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An extended F-expansion method for finding periodic wave solutions of nonlinear evolution equations in mathe-

matical physics is presented, which can be thought of as a concentration of extended Jacobi elliptic function expansion

method proposed more recently. By using the homogeneous balance principle and the extended F-expansion, more

periodic wave solutions expressed by Jacobi elliptic functions for the coupled KdV equations are derived. In the limit

cases, the solitary wave solutions and the other type of travelling wave solutions for the system are also obtained.
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1. Introduction

Recently the periodic wave solutions of many non-
linear wave equations have been obtained by using
Jacobi elliptic function expansion method.[!=8] More
recently, the F-expansion method®='2! has been pro-
posed, which can be thought of as any kind of Ja-
cobi elliptic function expansion method and hence an
over-all generalization of it. In this paper, in order to
simultaneously obtain more periodic wave solutions
expressed by various Jacobi elliptic functions to non-
linear wave equations, we introduce an extended F-
expansion method and apply it to find the exact solu-
tions for the coupled KdV equations. It will be shown
that more types of periodic solutions to the coupled
KdV equations, than those obtained in Ref.[13], can
be derived by using the extended F-expansion method.

This paper is organized as follows. In the next
section, we briefly describe the extended F-expansion
method.

expansion method to obtain the concentration formu-

In Section 3, we use the extended F-

lae of the solutions. In Section 4, from the concen-
tration formulae in the Section 3, many periodic wave

solutions can be obtained. In Section 5, in the limit

cases, the solitary wave solutions and the other type
of travelling wave solutions are also obtained. Finally,

in Section 6, some conclusions are made.
2.Description of an extended F-

expansion method

Consider a nonlinear wave equation for u(z,t),

=0, (1)

in which both nonlinear terms and higher-order

¢(u7uzaut7umz7uttauztauza:za o

derivatives of u(z,t) are involved. In general, the left-
hand side of Eq.(1) is a polynomial in u and its var-
ious derivatives. The extended F-expansion method
for solving Eq.(1) proceeds in the following four steps:
Step 1 Seek travelling wave solution of Eq.(1) by
taking

u(z,t) = u(§),

where k, w are constants to be determined, &y is

& = kx + wt + &, (2)

an arbitrary real constant. Substituting Eq.(2) into
Eq.(1) yields an ordinary differential equation (ODE)
for u(¢),

(u, ku', k', B2 w0 kwu” k3 -

)=0. (3)
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Step 2 Suppose that u(§) can be expressed by
N

ST an M)+ > b FrTHEG(E), an #0,

n=—N
(4)
where a,,, b,, are constants to be determined, F(§) and

G (&) satisfy first-order ODEs

u(§) =

F2(§) = PIF(§) + Q1F*(§) + Ry,
(F" =2P F* + Q,F), (5)

and

G™(&) = PG (&) + Q2G*(€) + Ry,
(G" = 2P,G? + Q.G), (6)

respectively. Both ODEs (5) and (6) are all included
in Appendix B provided P;, Q;, R;(i = 1,2) are se-
lected such that the solutions of ODE (5) and (6) are
different Jacobi elliptic functions satisfying the rela-

tion (see Appendix A)
G* = uF* +v, (7)

where p, v are constants, integer N can be deter-
mined by considering the homogeneous balancel!4—20]
between governing nonlinear terms and the highest
order derivatives of u in Eq.(3). Substituting Eq.(4)
into ODE (3), and using ODEs (5), (6) together
with Eq.(7), the left-hand side of ODE (3) can be
converted into a polynomial in F~1(¢), F(£) and
G(€).
zero yields a set of algebraic equations for a;, b;
(i = -N,-N+1,---,0,1,---,N, j = 1,2,---,N),
w, and k.

Step 3 With the aid of Mathematica or Maple, solv-
ing the algebraic equations obtained in Step 2, then a;,
b; (i=-N,-N+1,---,0,1,---,N, j=1,2,---,N)
and w (possibly k) can be expressed by P;, Q;, R;

Setting the coefficients of the polynomial to

(1 =1,2), u and v. Substituting these results into F-
expansion (4), we can obtain a general form of travel-
ling wave solution to Eq.(3), which is called the con-
centration formulae of the solutions.

