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We propose a solvable aggregate growth model with the rate kernel K(i;5;1) o< i#31® (w > 0), at which a

monomer transfers from the A aggregate of size 7 to the A aggregate of size j only with the help of a B aggregate

of size [. By means of the mean-field rate equation approach, we obtain the analytical solutions of the aggregate size

distributions in several different cases. For a symmetrical system with p = v, the aggregate size distribution ay/(t)

approaches the conventional scaling form in the p < 3/2 case; while for an asymmetrical system with p # v, ay (t) takes

the scaling form only in the case of p < v and p+v < 2. As for the case with pu+v > 2 (u # v) or u > 3/2 (n = v), the

system may have a gelationlike transition. Moreover, we also study the kinetic scaling behaviour of the model with the

generalized kernel K (i;j;1) ~ (i#j¥ +i”j#)I%. The aggregate size distribution obeys a scaling law only in the p4+v < 3

case; while in other cases, the system may undergo a gelationlike transition after a sufficiently long time.
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1. Introduction

Irreversible aggregate growth processes occur in
many basic and applied fields such as atmospheric
aerosols,!] star formation!?! and crystal growth.[! In
the last few decades, the kinetics of aggregate growth
has been extensively studied.!* 1% The most interest-
ing things that much effort has been devoted to un-
derstanding include the explicit time-dependent distri-
bution of the aggregate size and the asymptotic scal-
ing behaviour of the system. Many theoretical studies
exhibited that the aggregate size distribution could
approach a scaling form in the long-time limit.[%-¢!
Most of these studies have focused attention on the
binary self-coalescence models, in which any two ag-
gregates, A; of size ¢ and A; of size j, can bond spon-
taneously to produce a larger aggregate A;; ;. Addi-
tionally, there also exist some other classes of univer-
sal aggregation mechanisms. Ispolatov et al ' and
Leyvraz et al!'? introduced a migration-driven ag-
gregate growth mechanism which can provide a nat-
ural description for the evolution of city populations
as well as the wealth distribution in economic inter-
actions, and we proposed a catalysis-driven aggrega-

tion model to investigate the kinetic evolution of a

chemically stable species under the action of the cat-
alytic substance.[!3] The results show that different
aggregation mechanisms may lead to distinct kinetic
behaviours of the aggregate growth.11=15] It is thus
of great theoretic and practical significance to seek a
variety of universal aggregate growth mechanisms in
physics and in other sciences.

In this work, we propose an interesting transfer-
driven aggregate growth model on the basis of the
studies in Refs.[11,13].
gregates in the system, A and B aggregates. The sys-

There are two types of ag-

tem evolves according to the following catalysis-like
monomer transfer scheme. The first elementary re-
action step is a reversible monomer transfer reaction
between A and B aggregates, A; + By = A;_1+ ABy,
where AB; represents an aggregate B; containing a

” monomer of type A. The second step is

“temporary ’
an irreversible monomer transfer only between an A
aggregate and the B aggregate with a “temporary” A
monomer, i.e. A; +AB; = Aj1+ B;. Meanwhile, an
irreversible self-coagulation reaction occurs between
any two B aggregates, B; + B; J(L;])) B;yj;, with a
rate kernel J(¢;7). In many situations, it is found
that the reversible reaction may reach its steady state

more rapidly than the corresponding irreversible re-
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action. Thus, the monomer transfer reaction may be
controlled by the second step. The whole monomer
transfer reaction then reads A; + A; + By Kﬂ;l)
A;_1+ Ajy1 + By, with a size-dependent reaction rate
kernel K(1;7;1).

analogous to a catalyst for the monomer transfer be-

Here each B aggregate plays a role

tween two A aggregates. Our model may mimic many
physical processes such as droplet growth,[*®! island
growth!'”] and phase ordering.[*®! This model can also
be used to study some social phenomena.*112] On the
other hand, it is also believed that our system is of
interest to exhibit rich scaling properties of the aggre-
gate growth.

The paper is organized as follows. In Section 2, we
introduce a transfer-driven aggregate growth model
and investigate the evolution properties of the aggre-
gate size distributions by means of the rate equation.
In Section 3, we then study the kinetic scaling be-
haviour of another model with a generalized kernel.

A brief summary is given in Section 4.

