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The effective dielectric response of granular composites, in which spheroidal particles with graded shells are ran-

domly distributed in a host matrix, is investigated. General expressions for the effective dielectric constant of the

composites and partial resonant condition are obtained in the dilute limit by use of a quasi-static approximation. In

particular, spheroidal particles with a power-law gradation profile in the shells are studied in detail. We find that, by

adjusting the dielectric gradient profile in the shells, the shape and structure of particles, it is possible to enhance the

effective dielectric constant of the composite and to realize partial resonance. Under the partial resonant conditions,

the coated spheroidal particles with graded shells within the host matrix can be regarded as equivalent homogeneous

spheroids embedded in the same host. The equivalent spheroids have the same dielectric constant as the original cores

and semiaxes equal to those of the original shells: i.e., the partial resonant system behaves as if the cores of the particles

were enlarged and the shells were absent.

Keywords: effective dielectric response, partial resonance, graded composite materials, geometric

anisotropy
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1. Introduction

The granular composites and suspensions have
attracted much attention due to various applic-
ations.'=14 In most granular composites and sus-
pensions, there may exist inhomogeneous compart-
mentalization inside particles, or interfaces between
the particles and the host matrix may not be very
sharp and smooth due to the diffusion and surface

(4=6] The most common models, which are

roughness.
used for studying the dielectric response of these gran-
ular composites, are shell-models.[6=1] Actually, the
inhomogeneities mentioned above can be studied in
Graded mate-

rials with spatial variations in their composition or

the framework of graded materials.

microstructure are abundant in nature such as bio-
logical cells. Due to potential and specific applica-
tions in physics and engineering, graded composite

materials have attracted much attention and designed

and prepared in laboratories in recent years.[1®~17 A

(18] and a differential effective

first-principles approach
dipole approximation (DEDA)1%2°] have been devel-
oped to investigate the dielectric or thermal response

of graded spherical granular composites.

Of course, the effective dielectric response is sen-
sitive to the microstructure of the composites. Ge-
ometric anisotropy is clearly a common phenomenon
in most granular composites or suspensions, e.g. red
blood cells are oblate spheroid in shape. Besides, the
spheroidal granular systems can be considered as con-
venient model systems to study a variety of physical
phenomena.[2122] Tt should be also noted that the in-
troduction of the shape of particles may be considered
as one of ways to describe the interactions inside a
composite.

In addition, partially resonant composites are of
interest.[®~14:23.24] Based on the definition given by

Nicorovici et al, a partial resonant system means a
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compound system, containing a component with a
given volume fraction (f), whose properties are equiv-
alent to those of a system with that component having
a larger volume fraction.[®! Thus, the partial resonance
can give rise to an enhancement or extension of the
properties of enlarged component materials such as
optical properties.l? 14 In hollow-particle composites,
the partial resonance can contribute to the increase in
porosity, which has potential applications in micro-
electronic packing.[?>26] In Ref.[23], Nicorovici et al
demonstrated that the partial resonant model could
predict the features in the transmission, reflectance
and absorption spectra by comparing the results of
model with experimental measurements on Ag-MgF5-
void cermets. The partial resonant structures are im-
portant for all-angle efficiency enhancement in light
emitting diodes and photodetectors.?4] Partial res-
onant conditions for coated spherical and cylindri-
cal particles have been studied.®=13] Under the par-
tial resonant conditions, a three-component granular
composite has exactly the same effective dielectric re-
sponse as a two-component composite composed of
core material embedded in the same host as if the
shells were absent. This occurs when the core dielec-
tric constant €. and the shell dielectric constant &g
satisfy the condition e, + (d — 1)es = 0, where d = 2
or 3 for cylindrical or spherical granular composites
respectively. For the condition to be satisfied, one of
their dielectric constants must be negative. In gen-
eral, metals have a negative dielectric constant when
the frequency of electric field is less than the plasma
resonance frequency. For example, copper = —48.05
at A = 1.0,um;[27} Esilver = —1 at X\ = 0.338um.[23]
Recently, left-handed materials, which have a nega-
tive dielectric constant and negative permeability si-
multaneously, have received much attention due to
their unique electromagnetic properties and potential

(28—30] Smith and co-workers experimen-

applications.
tally reported that an array of conducting nonmag-
netic split ring resonators and continuous thin wires
had both a effective negative dielectric constant and
a negative permeability.[2*]

In this work, we investigate the effective dielectric
response of graded spheroidal granular composites, in
which particles have homogeneous cores and graded
shells, and also investigate the partial resonant condi-
tion of the spheroidal particles whose polarized direc-

tions are parallel to the symmetric principal axes.