Step 4 With the aid of Appendices A and B, from
the concentration formulae of the solutions, many pe-
riodic wave solutions expressed by various Jacobi el-
liptic functions can simultaneously be obtained. In
the limit cases when the modulus m — 1 and m — 0,
the solitary wave solutions and trigonometric function

solutions are also obtained.

3. Concentration formulae of the

solutions

Using F-expansion method, we discuss the cou-
pled KdV equations,

Ut + PUVy + qQUU + TUggr = 0, (8)

v + s(uv), + hov, = 0. (9)

Assume that the travelling wave solutions to Egs.(8)

and (9) are in the form

u(z,t) = u(€), wv(z,t)=v(), &=ka+wt+ &,
(10)

where k, w are constants to be determined, &y is

an arbitrary real constant. Substituting Eq.(10) into

Eqgs.(8) and (9) yields the ODEs for u(¢) and v(§)

wu' + kpvv' + kquu' + E3ru” =0, (11)
wv' + ksu'v + ksuv’ + khvo' = 0. (12)

Performing once integration and setting the inte-

gration constant to zero, Eq.(12) becomes
Lo, 2
wv + ksuv + §khv =0. (13)
From Eq.(13), we obtain a transformation
u——. (14)
Substituting Eq.(14) into Eq.(11) yields an ODE

(4ps+h?)wu' + (4ps® +qh* kuu' +k>rh*u’" = 0. (15)

Considering homogeneous balance between uu’' and
u"" in Eq.(15), we suppose that the solution of ODE
(15) is in the form, i.e. even-expansion for short, as

follows:

u(€) = a_aF (&) +ao+axF?(€) + b2 F(£)G(E), (16)

where ay # 0, F(¢) and G(§) satisfy ODEs (5), (6)
and the relation (7), a;(i = —2,0,2), by are constants
to be determined later.

Substituting Eq.(16) into Eq.(15), and using
ODEs (5), (6) and the relation (7), the left-hand side
of ODE (15) can be converted into a polynomial in
F=1(¢), F(¢) and G(€). Setting the coefficients of the
polynomial to zero yields a set of algebraic equations
for a;(i = —2,0,2), bs, w and k:
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F*: (h?q+ 4ps?)asbs + 3R%k*r(Py + puPy)by = 0,

F3G -

(h?q + 4ps?)a3 + (h*q + 4ps®)ub3 + 12h%k*r Pray = 0,

F?. [2,u(h2 + 4ps) + 2h2k*r(3v Py + Quv Py + 2uQ; + ZNQQ)] by + 2ku(h?q + 4ps*)agbs

+ 3kv(h?q 4 4ps?)agby = 0,

FG: 2(h®w+ 4psw + 4h*E3*rQ1)as + 2k(h?q + 4ps?)agas + kv(h*q + 4ps®)b3 = 0,
FY: [uw(h2 + 4ps) + R kP rv(6v Py + Qq + 3Q2)] by + kv(h?q + 4ps®)agby = 0,

F72: —ku(h?q+4ps?)a_sby =0,

Solving the algebraic equations obtained above

and using the identities (See Appendix C):
P =pP, Q1 =Q2+3vh,

we have three solutions which are:

Case 1
a_9 = O,
h%w + 4psw + 4h2k3rQ4
ag = —
’ k(h?q +4ps?)
12R%K*r Py
az = — 5 s
h2q + 4ps?
by =0, (17)
k # 0,w is an arbitrary real constant.
Case 2
12h%k*r Ry
g =5 5,
h2q + 4ps?
h2w + dpsw + 4h2k3rQ,
ag = —
0 k(h?q + 4ps?)
12R%K*r Py
ag = — 5,
h2q + 4ps?
by =0, (18)
k # 0,w is an arbitrary real constant.
Case 3
a_z = 07
h2w + 4psw + 9h2k3rv Py + 4h2E3rQ,
ag = —
0 k(h2q + 4ps?) ’
6h2k2rpP,
az = —T5—1—,
h2q + 4ps?
6h2k> P.
by = i%\/ﬁ;, (19)
h%q + 4ps

k # 0,w is an arbitrary real constant.

