(a27a4). (38)

(a1 — ay) sin? ¢ — (a2 — ay)

If a3 < w < ag, then we take the transformation of

asg(az — as) sin® ¢ — az(az — ay)

(a2 — a3) sin? ¢ — (a2 — )

(39)

w =

Combining the expression (38) or (39) with Eq.(13)
yields

dw
b _/ \/(w —a1)(w—az)(w — as)(w — ay)
_ 2 / dé
Ve —asz)(az —as) J /1 —m2sin®¢’
(40)
2 (a1 — ay)(a2 — az)

where m? = . By use of Eq.(40)

(a1 — as)(az — a4)
and the definition of Jacobian elliptic sine function, 2!

we have

SH(V 1 —as)(oz—00) —§o>,m) —sing. (41)

Combining Eq.(41) with the expressions (38) and (39)
yields the following solutions of Eq.(13) with corre-

sponding conditions:

062(061 - 064)SH2<\/(a1 — a;)(OQ a4) (51 - 50),7”) - al(a2 - a4)
w= : (42)
(al - a4)Sn2<\/(a1 — 032)(042 a4) (51 - fo),m> - (Olz - a4)
and
a4(a2 - 0¢3)SH2<\/(al — a;)(OQ a4) (fl - fo)ﬂn) - ag(a2 - a4)
w= (43)
(a2 - as)sn2<\/(a1 — az)(ag — a4) (51 - fo),m> - (Olz - a4)
For a4 < 0, if a7 > w > aq, then we take the transformation as follows:
w = ozg(al —az)sin2¢—a2(a1 —CY?,)' (44)
(@1 — ag)sin? ¢ — (a1 —az)
if a4 < w < as, then we take the following transformation:
w— ay(as — ay)sin? ¢ — ay(as — ap) (45)

(as — ay) sin® ¢ — (as —aq)



1714 Liu Cheng-Shi

Vol. 14

Similarly we have the following solutions of Eq.(16)

a; —az)(as — «
asz(ag — ag)sn2<\/( ! 32)( 2 ) (& — fg),m> —as(ag — as)
w = ) , (46)
a; —a a
(1 — ) sn2< ), ~ (& - So),M> — (1 — a3)
and
a; —a -«
(251 3—Ot4 sn ( ! 3 - 4)(51—50),”1) —044(013—01)
o ) , (47)
a1 —a -«
(a3 —ay SH2< ) & (51—50)7"1) — (a3 —a1)
where m2 — (o1 — az)(az — a4) The expressions the corresponding condition (50) (here the positive

(a1 — as)(az — a4)
(42), (43), (46) and (47) are elliptic functions double
periodic solutions.

Case 7 DyD3 > 0 and Dy < 0. F(w) has two dis-
tinct real roots and a pair of conjugate complex roots,
ie.

F(w) = (w—a)(w-B)((w—1)*+s),  (48)

where @ > 8 and s > 0. We take the transformation

as follows: 64b
a cos
w= ccosp+d’ (49)
where
1 1
a= §(a+ﬂ)c—§(a—ﬁ)d,
1 1
b= ot )~ (o P
c—oz—l—i
m1

d=a—1—sm,
s+ (a—=0)(B-1)
sa—p8) 7
E?2 +1. (50)

E =

mle:l:

Choosing the sign of my such that aym; < 0. Com-
bining the expression (49) with Eq.(13) yields

dw
oo VEw =) (w = A)((w 17 + )
2mmy d¢
= 51
VF2smy(a — B) / V1-m2sin?¢’ (5D
where m? = ! . By use of Eq.(51) and the defi-

1+ m1
nition of Jacobian elliptic cosine function/?!), we have

cn< F2smq(a — )

2mmy

(6 so),m) —cosg. (52)

Combining the expression (52) with the expression

(49) yields the solutions of Eqgs.(13) and (16) under

sign for Eq.(16), and the negative for Eq.(13))

acn<
CC1’1<

where the expression (53) is an elliptic function double

F2smy(a — )

2mmy

F2smq(a— )
2mmyq

(61— fo),m> +0b

w =

(& — 50),m> +d

periodic solution.
Case 8 Dy;D3 < 0 and Dy > 0. F(w) has two

pairs of conjugate complex roots, i.e.

F(w) = ((w—1)"+s])((w—12)* +53),  (54)

where s; > s9 > 0. For a4 > 0, we take the transfor-

mation as follows:

atan¢ + b
= —— 55
v ctang +d’ (55)
where
a=1lic+ s1d,
b:lld—slc,
S2
C=—81— —,
mq
d:ll *l27
g (L-bL)P+si+s)
28182 ’

my = E+VE? 1. (56)
Combining the expression (55) with Eq.(13) yields
dw
& —&o =/
V((w—=1)? + s7)((w -
_ 2 +d?
59/ (c2 + d2)(m3c2 + d?)
do

1 —m2sin? ¢

12)? + s3)
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2
mi —1
m3
tions of Jacobian elliptic sine and cosine functions, 2!

where m? =

. By use of Eq.(57) and the defini-

we have
s c? + d?)(m2c? + d2
SII< 2\/( +62 —g(dzl T )(El - 50)7 m> = sin ¢7
(58)
s o2 2 (m2c2 2
n( 2\/( +cgi-z(d21 +d )(51_50)’m> :COS¢.
(59)

Combining the expressions (58) and (59) with the ex-
pression (55) yields the solution of Eq.(13) under the

corresponding condition (56),

_ asn(n(é — &), m) +ben(n(& — &), m)
c sn(n(& — &), m) +d en(n(& — &), m)

where

, (60)

_ soy/(2 + d?)(mic2 + d?)
n= 2 . (61)

The expression (60) is an elliptic function double pe-
riodic solution.

Case 9 D, > 0, D3 > 0, and Dy = 0; F(w) has
two single real roots and a real root with multiplicities
two. Similarly, we can give respective solutions, they
are omitted.

From the above description, we have obtained all
possible exact solutions of Egs.(13) and (16). By use
of transformations (12) and (15), we can write all pos-
sible solutions to Eq.(9) under corresponding param-

eter conditions. Furthermore, by using Egs.(9) and

(10), we can give all possible exact travelling wave so-
lutions to Egs.(3) and (4).

can write all possible exact travelling wave solutions

As a particular case, we

for a (1+1)-dimensional dispersive long wave equation
with special parameters in Eq.(5), those solutions in-
clude rational function type solutions, solitary wave
solutions, triangular function type periodic solutions
and six types of Jacobian elliptic function double pe-
riodic solutions. But for simplicity, the general cases
of Egs.(3) and (4) are not discussed here.

4. Summary and conclusions

All possible exact travelling wave solutions for
DLWE have been given.

ear evolution equations such as doubled Sine—Gordon

There are many nonlin-

equation, nonlinear coupled scale field equation, cou-
pled mKdV equation, Hirota equation, combined
KdV-MKdV equation and (2+1)-dimensional break-
ing soliton equation and so on, their all or part of
travelling wave solutions can be obtained by using the
complete discrimination system for the fourth polyno-
mial. This method is simple but powerful for many
problems. Another feature of the present method is
that the solutions given have most general parameter

conditions.
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