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A method of moments for calculating the dynamic response of periodically driven overdamped nonlinear stochastic

systems in the general response sense is proposed, which is a modification of the method of moments confined within

linear response theory. The calculating experience suggests that the proposed technique is simple and efficient in

implementation, and the comparison with stochastic simulation shows that the first three orders of susceptibilities

calculated by the proposed technique have high accuracy. The dependence of the spectral amplification parameters at

the first three harmonics on the noise intensity is also investigated, and another observed phenomenon of stochastic

resonance in the systems induced by the location of a single periodic orbit is disclosed and explained.
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1. Introduction

The interplay of noise and a periodic signal in cer-
tain nonlinear systems may cause the output signal-
to-noise ratio and the spectral power amplification,
varied as functions of the noise intensity, to exhibit a
rise at a weaker noise level.[l:2] Such a counterintuitive
phenomenon was termed as stochastic resonance (SR),
which has been found to be of considerable impor-

(3:4]

tance in signal processing, financial prediction!®!

and neurophysiology,[6=% etc (also see Ref.[10] for a
review). Just due to the primary interest in the phe-
nomenon, the dynamic response of nonlinear periodi-
cally driven stochastic systems has been the subject of

intense investigations during the past twenty years.'!]

However, exact analytic expressions characteriz-
ing the amplification of external signals in stochas-

tic nonlinear systems can be obtained only for a

[12—15]

few special cases. Although various approxima-

tion techniques such as two-state approaches,!16:17]

[18,19]

the matrix continued fraction method, the eigen-

[20]

function expansion method,!“"’ the operator splitting

technique, 2!l and the method of moments(22=25 were
developed to calculate the dynamic response of nonlin-
ear stochastic systems, these methods either are char-
acterized by long computation time when higher or-
der harmonics are involved, or are restricted by the
narrow parameter range of adiabatic elimination and

linear response theory in their applications.

The aim of this paper is to introduce an efficient
technique to calculate the dynamic response of driven
nonlinear stochastic systems in a general parameter
range. The proposed technique is a modification of
the method of moments within linear response theory,
and it obtains the response information of high-order
harmonics by solving a linear ordinary differential sys-
tem rather than by solving several linear algebraic
systems(?3! or by using the technique of matrix con-

tinued fractions for several times.[18:19]

The proposed
technique can calculate nonlinear dynamic suscepti-
bilities at any harmonics with an easily programmed

code.

This paper is organized as follows. In the next sec-
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tion, the proposed method of moments for calculating
the asymptotic probability distribution of driven non-
linear stochastic systems is described. In Section 3,
the accuracy of the proposed method is demonstrated
by comparing the obtained susceptibilities and spec-
tral amplification factors with those obtained from
stochastic simulation of Langevin equations. In Sec-
tion 4, a kind of stochastic resonance induced by a
single local periodic orbit is discussed. Finally, dis-

cussions and conclusions are presented in Section 5.

2.Asymptotic probability distri-
bution calculation using the

method of moments

Consider an ensemble of biased overdamped oscil-
lators characterized by a coordinate, whose Langevin

equation reads
&=z —a’+h+e(t)+E£(1), (1)

where h is an external bias. The oscillators are driven
by Gaussian delta-correlated white noise £(t) of in-
tensity D and an external field ¢(¢). The probability
density p(z,t) of Eq.(1) is governed by the Fokker—
Planck (FP) equation!?¢]

op(z,t) O < dp

D% —(z—2+h+ E(t))p> . (2)

ot oz

Here p(z,t) satisfies the natural boundary conditions,

ie. lim p(™(z,t) = 0. Both the angular frequency

z—too
{2 and the amplitude ¢ of the harmonic driving force

g(t) = ecos(f2t) are assumed to be arbitrary, since
our discussion aims to exceed the parameter range of
adiabatic elimination and linear response theory.
Now multiplication of FP equation (2) by some
function f(z) and integration over z from —oo to +o00

yield the following evolutionary equation for (f) (¢t) =
J f(z)p(z,t)dz (supposing it exists):

% _ D<g>+<(m _ h)g>+e(t) <g(>3)

In deriving Eq.(3) the technique of integration by
parts together with the natural boundary conditions

is used.