(hzw +dpsw + 4h2k3rQ1)a,2 + k(h2q + 4p$2)a,2a0 =0,
k(h%q + 4ps?)a®, + 12h2k*rRya_o = 0.

Substituting (17)—(19) into Eq.(16) yields three

kinds of concentration formulae of the solutions to
Eq.(8):

12R2K%rPy _,
T heg s dps? F=(€)
h%w + 4psw + 4h2Kk3rQ,
B k(h2q + 4ps?) ;
27.2
= %[&F’%) + PLFR(¢)
h%w + 4psw + 4h2k3r Q4
B k(h2q + 4ps?) :
27,2
— e WPF(©
= VP F(§)G()]
h2w + 4psw + IR2k3rv Py + 4h2k3rQ,
B k(h2q + 4ps?) ’
(22)

u(z,t) =

where £ = kx + wt + &, k is a nonzero real constant,

and w and &y are arbitrary real constants.

4. Periodic wave solutions

With the aid of Appendices A and B, from the
concentration formulae of the solutions we could ob-
tain many periodic wave solutions expressed by var-
ious Jacobi elliptic functions to Eq.(8), by using the
transformation (14), and the solutions to Eq.(9) can
be obtained as well. We discuss the following three

cases:
Case 1

From Appendix B, taking F(£) = sné, P, = m?,
Q1 = —1 — m?, substituting these into Eq.(20) and

using Eq.(14) yields
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12h2k2rm? 2 h2w + 4psw — 4h2k3r(1 + m?)
U = —————sn?{ —
! h2q + 4ps? k(h%q + 4ps?)
24hk*rsm* ,  2h[sw — qw — 4k*rs(1 + m?)] ’
v = sn“€ +
h2q + 4ps? k(h%q + 4ps?)

where £ = kz + wt + &.
Taking F(§) =nsé, Py = 1, Q; = —1 — m?, substituting these into Eq.(20) and using Eq.(14) yields

B 12R%K?*r h2w + 4psw — 4h%k3r(1 + m?)
w2 = h2q + 4ps? 1 k(h2q + 4ps?)
24hk*rs  ,  2h[sw — qw — 4k*rs(1 4+ m?)] ’
v2 £+

- h2q + 4ps? 1 k(h2q + 4ps?)

where £ = kx 4+ wt + &.
Taking F(§) = nc, P, =1 —m?, Q; = 2m? — 1, substituting these into Eq.(20) and using Eq.(14) yields

12R%K?r(1 — m?) h2w + 4dpsw + 4h2k3r(2m? — 1)
— n

us = h2q + 4ps> (&) - k(h2q + 4ps?)
24hk?rs(1 — m? 2h[sw — 4k3rs(2m? — 1 ’
vy = i rs( 2m )HCQ(E) n [sw — qw ;i— rs(2 m )]
h?q + 4ps k(h2q + 4ps?)

where £ = kz + wt + &.
Taking F(£) = nd¢, P, = m? — 1, Q; = 2 — m?, substituting these into Eq.(20) and using Eq.(14) yields

12h2k2r(m? — 1) B h2w + 4psw + 4h%k3r(2 — m?)

= d?
Ha h2q + 4ps>? nd“¢ k(h2q + 4ps?)
vy = 24hk22r5(m2 2— 1) nd2¢ + 2h[sw — qu + 4k3rs(2 — m?)] ’
h2q + 4ps k(h2q + 4ps?)

where £ = kz + wt + &.
Case 2

With the aid of Appendix B, substituting F(£) =sné, F~1(¢) =nsé, Py =m?2, Q1 = -1-m?, and R; = 1
into Eq.(21) and using Eq.(14) yields