2.Model with the rate kernel
K(i;5;1) ~i"j"17

In our model, we assume that the system is of spa-
tial homogeneity, so that the fluctuations in reactant
densities are ignored and the aggregates are considered
to be homogeneously distributed in the space through-
out the processes. Thus, theoretical investigations of
the kinetics of this aggregate growth model can be
based on the mean-field rate equation, which assumes
that the reaction proceeds at a rate proportional to
the reactant concentrations. The concentrations of A
and B aggregates of k-mers are denoted by aj and by,
respectively. Then the mean-field rate equations for

our model read

dak = ..

W:'Z K(i;5;1)a;a;b
i,5,l=1
X [0i k1 + 06— 1*5‘k*5j7k]

db

S (b — b3 Iy, (1)
i+j=k j=1

where we impose the boundary condition ag(t) = 0. In
the first equation of Eqs.(1), the gain terms of ay(t)
results from the reaction {Axt1;4,;} — {Ar; 411}
through the Ay, aggregate’s losing a monomer and
{A;; Ar—1} — {A;_1; A} through the Aj_; aggre-
gate’s gaining a monomer, respectively; while the last
two loss terms of ay(t) are due to the Ay aggregate’s

gaining or losing a monomer.

We investigate a simple system with a size-
dependent rate kernel, in which the rate of the A;
aggregate gaining a monomer is proportional to the
values j”, i* of its opposite aggregate A; that loses a
monomer and [® of the B; aggregate, i.e. K(i;5;1) =
Ii#5%1% (here I is a constant). The indexes (i, v and
w) may interpret the degrees of the migration possi-
bilities of an aggregate. p and v denote respectively
the “emigration susceptibility” and “immigration ac-
ceptability” of an A aggregate, while @ represents the
degree of “catalysis ability” of a B aggregate. When
the values of the indexes increase, the aggregates be-
come much generous in emigration reactions and much
greedy in immigration reactions. It is also argued that
the overall transfer rate varies as a power law in some
scale factors.'2] Here we investigate a little more re-
alistic system with @ > 0. Obviously, @ > 1 implies
that the cooperative merging of two B aggregates may
benefit to their competitive abilities, while 1 > w > 0
implies that the cooperative merging of B aggregates
is bad for their competitive abilities. Moreover, the
rate of the self-coagulation between any two B aggre-
gates is assumed to be a constant J, i.e. J(i;5) = J.

Then Egs. (1) are rewritten as

da
d_tk =IMpo[(k+ 1)*ags1 Ma, + (k — 1)"ap_1Ma,
— k”akMAl, — k‘uakMAH], (2)
db
—’“:— > bib; —kaZbJ, (3)

Z+_7 k

with the shorthand notations
_ o
Mau(t) =) itai(t),

MAV(t) = Z::l jl’aj(t)

and

lwbl(t).

Mp(t) = Z;;

From Egs.(2) and (3), one can readily find that

Mai(t) = ZZ; kay(t) =0

and

k‘i)k (t) =

(=37,

Hence, both A and B aggregates obey the mass con-
servation law, which is independent of the details of
the reaction events.

Consider a simplest but important case in which

there only exist monomer aggregates of A and B
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species at t = 0 and their concentrations both equal

to unity, namely

ak(O) = 5k1, bk(O) = 5k1- (4)

Under the above monodisperse initial condition (4),
with the help of ansatz[!®]

br(t) = B(t)[b(t)]* (5)

we can transform the rate equation (3) into two dif-

ferential equations

_JB®
1-b’

db_JB 4B _
dt

— = 6

5 & (6)
with the corresponding initial condition, b(0) = 0 and
B(0) = 1. Equations (6) can be exactly solved to yield
b(t) = Jt(Jt+2)"! and B(t) = 4(Jt+2) 2. Thus we

obtain the following exact solution for B aggregates:

4 2 \"!
be(t) = (Jt+2)? <1 - Jt+2> -

Equation (7) shows that in the scaling region of k > 1
and t > 1, the aggregate size distribution by(t) of
species B approaches the well-known Smoluchovski
scaling form (see e.g. Refs.[1,2,19,20])

br(t) ~ 4%t 2exp(—y), y=(2/Nkt™'. (8)