2.Formalism

Let us consider a dielectric composite system,
in which spheroidal particles are randomly embed-
ded in a host matrix, subjected to a uniform electric
field. For describing the shape of spheroids, depo-
larization factors L, and L,,(L, = L, = L,,) are
introduced, which are positive and satisfy the sum
rule L, + 2L,, = 1.3132] For spherical particles,
L, = L, = 1/3. In general, L, is strongly depen-
dent on the shape of the spheroidal particles and is

given by![32:33]
1 m
L. = 1-m2  (m2?—1)3/2 In(m++/m? —1) for pro-
late spheroid with the aspect ratio m = ¢ > 1,
a
while L, = T + iz 22)3/2 arccos m for oblate

spheroid with m = ¢ < 1, where a(= b),c are
the semi-axes of a sphe%oid along the Cartesian axes.
With a given aspect ratio m, one can uniquely de-
termine a depolarization factor L,. Thus we use L,
to characterize the shape of the spheroidal particles.
For simplicity, we assume that the spheroidal parti-
cles possess an isotropic dielectric constant but with a
uniaxial direction (along z-direction). We consider a
composite of the suspended spheroidal particles with
a low concentration and ignore the interaction among

the particles.
2.1. Composites containing spheroidal particles
with homogeneous shells

At first, we consider a homogeneous spheroidal

particle system, in which spheroidal particles with a

2 2
dielectric constant e, satisfy the equation — + y_2 +
aC aC
2
z
— = 1 and are embedded in the host matrix with a
CC

dielectric constant €. The system is subjected to a
uniform electric field Eq along z-direction. In a quasi-
static approximation, the induced dipole moment p
along z-direction of each spheroid is given by solving
the Laplace’s equation and boundary conditions in el-

lipsoidal coordinatel31-32]

p= 47rsmbzafccE0,

where
1 €c — €m

- §5m+Lz(Sc _Em).

z

(1)

It is dipole factor, which measures the degree of po-
larization for the particle in an external field. Next,
we add a spheroidal shell with the dielectric constant
€s to the spheroidal particle, and the overall semiaxes

of the coated spheroid are ag, ag, ¢s. The shape of the
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spheroidal shell is the same as that of the core, i.e.

the shell and the core of the particle have the same

blz =

(6s — em) + 3z1M[es + La(em — €4)]

depolarization factor. The dipole factor of the coated
spheroid is given by[20:3134]

Ec — &

ith 1
withgy =-———°5 "5
! 3es+ Lo(ec — &)’

where structural parameter Ay = Z;ZC, which repre-
sents the ratio of the core volume tostﬁe whole coated
spheroid volume. It is easy to check that b1, (Eq.(2))
reduces to b, (Eq.(1)) when . = ;. Thus the dipole
factor remains unchanged if one adds a spheroidal
shell with the same dielectric constant.

The dipole factor of the coated spheroid (Eq.(2))

can also be expressed by

1 HU1Ec — €m
b z = 3 ) 3
! 35m+Lz(N150 _Em) ( )
where
- Yo{(1 — L) (1 = A)yo + [La + (1 — L)\ ]}
70[(1—Lz)+)\1Lz]+Lz(1—A1) (, )
4

It can be a complex

with dielectric factor o = Z=.

constant.

By comparing the dipole factor (Eq.(3)) of the
coated spheroid with that of simple homogeneous
spheroid (Eq.(1)), we can find that these two expres-
sions are similar in form. The only difference is that
€. becomes pie.. Therefore, we can assume that the
single-shell spheroidal particles within the host can be
regarded as equivalent homogeneous spheroidal parti-
cles embedded in the same host. The equivalent ho-
mogeneous particles have the dielectric constant pqe.
and semiaxes ag, as, ¢ equal to overall semiaxes of
original coated spheroids. Here the equivalent homo-
geneous spheroids induce the same dipole moment as
the original coated spheroids. The factor u; is called
the equivalent coefficient and determined by the di-
electric factor vy, the structure parameter A; and de-
polarization factor L.