12h2k2r 2 9 o h2w + 4psw — 4h2k37(1 + m?)
s == h%q + 4ps? (ns°¢ +m7sn”¢) — k(h2q + 4ps?)
24hk? 2h[sw — qu — 4k>rs(1 +m? ’
v e (ns”¢ + m2sn2¢) + [sw = e ro(l £ m’)]

- h2q + 4ps? k(h%q + 4ps?)

where £ = kz + wt + &.
In us and vy, if sné and nsé are replaced by cdé and dc respectively, then we have

12R2 k27 9 h2w + 4psw — 4h%k3r(1 + m?)
=——— 2¢d2¢) —
U h%q + 4ps? ("¢ + mZed’¢) k(h2q + 4ps?)
24hk? 2h — — 4k3rs(1 2 ’
v TS (e + m2ed’) 4 2Msw —aw — 4k rs(l 4 m)]

- h2q + 4ps? k(h2%q + 4ps?)

where £ = kz + wt + &.
Substituting F(£) = cné, F71(€) = nc€, P, = —m?, @, = 2m? — 1, and R; = 1 — m? into Eq.(21) and
using Eq.(14) yields

12R2 k2 h2w + 4psw + 4h%k3r(2m? — 1)
— """ (1 =m?2 2¢ 0 2am2¢]
wr PR [(1 — m?)nc?é — m?en?¢] k(h2q + 4ps?)
24hk?rs 2h[sw — qu + 4k3rs(2m? — 1)] ’
— TS e om2)ne2é — m2en?
e 72g 1 dps? [(1 — m*)nc?é — m?en?E] + k(h2q + 4ps?)

where £ = kz + wt + &.



1702 Li Bao-An et al Vol. 14

In the same way we can obtain other solutions:

12h2k2r ) 9 5 h?w + 4psw + 4h*k3r(2 — m?)
= —1)nd“¢ —d -
usg h2q—|— 4p32 [(m )n ¢ n 5] k(h2q+4p82)
24hk3rs 5 9 9 2h[sw — qw + 4k3rs(2 — m?)] ’
"= h2q+ 4ps? [ = Dnd’¢ = dne] + k(h%q + 4ps?)
12h2k%r o h2w + 4dpsw + 4h2k3r(2 — m?)
— 1— 2 2¢1
Ug Foq 1 dps? [cs™¢ + (1 — m*)sc?¢] k(b2 + 4ps?)
24hk?rs 9 2h[sw — qw + 4k3rs(2 — m?)] ’
— 1— 2 2
v h2q + 4ps? [os"€ + (1 = m%)sc7e] + k(h2q + 4ps?)
12h2k2r 2 h?w + 4dpsw + 4h2k3r(2m? — 1)
= [ds?¢ — m?(1 — m?)sd?¢] —
U10 h2q+4ps2[ S § m ( m )S 5] k(h2q+4p82)
24hk3rs 2 2h[sw — qw + 4k3rs(2m? — 1)] ’
= —— " " _[ds’€ — m2(1 — m?)sd?
10 h2q+4p32[ ¢ mA(1 - mT)sdE] + k(h%q + 4ps?)
where £ = kx 4+ wt + &.
Case 3
From Appendix A, we choose dn*¢ = m?cn?¢ + 1 — m?, and set F(¢) = cn¢, G(€) = dn¢, p = m?, and
v = 1— m?, and from Appendix B, we find that the respective coefficients of ODE for dn¢ are P, = —1,
Q2 = 2 — m?2. Substituting these into Eq.(22) and using Eq.(14) yields
6h2k2r - h2w + 4psw + h2k3r(5m? — 1)
= — + dn¢] —
‘i h2q + 4ps? [m”en®¢ & mengdné] k(h2q + 4ps?)
12hk?rs - 2h[sw — qu + k3rs(5m? — 1)] ’
= + d
vl h2q + 4ps? [ m7en’¢ & mengdng] + k(h2q + 4ps?)

where £ = kxz + wt + &.

