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The electromagnetic properties of the interface between a left-handed material and a conventional nonlinear mate-

rial were investigated theoretically and numerically. We found a new phenomenon—optical bistability of the interface.

It was shown that the incident intensity, incident angle and permeability ratio between the left-handed and the nonlinear

materials could dramatically affect the optical bistable behaviour. We also compared the bistable behaviours of different

electromagnetic modes. The results indicated that the TE mode was prior to the TM mode to obtain optical bistability

for the same parameter.
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1. Introduction

Recently, much attention has been paid to a new
type of composite materials, which in a certain fre-
quency region can be described by a negative effective
permittivity e and a permeability p simultaneously.[!]
These materials are often referred to as left-handed
materials (LHM) or materials with negative refrac-
tive index, which were first named by Veselagol?! over
30 years ago to emphasize the fact that the inten-
sity of the electric field E, the magnetic field H and
the wave vector k are related by a left-handed rule.
As was shown by Veselago,?! the left-handed materi-
als possess a number of peculiar properties, such as
negative refraction, reverse Doppler shift and reverse
Cherenkov radiation. But, because of the unavailabil-
ity of LHMs at that time, his idea did not attract
much attention until Pendry et all® predicted that
certain man-made composite structure could possess,
in a given frequency interval, a negative effective mag-
netic permeability peg. Combination of such a struc-
ture with a medium with negative effective permittiv-

ity €., for instance the regular array of thin metal-

lic wires,[* enabled the construction of metamaterials
with negative effective permittivity and permeability.

This was confirmed by experiments.4]

One of the potential applications of negative re-
fractive index materials is to fabricate the so-called
superlenses (perfect lenses): specifically, a slab of such
materials may have the power to focus all Fourier
components of a two-dimensional image, even those
that do not propagate in a radiative manner.[®! So the
resolution can indeed be much better than that of a
conventional lens. The improved resolution of a left-
handed (LH) slab and the corresponding amplification
of evanescent modes in a lossy left-handed material
can be understood from simple physics. Indeed, the
near field of an image, which cannot be focused by a
normal lens, can be transferred through the slab of a
LHM due to the excitation of surface waves at both in-
terfaces of the slab.l®! Some important work has been
done by using such a “perfect lens” instead of the con-
ventional one in optical processing systems.!”] There-
fore, it is important to study the variation in prop-
erties of the electromagnetic field between LHM and
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the conventional material (or right-handed material
RHM). Some preliminary studies in this direction in-
cluded the calculation of linear dispersion properties!®

and nonlinear surface wavesl8l in a slab of LHM.

In this paper, we discuss the characteristic of
electromagnetic wave propagation in the interface be-
tween LHM and nonlinear material (NM), using the
macroscopic Maxwell equations, pertaining to the be-
haviour of optical bistability. Since the first observa-
tion of optical bistability,l”) there has been increasing
interest in the study of the optical response of non-
linear materials because of its potential applications
in optical switching, optical memories, optical tran-
sistors, optical limiters and optical logic gates, etc.!'%!
In most configurations, optical bistability is achieved
by the combined action of the nonlinear response of a
material medium and the feedback of an optical res-
onator. However, the use of an external resonator
is undesirable in many aspects, for instance it slows
down the temporal response of the bistable device so
it requires careful alignment. Mirrorless or intrinsic
optical bistability was first considered by Bowden and
Sung'! who pointed out that a system comprised of a
collection of identical two-level atoms interacting with
an electromagnetic field can show optical bistable be-
haviour without external feedback. Another approach
for achieving intrinsic optical bistability was proposed
by Kalyaniwalla et all'?l and by Bergman et all'3]
based on local field enhancement in a metal and di-
electric composite. Instead of Bergman’s variational
approach, Gao et all'¥l presented a general framework

based on a spectral representation method*® and a

i

H1

ke

H,
' z
(a)

self-consistent mean-field theory!'®17 to investigate
the optical bistability in a nonlinear two-phase com-
posite. Yoon et all*® found that optical bistability
could occur from a single thin film of the nonlinear
material situated in vacuum. Based on these results,
one might suppose that optical bistability could occur
in the interface between the semi-infinite LHM and
NM. In this paper we report the results of our theo-
retical investigation of this conjecture. In particular,
we find that intrinsic optical bistability can be pre-
dicted for some range of incident intensities, incident

angles or permeability ratio between LHM and NM.
2.Theoretical model

Consider the propagation of homogeneous plane
electromagnetic waves from LHM with negative re-
fractive index ng = —/eft (¢ < 0,0 < 0) to the NM
occupying the half-space z > 0, as shown in Fig.1, and
assume that Im(e)=Im(u) = 0 for the whole space.
The directions of vector k for different rays are shown
by arrows. They should be chosen in such a way that
at both interfaces the tangential components of vec-
tor k for incident, reflected and refracted waves are
the same. The refractive index m; in the NM has a

form
ny = |no| + A 4+ Anyy, (1)

where Anyrt, = lnz |Ag \2 denotes the nonlinear part of
the refractive index difference between LHM and NM
with A being the amplitude of the refractive wave,
and A is the linear part of the refractive index dif-
ference. Let H and FE be the magnetic and electric

fields, and w the frequency of light.
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Fig.1. Reflection and transmission of a homogeneous plane wave at the interface between