The result shows that B aggregates are scaled as in
the irreversible single-species aggregation case.
We then turn to discussing the size distribution

of A aggregates. Introducing a new time variable,

T(t) = I/ot dt,MBw(tl)a (9)

we recast Eq.(2) into

dak (T)
dT

=[(k +1)"ap41(T) — k*ap,(T)| M 4, (T)
+[(k = 1)"ar1(T) = k" ar(T)|Mapu(T)-
(10)

In the long-time limit, it is not difficult to determine

the asymptotic solution of T'(t) as follows:

Cqt® >0,
Tt ~{ “ (11)
CyInt w=0

)

where C; = IT'(w)(J/2)"~! and Cy = 2I/J. Equa-
tion (11) indicates that T'(t) — oo at t — oco. Thus,
the problem is reduced to deriving the analytical solu-
tion of ax(T") from Eq.(10). Equation (10) is the same

as the corresponding governing equation in Ref.[21]
(except for the scaling time denotation). By employ-
ing a technique similar to that in Ref.[21] one can eas-
ily derive the solution ax(T) of Eq.(10) and then an-
alyze the scaling properties of the aggregate size dis-
tribution ay(t). Here we simply review the derivation

of ax(T") from Eq.(10).
2.1. The symmetrical system with y =v

For a symmetrical system with p = v, Eq.(10)
reduces to the discrete diffusionlike equation

dak (T)
dr

=Mau(T)[(k + 1)*ar41(T)
+ (k — 1)*ar—1(T") — 2k"a(T)]. (12)

Under the monodisperse initial condition, we
make the conventional scaling ansatz for the large-

time behaviour of a(T),P!

ar(T) ~ k~"T~" [k/S(T)], S(T)xT. (13)

Here S(T') denotes the typical aggregate size of the
system, which plays a role analogous to that of the
correlation length in critical phenomena, and the scal-
ing function é(z) ~ 1 for ¢ < 1 and &é(z) = 0 for
x> 1. It follows from the mass conservation law that
w = (2—7)z. The scaling ansatz (13) can be rewritten

as

ar(T) =~ k~7[S(T)]" 2 ®[k/S(T)], S(T)oxT>.
(14)
We then turn to determining the index 7, the typical
aggregate size S(T') and the scaling function &(x).
We first investigate the typical aggregate size

S(T). By summing up Eq.(12) we obtain

dM>(T)

—dar = 2[MH(T)]2’
dMy(T) .
SO = —a(M)Mu(T). (1)

Substituting Eq.(14) into Egs.(15) yields two distinct
sets of asymptotic behaviours of S(7') in different
cases. By making a comparison between the two equa-
tion sets we find that for the u < 3/2 case, T =p—1
and the typical size S(T) satisfies!?!]

S(T) o [(3 — 2p2)T]/ =20, (16)

Equation (16) is in agreement with the statement of
the mean aggregate size S(T") oc T/~ for a system

with the symmetric migration rate kernel K(ck;cl) =

K(cl;ck) = K (k;l) (see Ref.[12]).
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In the p > 3/2 case, it is found that the scaling
form of Eq.(13) is invalid and the system may undergo
a gelationlike transition after a sufficiently long time
(see, e.g. Refs.[22-24]). In this work, we focus only
on the more interesting case of p < 3/2, in which the
aggregate size distribution evolves infinitely according
to a conventional scaling regime.

Finally, we derive the scaling function &(z). Sub-
stituting the scaling ansatz (14) into Eq.(12), we de-
duce the differential equation for the large A aggre-

gates,
w " (x)+(2+pa® ") ' (z) ~ p(u—3)a' " d(x), (17)

where p is such a separation constant for the z and T
dependence that [S(T)]Q_Z”S(T) = p. Equation (17)
yields2!]

&(z) ~ Czexp(—Cyz®™H), (18)

where Cj3 is an integration constant and Cy = p/(2 —
). Since our system obeys the mass conservation law,

C3 and p are related as

/000 dz{Csz* Hexp[—pz® " /(2 — u)]} ~ 1.

For simplicity, one may choose the constant p so that
C3 = 1. Tt is thus verified that ¢(z) ~ 1 for 2 <« 1
and @(z) ~ 0 for z > 1.