By Floquet’s theorem, the long-time solution of
FP equation (2) is time-periodic with the period of
the external field,[*] j.e.

p(a:,t+27r/.9) :p(a:,t). (4)

So instead of decomposing the solution into Fourier
series of time argument as usual,['®1922-25] we seek
it in the form

oo

p(z.t) =Y Cu(t)po(z)a"™, (5)

n=0
where po(z) = Zexp(—(x*/4 — 22 /2 — hz)/D) denotes
the stationary solution of FP equation (2) without ex-
ternal driving, with Z being the normalized constant.
Here C,(t)(n > 0) are unknown periodically-varying

coefficients, namely they satisfy
Cn(t) = Cp(t + 27/ 12). (6)

Conservation of the norm of the distribution p,s(z,t)
implies

S Clt) (™) = 1. (7)
n=0

Hereafter we have (z"), = [z"po(x)dz. In order to
find the unknown coefficients C,,(t), we require Eq.(3)

to be satisfied for all moments, i.e. we should take

(8)

In the simplest case m = 0 (i.e. f(x) = 1), substitu-
tion of Eq.(5) into Eq.(3) gives

Y Calt) (27), =0. 9)

It is clear that Eq.(9) is a direct result implied by
Eq.(7), thus only the latter will be considered in the

following. Similarly, for m > 1 one obtains

> dC,(t)
dt

<xn+m>o

(o]

= Z Cy(t)(— Dmn <:1:m+”_2>0

+e(tym (z™1) ). (10)

From Eqgs.(7) and (10), one derives the following linear

ordinary differential system with periodic boundaries
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For the purpose of numerical calculation, one
has to truncate Eq.(5) at the Nth power of z with
N being some positive integer. We denote A =
(@m,n), B = (bm,n) and E = (em,n) With am,, =
(™) — (™) (™), b, n = Dmn <wm+”’2>0 and
emmn = m(<wm+”’1>0—<wm71>0 (m")o) for 1 <
m,n < N, and take C = (Cy, Cs, ..., Cy)' and
G = (1, 2<x>0,...,N<wN71>0)’, then Egs.(11) turn
into a finite-dimensional linear ordinary differential

system with periodic boundaries

C=A"Ye(t)E — B)C +¢(t)A71G,
C,(0) = C,(27/ Q). (12)

Here the positiveness of A can be proven with a tech-
nique used in Ref.[3].

To solve the coefficients C(t) with less storage re-
quirements and less computational time, the simple

Euler method is used to integrate Egs.(11) from an

Using Eqs.(14) and (15), the asymptotic ensemble av-
erage (EX)(t) can be expanded into

(EX)(t) = (@), (2,2) + >_ X" (2,¢)e*e* <, (16)
k=1

where x(*) (82, ¢) = (ap —iby)/e" is called the dynamic
susceptibility of the kth harmonic, and it depends on
the driving amplitude and frequency in the general re-
sponse sense. For simplicity, we denote it as y(*). Tt
is clear that the square of the module of x*), namely
Ix®?

harmonic, which is often used as a quantifier of SR.

is the spectral amplification factor of the kth

initial guess until they become time-periodic. Our nu-
merical results have indicated that one can arrived at
the asymptotic process in not more than 5 driving pe-
riods for noise intensity not in the zero limit. So the
calculation is very fast.