Choose ns?¢ = cs2¢ + 1, and set F(€) = cs€, G(€) = nsé, and p = v = 1, from Appendix B, we find that
the respective coefficients of ODE for ns¢ are P, = 1, Q2 = —1 —m?2. Substituting these into Eq.(22) and using
Eq.(14) yields

6h2k2r h?w + 4dpsw + h2k3r(5 — 4m?)

2
= + _
Upo 72 T Aps? (cs“E £ csénsk) k(h2q + 4ps?)
12hk%rs 5 2h[sw — qw + k3rs(5 — 4m?)] ’
- TS +
27 h2g 4 aps? ((cs™¢ & cstnst) + k(h?q + 4ps?)

where £ = kz + wt + &.

Choose ns?¢ = ds?¢ + m?, and set F(¢) = ds¢, G(£) = ns¢, pu = 1, and v = m?, from Appendix B, we find
that the respective coefficients of ODE for ns¢ are P, = 1, Q2 = —1 — m?2. Substituting these into Eq.(22) and
using Eq.(14) yields

6h2k2r h2w + 4psw + h2k3r(5m? — 4)

=——— " (ds’¢+d —
ui3 h2q+4p52( S 5 ansf) k(h2q+ 4p52)
12hk%rs 2 2h[sw — qw + k3rs(5m? — 4)] ’
s h2q + 4ps? (ds°¢ = dsgns¢) + k(h2%q + 4ps?)
where £ = kx 4+ wt + &.
In the same way we can obtain other solutions:
6h2k2r 9 h2w + 4psw + h2k3r(5 — m?)
=—— + csédsg] —
Ui4 h2q+4p32 [CS 6 CSE Sg] k(h2q+4p52)
12hk? 2h[sw — k3rs(5 —m? ’
e — rs [ cs2€ 4 cstdsé] + [sw — qw + k*rs(5 — m?)]

h2q + 4ps? k(h2%q + 4ps?)
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B 6h2k%r(1 — m?) h2w + 4psw + h2k3r(5 — m?)

uis H2q 1 aps? (sc®¢ + scénct) — h(h2q 1 dpe?)
g = T T (et sgneg) 4 2 o G omI]
e
| V6 = %[ (1 —m?)sc?¢ + v/1 — m2scédet] + 2h[sw —ktl(a’;: it;g)— am?)]
U7 = —%[(1 — m?)nc¢ + v/1 — m?ncédceg] — h?w + 4;(:(22: fic;;(fmz -4
v = %[ (1 — m?)nc%¢ £ V1 — m2ncédeé] + 2h[sw —kq(u}z;(; f’;‘;iz;nz -4
U1y = —%(m%dzﬁ + msdéndf) — W+ 41;5((22: ff;;()ﬁimz Y,
vig = 12h:; ;« i(zb;z_ D (m2sd? + msdende) + 212 —kq(:z: f;«;igv)nz -

where £ = kx 4+ wt + &.

These solutions expressed by Jacobi elliptic func- 5. Solitary wave solutions and

tions describe a wave phenomenon with a double pe- . . .

, , trigonometric function
riod, and the periods can be a real and a complex as

well as an imaginary. | solutions

In the limit case when m — 1, some solitary wave solutions can be obtained, for example:

12h2k2r h%w + 4psw — 8h2k3r

Uyg = ——————tanh?¢ —
. h2q + 4ps? k(h2q + 4ps?)
Uy, v )
b 24hk?rs 5. 2h(sw — qw — 8k3rs)
vig = ———tanh“¢ +
h2q + 4ps? k(h2q + 4ps?)
where £ = kz 4+ wt + &.
12h2k2r 9 h2w + 4psw — 8h2k>r
Uyp = —————coth“¢ —
. h2q + 4ps? k(h?q + 4ps?)
Uz, v
2o 24hk3rs 9 2h(sw — qw — 8k3rs)
vy9 = ————coth“¢ +
h2q + 4ps? k(h2%q + 4ps?)

where £ = kz + wt + &.