Inserting Egs.(11), (16) and (18) into Eq.(13), one
can then obtain the t-dependent evolution behaviour
of this symmetrical system. When w > 0, the size dis-
tribution ag(t) approaches the following scaling form
in the p < 3/2 case:

ak(t) ~ kiTtiweXp(fc4$27H), Xr X ktiz, (].9)

with the nonuniversal exponents 7 = pu — 1, w =
w(3 —p)/(3 —2u) and z = w/(3 — 2u). Moreover,
the result shows that the typical aggregate size S(t)
in the p < 3/2 case grows as t=/(3=21)  which is de-
pendent on the indices p and w of the rate kernel.

In the case of w = 0 and u < 3/2, the typical ag-
gregate size grows as (In t)l/(3_2“), and the aggregate
size distribution is scaled according to the logarithm-
correction form ay(t) ~ k=" (Int) "™ @[k/(Int)?], with
the exponents 7 = p— 1, w = (3 — pu)/(3 — 2u) and
z=1/(3 —2u).

2.2. The asymmetrical system with y # v

Following a spirit similar to the above-mentioned
symmetrical case, we also make the conventional scal-

ing ansatz (13) for the asymmetrical system with

i # v. Summing up Eq.(10), one can obtain

L) oM, (1)M, (1) + M, (1) My (T)
- My ()M, (D))
dMo(T)
—ar a1 (T)M,(T). (20)

Substituting Eq.(14) into Egs.(20), we obtain two sets
of evolution equations of the typical size S(T') in sev-
eral different cases (such asthe 7 > pu+ 1, 7=p+1,
and 7 < p+ 1 cases) and then make a detailed com-
parison between these resulting equations. It is found
that the modified scaling ansatz (14) only holds in
the system with u < v and p < 1, while for all other
cases the scaling form (14) is invalid and a gelationlike
transition of the system arises.

In this work, we focus only on the kinetic scal-
ing behaviour of the nongelling system with pu < v
and p < 1. Making a comparison between the evolu-
tion equations of the typical size S(T') derived from
Egs.(20), we find that the scaling exponent is 7 = p
and the asymptotic behaviour of S(T') is?!!

ds(T)
ar

~[S(T) (21)

Equation (21) can be straightforwardly solved to yield
the asymptotic solution of S(T) for p+ v < 2,

S(T) o [(2 = p — v)T)/G=r=v), (22)

Equation (22) indicates that the evolution behaviour
of the typical size S(T') in the transfer-driven aggre-
gate growth system is identical with the irreversible
migration case (see Ref.[12]). As for the system with
i+v > 2, the scaling ansatz (13) of the aggregate size
distribution is invalid and the system will also undergo
a gelationlike transition after a long time, which is sim-
ilar to the kinetic behaviour of the above symmetrical
system with g > 3/2.

We then derive the scaling function @(z) in the
nongelling system. Substituting the scaling ansatz
(14) into Eq.(10), we find the following differential

equation for the large A aggregates:[21]

(Csz¥ — Cozt — qz) ®'(z)
o ) - Ol — e 8(@),  (23)

oo

where C5 = / dzd(z), Cs = dzz" H (z)]
0 0

and ¢ is a separation constant for the xz and T de-
pendence which satisfies [S(T)]l_”_”S(T) = q. From
Eq.(23) one can analyze the important feature of @(z).
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For the nongelling system, we have u < 1 and p < v,
and Eq.(23) can be rewritten as

671 (2) ®(x) ~|(v — 1) Cs /Coa” !
—lg(2 - p)/Cele™. (24)

From Eq.(24) we obtain the asymptotic solution of
&(z) for v <« 1,

—Cral=#+ > 1,
o(r)~ | SR vz (25)
exp[Cs/Ce)x” ] v<l1,

where C7 = ¢(2 — u)/(1 — u)Cq for v > 1 or C; =
q(2 — n)/(1 = p)Cs¢ — C5/Cq for v = 1 (it should
be pointed out that all the integration constants in
On the other hand,
from Eq.(23) one can also derive the asymptotic solu-
tion of &(z) for z > 1,21

Eq.(25) are simplified as unity).

z=(r=n) v>1,
&(z) ~ 7 v=1, (26)
= (2=H) v <1,

where vy =1—pu+¢q/(¢— Cs) (g # Cs). In particular,
if v =1 and ¢ = Cs5, Eq.(24) yields a uniform solu-
tion &(z) ~ exp[—Csz'~#/(1—u)Cs]. Equations (25)
and (26) accord with the restrictions on the scaling
function &(x). However, if () is continuous for all
z > 1, it follows from &(z) ~ z~~#) that Cg di-

verges in the v > 1 case. Moreover, since our system
oo

da[z' " @(x)]
0

should be a finite constant. In the v < 1 case,

®(x) ~ =(27#) for all z > 1 implies that the total

mass of aggregates also diverges. Hence, ¢(z) may be

obeys the mass conservation law,

discontinuous in most cases and can be consistently
set to zero for all # > z,. (z. is the value of the critical
point).