Supposing that C(t) has been solved from the
linear system (12), then the asymptotic probability
density can be calculated using Eq.(5), and then the
asymptotic ensemble average (EX)(t) can be calcu-

lated according to

(EX)(t) = (z)o + Z Co(t) ((2"1), = (&™) (x)0),
1<1< L (13)

2mwlAt

with t; = and At = T/L being the integra-
tion step-length. Then, applying Fourier transform to
the sample data (13), one arrives at the Fourier coef-

ficients of the kth-order harmonic

3. Accuracy analysis of the pro-

posed method of moments

To verify the accuracy of the proposed method
of moments, a comparative analysis technique is
adopted. That is to say, the dynamic susceptibilities
and the spectral amplification factors derived from the
method we proposed are compared with those derived
from stochastic simulations in the general response
sense. A standard Runge—Kutta procedure with the
Box—Muller algorithm to generate the Gaussian ran-

dom number?” is employed to integrate Eq.(1). A
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time history of 5000 periods (the transient evolution
has been discarded) is averaged to give the ensem-
ble average (EX)(t), and then the simulative dynamic
susceptibility and the spectral amplification factor are
calculated according to Egs.(14) and (15). Since the
first three harmonics are of primary importance in the
context of SR, we only check the susceptibility and the
amplification factor for these harmonics to verify the
correctness of the modified moment method.

Figure 1 shows the dependence of susceptibilities
on frequency for the first three harmonics obtained
from the proposed method and the stochastic simula-
tion. Figure 2 shows the dependence of the spectral
amplification factors on noise intensity for the first
three harmonics, where the spectral amplification fac-

tors for the first two harmonics are calculated from
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both the proposed method and the stochastic simu-
lation. Seen from the figures, a very good agreement
is clear between the results obtained from both meth-

ods.

third-order harmonic obtained from stochastic simula-

Since the spectral amplification factor for the

tions is very sensitive to the background noise so that
regular results are not easy to be captured, only the
results obtained from the proposed method are shown
in Fig.2(c).
for ¢ = 0.3 the third-order spectral amplification fac-

From Fig.2(c), however, one sees that

tor attains two extremes at different noise intensities,
namely, SR also occurs twice at the third harmonic,
which has the same tendency as that reported within
the linear response theory.[?3] This indirectly shows
that the numerical results for the third harmonic are

correct.
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Fig.1. Dependence of susceptibility on frequency at the first (a), (b), second(c), (d), and third (e), (f) harmonics. Plots
(a), (c), (e) correspond to the real, and (b), (d), (f) to the imaginary part of susceptibility. The results are obtained from
stochastic simulations (coarse curves) and the modified moment method (smooth curves) with D=0.5, e=1.0, h=0.2.



No.9 A method of moments for calculating dynamic ... 1695
5 -
0.3 (a)
4 4
o 37
R
1 -
0 T T T d
0.0 0.2 0.4 0.6 0.8
D
0.20
(c)
0.151 -3
o o
D = 0.101 0.5
= =
0.05
) 0.00 T v T )
0.8 0.0 0.2 0.6 0.8

Fig.2. Dependence of the spectral amplification factor on noise intensity at the first (a), second (b)

and third(c) harmonics. The results are obtained from the stochastic simulations (squares) and the

modified moment method (full curve) with 2=0.1, h=0.2 and ¢ labelled on curves.

In addition, we also check the validity of the spec-
tral amplification factor for the first two harmonics for
more stronger driving such as ¢ = 0.8, 2 = 0.1 and
h = 0.2, and we find that there is a little discrep-
ancy between the curve obtained from the proposed
method and that obtained from the stochastic simu-
lation in the zero noise limit (the figures are omitted).
By a scrutiny into the calculation, we find that the dis-
crepancy is due to the truncation order N. Although
increasing N can avoid the discrepancy theoretically,
too large a truncation order will make the matrix A

become ill-conditioned.