12R2 k27 2 h%w + 4psw — 8h2k3r
=—-————(coth tanh?¢) —
e h%q + 4ps? (coth + tanh’¢) k(h2q + 4ps?)
U5 24hk3rs 2h(sw — qu — 8k>rs) ’
= """ (coth’¢ + tanh? -
21 h2q + 4ps? (coth’¢ + tanh™¢) + k(h2q + 4ps?)

where £ = kx + wt + &.

12h2k2r h2e hw + dpsw + 4h2k>r
Ugy = ————=S€C —
227 h2q + 4ps? k(h?q + 4ps?)
ug, vg; 11, V11 —
8, V8; U11, V11 QU hk2rs W% 4 2h(sw — qu + 4k>rs)
Vg = —-5——— SeC
227 T h2q + 4ps? k(h?q + 4ps?)
where { = kz + wt + &.
L2P°Kr oy MO0t dpsw AWK
Uz = — = CSC —
2= T hagy dps? k(h2q + 4ps?)
Ug, Ug; U10, U10; U14, V14 —
9,093 410, U103 14, V14 24hk>rs n2e 4 2hlsw = qw + 4k°rs)
Vg3 = ———————=CSC
%7 h2q + dps? k(h*q + 4ps?)
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where £ = kx + wt + &.

6h2k%r 2 h?w + 4psw + h2k3r
= ————(csch™¢ &£ cschfcothf) —
. U24 h2q T 4ps2 (CSC g CscC. ECO 6) k(hgq + 4])82)
U12,V12;U13, V13
12hk?rs 2h(sw — qw + k3rs)
= h?¢ + cschécoth
Voy4 h2q + dps? (' csch*€ + cschécothf) + k(h2q + 4ps?)

where £ = kz + wt + &.
In the limit case when m — 0,

be obtained, for example:

some trigonometric function solutions (single periodic wave solutions) can

12h2K2r 5 h2w + 4psw — 4h2K3r
Ups = ———————CSC
h2q + 4ps? k(h2q + 4ps?)
Ug, Vg Us, Us; U0, V10 U13, V13 — ,
272 50 50 T10, 7105 T3, T3 24hk?rs 2% | 2h(sw — qw — 4k3rs)
Vg = ——————CSC
%5 h2q + 4ps? k(h2%q + 4ps?)
where £ = kx 4+ wt + &.
27,2 2 _Ap213
g = — ;2hkrzsecz(£)_hw+42psw 42]67‘
Uz, V3 Ug, Vg Uy, U7; Uly, V17 — Mg+ dps F(h*q + 4ps?)
3, V3, Y6, Y6, U, Ur, 17, V17 24hk‘27‘5 2(£)+ 2h(sw—qw—4k37“8)
Ugg = ———————S€ec
% h2q + 4ps? k(h2q + 4ps?)
where £ = kxz + wt + &.
12R2 k2 h2w + 4psw + 8h2k3r
B — t2 t 2 -
21 h%q + 4ps? (cot™¢ + tan’() k(h2q + 4ps?)
Uy, Vg — 24hk3rs 2h(sw — qw + 8k’rs)
_ RS ot2€ 4 tan2
T 12q + aps? (cot™ + tan’e) + k(h%q + 4ps?)
where £ = kx + wt + &.
6h2k%r 2 h2w 4 4psw + 5h2k3r
=———— (cot™ ¢ £ cot -
. Hzs h2q + 4ps? (cot™€ + cotéesce) k(h%q + 4ps?)
Uig, V12] Ulg, V
12> 712; T4, T4 12hk3rs ( cot?€ & cotécsce) + 2h(sw — qw + 5k3rs)
vys = ——( co cotécsc
28 h2q + 4ps? k(h2q + 4ps?)
where £ = kx + wt + &.
6h2k2r 2 h%w + 4psw + 5h2k3r
= ———(t +t —
Usg 72q T dps? (tan“¢ £ tangsecf) R + 4ps?)
U15,V15; U16, V16 —7 9 3
12hk?rs ( tan€ + tané £)+2h(swqu+5k rs)
vyg = ———( tan anésec
2 h2q + 4ps? k(h%q + 4ps?)

where £ = kz + wt + &.