So far, the asymptotic scaling behaviour of the
asymmetrical system is acquired. The aggregate size
distribution ay(t) obeys a scaling law only in the case
of p < v and p+ v < 2; while in other cases, a gela-
tionlike transition will occur after a sufficiently long
time. When @ > 0, we find that in the case of p < v
and p+v < 2, ai(t) approaches the scaling form (13),
where the scaling function &(z) satisfies Eq.(25) for
z < 1 and Eq.(26) for z > 1 and the governing expo-

nents are

w(2 - u)/(2— p
— ). (27)

T=U, w=

z=w/(2—p

—v),

When w = 0, ay(t) satisfies the logarithm-correction

scaling form of Eq.(13) with the exponents

T=p, o w=02-pu)/2-p-v),
z2=1/2—p—v). (28)

It is obvious that the scaling exponents for the sym-
metrical system differ from those for the asymmetrical
system.

The results exhibit that for this asymmetrical sys-
tem, the kinetic behaviour of the aggregate growth
depends crucially on the reaction details such as the
indices of the rate kernel and the initial concentra-

tions.

3.Model with the generalized
rate kernel K(i;j;1) ~ (i*j7 +
i)
In order to thoroughly understand the kinetics

lw

of the transfer-driven aggregate growth, we also in-
vestigate the model with the generalized symmetrical
kernel K(i;7;1) = I(i*5¥ + ¢Vj#)I®. Introducing the
scaling time T'(t), we then obtain the following rate

equation for this system:

dak (T)
dT

=My (T)[(k + 1)"ar41(T)
+ (k= 1" a1 (T) — 2k"ay(T)]
+ Mau(T)[(k +1)"ap41(T)
+ (k= 1)%ar1(T) = 2k ar(T)], (29)

which is similar to the governing rate equation for
an exchange-driven growth model in Ref.[15]. Here
Eq.(29) is analytically solved by employing the tech-
nique used in the above section 2. Obviously, if u = v,
this generalized model reduces to the simple one dis-
cussed in the section 2. In this section, we only focus
on the system with p # v. Without any loss of gener-
ality, we set v > p.

We assume that the conventional scaling ansatz
(13) also holds in this generalized system. By sum-

ming up Eq.(29) one can then obtain

dMy(T)
dar 2M,(T)M.,(T),
dMo(T)  ay(T)
T - o MuT)+ M(T)]. (30)

Substituting Eq.(14) into Egs.(30), we deduce two sets
of evolution equations of the typical size S(T) and
then make a detailed comparison between these re-

sulting equations. It is found that the modified scaling
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ansatz (14) holds only in the system with pu+ v < 3,
while for the p + v > 3 case the scaling form (14) is
invalid and a gelationlike transition arises.

In this work, we also investigate only the ki-
netic scaling behaviour of the nongelling system with
p~+ v < 3. From Egs.(30) we deduce that the scaling
exponent is 7 = p — 1 and the asymptotic behaviour
of S(T) is

dsS(T)
dT
Equation (31) directly yields the asymptotic solution
of S(T) for the p+ v < 3 case,

~ ST, (31)

S(T) o [(3 — p— v)T]MG=r=v), (32)

We then determine the scaling function @(z) in
the nongelling system. Substituting the scaling ansatz
(14) into Eq.(29), we find the following differential

equation for large A aggregates:

(Cgz + Coz' ¥ 1) " (z)