We choose the electric field to be parallel to the z
axis; however, this axis has no special property to dis-
tinguish it from the other principle axes. Therefore,
the dipole factor along x(y)-direction b;,(,) and corre-
spondingly equivalent coefficient f, when the electric
field is parallel to the = or y axis, respectively, are
1 piec —em
e, + Ly (Higc — €m) ’

biay) =

1
3lem+ La(es — em)] + 32130 L. (1 — L.) (65 — £m)

; (2)

Y0{(1 = Luy)(1 = A1)yo + [Lay + (1 = Lay) M}
’YO[(l - Lmy) + )‘ley] + Lwy(l - )‘1) -

py =

The effective dielectric constant in the Maxwell—
Garnett approximation (MGA) for a randomly ori-

ented spheroidal particle system in the dilute limit is

given by[33:35]
.f €~ €m
eff =€m 1 o
Eeff : { +3 6m+Lz(Ec_€m)
Ec—€m
2 5
ey mern] G

where ¢, and ¢, are the dielectric constants of the
spheroids and the host matrix respectively, f repre-
sents the volume fraction of spheroidal particles, and
€eff 1s the effective dielectric constant of the whole sys-
tem. Now substituting the dielectric constants of these
equivalent homogenous spheroids pi¢. and pje. for e
in the second term and third term in Eq.(5) respec-
tively, and substituting the volume fraction of these
equivalent spheroids f’/A; for f, we can obtain an
expression for the effective dielectric constant of the
randomly oriented coated spheroidal particle system

in a dilute limit as follows:

I)\ c ©Sm
camenfi s LNz

3 em+ Lo(n18c — €m)
’ —
42— M5~ m } } (6)

€m + Lzy(ullsc - Em)

where f’ is the volume fraction of the cores of the

particles.

For a spheroidal particle, whose polarized direc-
tion is parallel to the symmetric principal axis, when
p1=1, then b;, = b,, which means that the dipole
factor of the coated spheroid is the same as that of
the equivalent homogeneous spheroid composed of the
core material. Namely, the coated spheroid induces
the same dipole moment as that of the equivalent
homogeneous spheroid, which has the same dielectric
constant €. as that of the original core and semiaxes

equal to those of the original shell. In this case, partial
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resonance occurs and partial resonant condition of the

coated spheroidal particle is obtained as

L,
Yo = 1— Lz )

ie.
L.ec+ (1 - L,)es =0. (7
1
For a spherical (or cylindrical) particle, L, = 3

1

(or L, = 5), the condition can be simplified as

€c+ 26, = 0 (or e. + &5 = 0), which is the same
as the well-known result in Refs.[9-11]. In Fig.1, we
plot the dielectric constant of the core (e.) versus that
of the shell (&) for various depolarization factors L,
when partial resonant condition is satisfied. It is obvi-
ous that the relation between e, and ¢, is linear, and
one dielectric constant is opposite to another dielec-
tric constant in sign. In general, if the core of the
spheroidal particle is metallic (nonmetallic), its shell
must be oppositely nonmetallic (metallic). It is also
shown that the ratio of €. to ¢4 increases as the depo-
larization factor L, decreases. When L, — 0 (needle
spheroids), . is much higher than e5; while L, — 1
(disc spheroids), the case is the contrary. Namely, to
realize partial resonance of the needle (disc) spheroid,
not only must the dielectric constant of the core be op-
posite to that of the shell in sign, but also the former
must be much larger (smaller) than the latter in mag-
nitude. This is very interesting for the disc spheroidal
particles. The dielectric constant of the shells must
be much larger than that of the cores in magnitude,
but the particles in the system behave as if the shells

were absent.

40

200~

.

€c
o

Es

Fig.1. Dielectric constant of the core (ec) versus di-
electric constant of the shell (&s) for various depolar-

ization factors L, under the partial resonant condition.