6. Conclusion

In this paper, more periodic wave solutions ex-
pressed by the Jacobi elliptic functions for the coupled
KdV equations are obtained by using the extended
F-expansion method, and in the limit cases, the soli-
tary wave solutions and the other types of travelling
wave solutions are also obtained. The extended F-
expansion includes every one of Jacobi elliptic func-

tion expansion, so the former can be regarded as a

concentration of the latter. The main advantages of
the extended F-expansion are that first of all, one only
needs to calculate the functions F'(§) and G(&), which
are different solutions satisfying relation (7) of ODEs
(5) and (6), to derive the concentration formulae of the
solutions to the equations considered, instead of calcu-
lating the Jacobi elliptic function one by one; secondly,
with the aid of Appendices A and B, from the concen-
tration formulae of the solutions, one can simultane-

ously obtain many periodic wave solutions expressed
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by various Jacobi elliptic functions. It seems that the
extended F-expansion is more effective than the F-
expansion and Jacobi elliptic function expansion, and
it is a useful tool to explore the periodic wave solutions
for nonlinear evolution equations. The method used
here can be applied to solve other nonlinear evolution

equations.
Appendix A Identify relations of

Jacobi elliptic functions

Jacobi elliptic functions with modulus m(0 <
m < 1) have the identity relations in the form G? =
uF? +v:

cn?é = —sn?€ + 1,
dn?¢ = —~mZsn?%¢ + 1,

dn?¢ = m?en?€ + 1 — m?,
ns?¢ = cs?é + 1,

ns?¢ = ds%¢ + m?,

ds?¢ = cs?6 + 1 — m?,

nc?¢ = sc?¢ + 1,

dc?¢ = (1 — m?)sc?¢ + 1,
dc?¢ = (1 — m?)nc?¢ + m?,
nd?¢ = m?sd®*¢ + 1,

m2—1
m2

1
l’ld2£ + ﬁ’

cd?¢ = (m? — 1)sd*¢ + 1.

cd?¢ =

Appendix B Table of solutions of
the corresponding ODE

Table B-1 Relations between values of (P, Q, R) and corresponding F'(§) in

ODE F'?2 = PF* + QF? + R.

P Q R F?=PF*+QF%?+R F(§)
m? —(1+m?2) 1 2 = (1 F?)(1 - m2F?) sné, cdg—slré
—m?2 2m? — 1 1—m? F?=(1-F?)(F?2+m?2-1) cné
-1 2 —m? m? —1 F'2 = (1— F?)(m?F? + m? - 1) dn¢
1 —(1+m?) m? 2 = (1- F?)(m? - F?) nsé = (sn€) ™", de€ = d—“f
1—m? 2m? — 1 —m?2 F'2 = (1-F?)[(m? - 1)F? —m?] ncé = (cng)~1
m? — 1 2 —m? —1 F?2 =(1—-F?)[(1—-m2)F? —1] nd¢ = (dn¢) !
1—m? 2 —m? 1 F'?2 = (14 F3)[(1 - m?)F? +1] sc€ = %
—-m?2(1 — m?) 2m? — 1 1 F2 = (1+m2F?)[(m? — 1)F2 + 1] sdé = Ziré
1 2 —m? 1—m? F'2 =1+ F?)(F?24+1—-m?) cs€ = (sc€)!
1 2m? — 1 —-m2(1 — m?) F'2 = (m? 4+ F2)(F2 +1-m?2) ds¢ = (sd¢)~1t

Appendix C Identities among u, v
in Appendix A and P;, Q;, R;(i =
1,2) in Appendix B

If F(£) and G(&) satisfies the first-order ODEs
F2(€) = PIFY&) + QuF(§) + Ry,

and

G"(€) = P,G*(€) + Q2G*(€) + Ro,

respectively, and
G? = uF? +v,

where P;, Q;, R; (i = 1,2), p and v are constants,
then the following identities hold,

Py =uPy; Q1 =Q2+3vh,

which can be examined by using Appendices A and
B. The identities are very useful when solving the
algebraic equations obtained by using extended F-

expansion method.
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