4. Stochastic resonance induced

by a single local periodic orbit

Figure 3 shows the deterministic bifurcation di-
agram of Eq.(1) on the Poincaré’ section {xz(t) : t =
2ir/2,i € Z*,i > 1}, where i >> 1 denotes that the
transient evolution has been discarded. From Fig.3,
one observes there is a critical amplitude ¢, ~ 0.198.
That is to say, for 2 = 0.1 and h = 0.2, Eq.(1) with
D = 0 has two stable periodic orbits in the case of
0 < € < &, while it has only one periodic orbit in
the case of € > e.. So for all the driving signals con-
sidered in Fig.2(a), Eq.(1) with D = 0 is monostable,
but why does SR still occur? To explain this, we check

the evolution of Eq.(1) under different noise intensi-
ties. At first, the three equilibrium points of Eq.(1) in
the case of ¢ = 0 and D = 0 are marked as ;1 ~ 1.09,
—0.8789. Here x> are sta-

ble and zg is unstable. In the absence of noise, the

~
~

ro ~ —0.209, and x5

long-time solution of Eq.(1) locally oscillates around
Although

at the weak noise level the noise adds some distur-

x1 whether for ¢ = 0.3 or for ¢ = 0.5.

bance to the periodic oscillation, there occur noise-
induced global jumps that make the oscillation around
9 become possible as the noise intensity increases, as
shown in Fig.4. At a more intense noise level, the
noise-induced jump occurs more frequently and the
system (1) completely loses in disorder. For a bet-
ter demonstration of this, let us turn to Fig.5. The
probability distributions under different noise intensi-
ties show that there is some suitable noise intensity
that protrudes the probability peak near x5. This fur-
ther supports that there exists some noise intensity, at
which the noise-induced jump becomes coherent with
the external driving. From these observations, one
knows that the resonance-like behaviour in Fig.2(a) is
similar to the conventional SR of the standard over-
damped bistable system, but obviously it is a new
phenomenon of SR, because the noise induced-jump

is caused by the asymmetric location of a single peri-
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odic orbit. In other words, it is the noise that makes 5. Discussions and conclusions

the small local periodic orbit change into a large global

periodic orbit. This is somewhat similar to the monos- It has been demonstrated that the modified
table SR reported previously in some sense.[?8] method of moments is a useful tool in the investiga-

tion of the nonlinear dynamic response of periodically

157 driven stochastic systems. First-, second-, and third-

1.01 order susceptibilities of a biased overdamped nonlin-

0.5 1 ear stochastic oscillator are calculated from the mod-

8 0.0 ified method and from stochastic simulations beyond

-0.5- linear response theory. Good agreement is found be-
~1.0- tween the results obtained using these two methods.

_1'50.8 T oa 00 0 The dependence of the spectral amplification of

A the first three harmonics on the noise intensity is

also investigated. By comparing the spectral ampli-
Fig.3. The bifurcation graph on Poincaré section via

amplitude with h=0.2 and 2=0.1. fications of the first two harmonics obtained by the

method of moments and those obtained stochastic
simulations, it is shown that the proposed method has
a good performance except for the case when the driv-
ing amplitude is too large, but the noise intensity is
too weak. Although the method of matrix continued
fractions can avoid this defect, it does not greatly de-
crease the usefulness of the proposed method, because
the proposed method is more efficient in calculating

the nonlinear response properties of high-order har-

500 600 700 800 900 monics for noise intensity beyond the zero limit. More-

t over, we suggest that this defect could be overcome
Fig.4. The time history of system (1) with parameters by using orthogonal polynomial expansion rather than
h=0.2, £=0.3 and D=0.18. the power series in Eq.(5).

When the external field is strong enough to make
the bistable system turn into a monostable system,

the SR-type behaviour still might be observed. By

means of the asymptotic probability distribution and

Pas (3)

the time evolution of the stochastic systems, the oc-

currence of this different phenomenon of SR is related

to a kind of noise-induced jumps, which is due to the

asymmetry in the location of the single periodic orbit.

-3 -2 -1 0 1 2 3
D Finally, we emphasize that the modified method
Fig.5. The time-averaged long-term probability dis- of moments can be directly applied to the case when
tribution of system (1) calculated from formula (5) the periodic driving force is not harmonic. This has

with parameters h=0.2, €¢=0.3 and D is 0.1 (solid

not been treated by the method of matrix continued
curve), 0.2 (dashed curve), 0.5 (dotted curve), 1.0

(dot-dashed curve), respectively. fractions.
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