The above approach can be extended to the parti-
cles coated by two shells with different dielectric con-
stants. If each spheroidal particle has two shells with
dielectric constants 41 and €45 and semiaxes ag1, as1,
Cs1; Qs2, Us2, Csa Tespectively, we can also obtain the
dipole factor by solving the Laplace’s equation and

boundary conditions,

T 3, + L.(p2ec — €m)’

1 _
b22 H2Ec €m (8)

where the equivalent coefficient ps is

_ '72G - 72(1 - LZ)H
H2 = G+ L.H 9)

with

G =M{[L. + (1 = L)Ly + (1 = L)
+ ML (1= L) (=n +72) (=1 + )},
H =Xo{(—m +72)[Lz + (1 — L:)7]
+ A (=1 +v)[(1 = L:)n + Lav2]}, (10)

and
2 2
- €52 )\ o a.Ce . o €s1 )\ - a.Ce
Y2 = ) 2= "5 y M1 = ) 1= "5 .
Ec A 5Cs2 Ec ag1Cs1

It is easy to check that ug reduces to py when ego = €41
or €51 = €.. When pus=1, the partial resonant con-
dition of the coated spheroidal particles with double
shells, whose polarized directions are parallel to the

symmetric principal axes, can also be obtained.

2.2. Composites containing spheroidal particles
with graded shells

We consider a graded spheroidal particle sys-
tem. Each spheroidal particle can be parametrized
by 22 + y? + Z—2 = 72, and the dielectric profile for
the graded parrcribcle is given by &(r) where a. < r < aq,
m is the aspect ratio, a. and ag are the lengths of the
semi principle axes along z-(y) axis of the core and
the shell. We mimic the graded profile by a multi-shell
construction, i.e. we build up the dielectric profile by
adding shells gradually. We start with a spheroidal
core with the dielectric constant . and semiaxis a.,
and keep on adding spheroidal shells with a dielectric
constant given by ¢(r) at r, until r = a is reached. At
r, we have an inhomogeneous spheroid whose equiv-
alent coefficient is given by u(r). To make the exact
expression of u(r), we further replace the inhomoge-
neous spheriodal shell by a homogeneous spheriodal

shell, and the graded dielectric profile is replaced by
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an effective dielectric constant &(r). Thus it is similar
to the spheriodal particle with a single homogeneous

shell. According to Eq.(4), we obtain p (r) as

Y[(1=L,)+ AL ]+ L.(1-)) ’
(11)

pu(r)

B g(r) B aZe. _(ac\? B
v = and A= = (7) (cc = ma,).

Next, we add to the spheroid another spheroidal
shell with an infinitesimal thickness dr and the dielec-
tric constant e(r). The increment in equivalent coef-
ficient due to an infinitesimal addition is du. Hence
the equivalent coefficient can be written as g + du.
Since the particle in the case is equivalent to double-
shell construction, the equivalent coefficient should be
changed according to Egs.(9) and (10), correspond-

3 _
1 Q¢ elr
lngly T2 = E(T‘)/EC, Ag = <7‘+d7‘> y V1 =7 = g;
3

Ac

and \{ = A\ =

Of course, the effective di-
r

electric constant £(r), related to u(r), should be also
changed by the same mode. Let us write pus = p+ dp
and take the limit dr — 0 and keep to the first order in
dr, we obtain a differential equation for the equivalent

coefficient p(r) as

dp _ 3[e(r) —ecp][(1 — L2)e(r) + Loecp]
dr ece(r)r - 12)

1
For spherical particles <Lz = 3>, the equation re-

duces to

du _ [e(r) = ecpl[2e(r) + ecp]
dr ece(r)r

. (13)

Note that Eq.(13) is just the Tartar formulal®®! and it
is in agreement with the results in Refs.[13,19].
Therefore, the equivalent coefficient of the coated

spheroidal particles with graded shells embedded in a

_ kB 6L +7n)(¢" = 1) + kis(1+¢°) +6(1 - L.)(1 - ¢°)¢"

host matrix can be calculated by solving the differen-
tial equation (12) with a given gradient profile £(r).
The nonlinear first-order differential equation can be
integrated at least numerically, if the graded profile
¢(r) and initial condition u(r = a.) are given. Once
u(r = ag) is calculated, the spheroidal particles with
graded shells in the whole system are equivalent to
homogeneous spheroidal particles with dielectric con-
stant pe. and semiaxes ag, as, ¢c;. The dipole moment
induced by the equivalent homogeneous spheroids is
equal to that of original graded spheroidal particles.
Similarly, when the electric field is parallel to z(y)
axis, the equivalent coefficient p} can be also obtained.
The expression is similar to Eq.(12) as long as L, is
replaced by L,. Therefore the effective dielectric con-
stant of the graded spheroidal particle system can be
also obtained as long as u1, p} and Ay are replaced by