+[ra? "+ 205 + 20 (1 + v — p)z¥ #] &' (x)
~lr(p—3)z' ™ = Co(1+v — p)

x (v — p)z" "1 &(2), (33)

where

@=AmMWW“ﬂ@L

Cy = / dz[z & (z)]
0
and r is a separation constant for the  and T depen-
dence which satisfies [S(T)]2 # ¥ S(T) = r. Since we
have u < v, from Eq.(33) we then obtain the asymp-
totic solution of @(z) for z <« 1,

exp(—Cioz!™H)
exp[—(Cy/Cs)a” ]

v > 2,

O(z) ~ (34)

v<2,

where Cyp = r/(2 — p)Cs for v > 2 or Cyp =
[r 4+ Co(2 — u)]/(2 — u)Cs for v = 2 (here all the inte-
gration constants in Eq.(34) are simplified as unity).
On the other hand, from Eq.(33) one can also derive
the asymptotic solution of ¢(z) for > 1,

z(vm) v>2
¢(£13) ~ x " V= 2’ (35)
exp(—Cp1227Y) v <2,

where n =3 —p for r > Cy or n = 2 — p+r/Cq for
r < Cy and C1; = r/(2 — v)Cy. Equations (34) and
(35) accord with the restrictions on the scaling func-
tion @(z). However, it follows from Eq.(35) that Cs

diverges for v > 2. Thus for the v > 2 case, #(z) may
be discontinuous and can be consistently set to zero
for all = greater than a critical point z’; otherwise, a
gelationlike transition may arise in the system.

Thus we know that for the system with the gener-
alized rate kernel, the aggregate size distribution ag(t)
obeys a scaling law only in the p+v < 3 case. In other
cases, the system may undergo a gelationlike transi-
tion after a sufficiently long time.

When @ > 0 and ¢+ v < 3, we find that the ag-
gregate size distribution a(t) approaches the scaling
form (13) with the time variable ¢. The scaling func-
tion @(x) satisfies Eq.(34) for z <« 1 and Eq. (35) for

x> 1, and the exponents are

w=w@-p)/B-p-v),
z=w/(3—pu—v). (36)

T=pn—1,

When w = 0 and p + v < 3, a(t) satisfies the
logarithm-correction scaling form of Eq.(13) with the

exponents
T=p—1, w=0B-p)/B-p-v),
z=1/3—pu—v). (37)

The results show that for this generalized system, the
kinetic behaviour of the aggregate growth is also cru-
cially dependent on the reaction details such as the
indexes of the rate kernel and the initial concentra-

tions.
4. Summary

We have introduced a general transfer-driven ag-
gregate growth model with the rate kernel K(1; 5;1) ~
t#3¥1% (w > 0), in which the monomer transfers be-
tween two A aggregates proceed only in the presence
of a B aggregate. Meanwhile, the B aggregates can
spontaneously coagulate each other with a constant
reaction rate kernel. Based on the mean-field rate
equations, we have analyzed the evolution behaviours
of the aggregate size distributions in different cases
with indexes p, v, and w varying. We have found
that the size distribution of B aggregates approaches
the well-known Smoluchovski scaling form (8), while
the kinetic evolution of the A aggregates depends cru-
cially on the details of the transfer rate kernel.

For the symmetrical system with u = v, we have
found that the scaling behaviour of the system de-
pends strongly on the indexes p and w. In the case

of 4 < 3/2 and w > 0, the aggregate size distribution
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ar(t) approaches the conventional scaling form; while
for p < 3/2 and w = 0, a(t) satisfies the logarithm-
correction scaling form. Moreover, the scaling expo-
nents are nonuniversal and dependent on the reaction
details (such as the indexes of the rate kernel). On the
other hand, the system with p > 3/2 may undergo a
gelationlike transition.

For the asymmetrical system with p # v, a(t)
also satisfies a scaling law in the case of u < v and
p+v < 2. When w > 0, ag(t) approaches the con-
ventional scaling form. When w = 0, ay(t) takes the
logarithm-correction scaling form. However, in other
cases (u+v > 2 or u > v), a gelationlike transition

may arise in the system. It is also found that the

scaling exponents are nonuniversal and depend on the
details of the reaction events.

In addition, we have also investigated the kinetic
scaling behaviour of the model with the generalized
kernel K (i;7;1) ~ (i#5% + i j#)I®. When pu = v, this
model is equivalent to the above-mentioned symmetri-
cal one. When v # u, the aggregate size distribution
ay(t) satisfies a conventional scaling law only in the
p+ v < 3 case. In other cases, a gelationlike transi-
tion of the system may occur after a sufficiently long
time. For the nongelling system, a(t) approaches the
conventional scaling form in the case of p+ v < 3 and
w > 0, while it may take the logarithm-correction

scaling form in the borderline case of @ = 0.
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