3
u(as), 1'(as) and <%) respectively in Eq.(6).
a

S

When p(as) = 1, the partial resonance of spheroid
particles whose polarized directions are parallel to
the symmetric principal axes occurs. Similarly the
spheroidal particles with graded shells in a host matrix
can be regarded as equivalent homogenous spheroids
with the dielectric constant ¢, and semiaxis ag, ag, cg
embedded in the same host. Namely, the property of
the cores of the particles will extend to the shells as if

the graded shells were absent.

2.3. Power-law dielectric gradation profile in
the shells
We consider that the dielectric constant of the
shell of spheroidal particles has a power-law profile
e(r) = ES<L> (ac < r < as). Obviously, &4 is the
a

S
dielectric constant of interfaces between particles and

the host matrix. By solving the differential equation
(12), the equivalent coefficient of the coated graded

spheroidal particle system is obtained as follows:

Withs:\/9—|—n(6—12Lz—|—n),q:Eandklzg—c_

Similarly, 4] can be also expressed as Eq.(14) as

long as L, is replaced by L,,. According to Eq.(6),

ki[6L.k1(1—¢q°) +(3—6L, +n)(1—q%)g”+s(1+q°)q"] ’ (14)
|
o - limit is obtained as follows:
cur mem{ 1+ 102 —tEe
s ramrn] L

the effective dielectric constant of the randomly ori-

ented graded spheroidal particle system in the dilute

where f is the volume fraction of the cores and A =
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3
a
<—C> . Namely, f/)\ is the volume fraction of the
as
whole particles. It shows that the dielectric grada-
tion profile, the structure and shape of particles have
great influences on the effective dielectric constant of

the composite system.

1.4

1.2

Eeff

1.0

Fig.2. Effective dielectric constant e.g against s for

n=—-1,n=0,n =1, and n = 2. Parameters:

em =1,ec =5, f/A=0.1,¢=0.3, and L. = 0.6.

In Fig.2, we plot the effective dielectric constant
Eeff against eg forn = -1, n=0,n =1, and n = 2
when the structure and shape of particles are fixed.
It is clear that e.4 increases monotonically with g,
while it decreases as the index n increases. It is at-
tributed to the fact that average dielectric constant
in the shell € increases with e, and decreases with n.
In Fig.3, the dependence of e.¢ on the structure and
shape of particles is investigated. We plot e.g ver-
sus core—shell semiaxis ratio and depolarization factor
when the dielectric gradation profile is given (n = 1

and £,=10). From Fig.3(a), we see that . decreases

1
with L, firstly for prolate spheroids <Lz < g) and

1
reaches a minimum for spherical particles <Lz = —>

3

and it then increases with the further increase of L.
Fig.3 (b) indicates that .¢ increases smoothly as the
core—shell semiaxis ratio (¢) increases in a region of
q < 0.5 but decreases dramatically with g in a re-
gion of ¢ > 0.5. At ¢ = 0.5, e.g reaches a maximum.

Therefore by suitably adjusting the dielectric gradient

with
A =

profile in shells, the structure and shape of particles, it
is possible to enhance the effective dielectric constant

of the graded granular composite.

1.45F (a)
g=0.1 !

-———- q=0_5 [

1.40

Eeff

1.30

1.215

1.210

1.205

€c

1.200

1.195 L L L :
0.0 0.2 0.4 0.6 0.8 1.0

Fig.3. Dependence of .4 on structure parameter g
and shape factor L. Parameters: ey = 1, ec = 5,
f/A=0.1,n=1and s = 10. (a) Dependence of e.g
on shape factor L, for selected ¢ : ¢ = 0.1, ¢ = 0.5
and ¢ = 0.9. (b) Dependence of e.g on structure pa-

rameter ¢ when L, = 0.5.

If we take p = 1, the partial resonant condition of
the coated graded spheroidal particles whose polarized

direction is along the z-axis is obtained as follows:
€c + kes =0, (16)

where k is related ton, L., and ¢, and k = A+ B

(3=6L,+n)(1+4q")(1-¢°)—s(1-q")(1+q°)

120,(1 — ¢°) ’
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B =

\/144(1 —L.)g"+ [(3—6L.+n)(1+qg™)+s(1—qm)

14 ¢° 2

1—¢°

Note that if n — 0, then e(r) — &, the parti-
cles are equivalent to the coated particles with ho-

mogeneous shells, and Eq.(16) can be reduced to

L.e.+ (1 — L,)es = 0, which is the same as Eq.(7).

18

15

12

Fig.4. Dependence of coefficient k on n for ¢ = 0.3,

q=0.5and ¢ =0.8.

In Fig.4, we plot the coefficient k versus n for
various core—shell semiaxis ratios ¢ when the depo-
larization factor L, is given. It indicates that coeffi-
cient k decreases dramatically as n increases when the
core—shell semiaxis ratio ¢ is small, while k decreases
smoothly with n when ¢ takes a large value. In other
words, k is more dependent on n in the case of the
thick shells than in the case of the thin shells. If the
thickness of the shells closes to zero, i.e. ¢ — 1, k
would be independent of n. It can be easily under-
stood by the fact that the dielectric gradient profile
in the shells plays a more important role when the
shells are thicker. We also find that k decreases as g
increases when n < 0, but it increases with ¢ when
n > 0. It is attributed to the fact that the average
dielectric constant of the graded shells decreases as
q increases when n < 0 and increases with g when
n > 0. In Fig.5, we also plot the coefficient k£ against
depolarization factor L., it is obvious that k decreases
as L, increases. When L, — 0 (needle spheroids), the
value of k is large, while L, — 1 (disc spheroids), k is
small. These indicate that to satisfy the partial reso-

nant condition, the dielectric constant of the cores (&)

12L,

must be much higher than dielectric constant of the
interfaces (&5) for needle spheroidal particles. But it is
another story for the disc spheroidal particles. Figures
4, 5 also show that k is always positive. Thus we can
conclude that to satisfy the partially resonant condi-
tion €. + kes = 0, at the least the dielectric constant
of the cores must be opposite to the dielectric con-
stant of the shells of the particles in sign. That is to
say, if the cores of the spheroidal particles are metal-
lic (nonmetallic), the shells must be oppositely non-
metallic (metallic). These results are similar to those

for spheroidal particles with homogeneous shells.

20

Fig.5. Dependence of coefficient k on shape factor L,

forn=—-1,n=0,and n = 1.

As a result, by suitably adjusting the core—shell
semiaxis ratio g, dielectric gradient profile (e, n), and
depolarization factor L,, it is feasible to realize the
partial resonance of graded geometric anisotropic par-

ticles.
3. Conclusion

In summary, we have investigated the effective di-
electric response of graded composites composed of ge-
ometric anisotropic particles in a quasi-static approxi-
mation. We develop the general expressions for the ef-
fective dielectric constant of the composite containing
randomly oriented spheroidal particles with arbitrary
graded shells in a dilute limit. Freyria et all'”! ob-

served a graded cell response when they studied the
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cell-implant interactions experimentally. The dielec-
tric constant may change rapidly near the boundary
of the cells. Thus we present and further study in de-
tail a power-law gradation profile of the dielectric con-
stant in the shells of particles. It is possible to enhance
effective dielectric response by suitably adjusting the
physical and geometrical parameters such as the di-
electric gradient profile in the shells, the core—shell
semiaxis ratio and depolarization factor of particles.
The partial resonance of graded spheroidal parti-
cles can be realized as long as the partial resonant con-
dition is satisfied. Partial resonant condition depends
on the geometric structure and physical properties of
the particles. For the power-law dielectric gradient
profile, partial resonant condition can be satisfied by

suitably adjusting the geometric structure, the shape

and gradient profile parameters of particles. Regard-
less of the geometric structure and shape of particles,
there exists a common condition that the dielectric
constant of the core must be opposite in sign to the
dielectric constant of the shell. It indicates that, if the
core of the spheroidal particle is metallic (nonmetal-

lic), the shell must be oppositely nonmetallic (metal-
lic).

The present formalism of the partial resonant con-
dition is valid only for the particles whose polarized
directions are parallel to the symmetric principal axes.
When the direction of polarization of spheroidal par-
ticles is randomly oriented, the partial resonant con-
dition will become more complicated. Work is in

progress in this direction.
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