LHM and NM, (a) TE mode (b) TM mode.
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TE mode We consider the TE mode first: i.e.,
FE is perpendicular to the incident plane. The trans-
verse electric solutions to the Maxwell equations, the
so-called s-polarized incident and reflected waves, are

given by

1
E;i(r,t) = EAieyexp (—iwt — ikjzx — ki, 2) + C.C,
(2a)
1
E.(r,t) = 57“Aieyexp (—iwt — ikjzx + ki, 2) + C.C,
(2b)
where r is the reflection coefficient and ki, = k;sin 6;,
kiz = ki COS Gi, ki = M

index in a nonlinear medium is a function of light in-

Because the refractive

tensity, the reflection coefficient » must be a function
of intensity.

In the case that the second medium is nonlinear,
from the boundary conditions it can be easily shown
that the refracted wave should maintain the same po-
larization as the incident wave. So for s-polarized in-
cident wave, the refracted wave also s-polarized and
the electric field E¢(r,t) of the refracted wave can be

expressed as
1 . .
Ei(r,t) :2At(z)eyexp< —iwt — ik,

+ i/ktz(z)dz> yexel 3)

. ny|w
where ki, = kysin 6y, ki, = kycos @y, ky = u

c
Therefore, from the expression for electric field E,

we can obtain the corresponding magnetic field using

H:,LVXE,

lwp

1
H, = — (—kizez + kizez) Eo(’l",t), (4&)

wp

1
r—

H kiz x kiw z Er 7ta 4b
—(kes + ke ) E(r0), (4b)

! HaAt(z)

1
_iw,ul 0z 2
X exp( —iwt — ikiex + i/ktz(z)dz)

+ iky, By (r, t)] e, + ik Ey(r, t)ez}, (4c)

where p is the permeability of the LHM and p; is the
permeability of the NM.

From the Maxwell boundary conditions, one has

(14+7r1) A = A(0), (5a)

Ao (1-71) = | Ay (0) F (0)7181350) X%'
(5b)

The subscript L indicates the component of the elec-
tric field E;(r,t) perpendicular to the incident plane.
Since the transmitted light in the NM also is a homo-
geneous plane wave, dA;/0z =0, k¢(z) = const. Then
we can obtain the Snell refractive formulary at the

interface z = 0,

Sil’lei - n1 -1 A N9 |141|2
sinf,  ng ng 2nq
1 1
=1+ 5A? + gA]%]ri, (6)
where
AL = —4ngy |A]? /no, (7a)
A = —2A/ng. (7b)

We name A% the intensity factor and A? the linear
refractive index factor. Then the transmission coeffi-
cient 7, and reflection coefficient | can be written
o 2u1tgl
1tg80s
T e, — utgh;’ (8a)
. patgh + .Utgei. (8b)
pitgby — ptgb
We assume that the incident wave is incident at
a small glancing angle ¢ = g —6; and A < |n,|,
|[Annt, < |no.

transmitted light can be expressed as ¢; = 5 0

Then the glancing angle of the

<¢1 < g), and Egs.(8) can be simplified

U
p1¢ — pdr’
. P + pdy

pd — ps
So another expression of Snell refractive formulary can

be obtained:

cos ¢ Lo, 1, < P19 >2
=14+ A+ Ag | ———— ) , 10
cos @1 270 27 \ 1o — pon (10)

which can be simplified by neglecting the high-order

(9a)

(9b)

terms. Then, the Snell formulary and Fresnel formu-
lary for the interface of nonlinear material are given

as follows:

(1o — udr)? (¢ + A — ¢3) + ALpul¢? =0, (1la)

2
4A2 (1 +7,)? + 462 (1+U)27%(1—u)2

+ AL (14+7)" =0. (11b)
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TM modes For TM waves, the magnetic wave
is perpendicular to the incident plane and the elec-

tric field is related to the magnetic field by E

1
——V x H. The argument is similar to those dis-

iwe
cussed above which apply as well to the transverse

magnetic or p-modes. Thus, we have

(1 — ud)? (¢ + A — ¢3) + ALui¢? =0, (12a)

2

4A12 (1 + ’I‘H)2 + 4¢2 [(1 + 7‘||)2 — Z—% (1 — 7“H)2

i 4
+ u—éA% (1+r)" =o0. (12b)

The subscript || indicates the electric field E;(r,t) par-

allel to the incident plane. In the following section, for
I

convenience we define f = as the absolute value

H1
of permeability ratio between LHM and NM.

3. Numerical results and discus-

sion
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Bistability curves of TE mode for permeability ratio f = 1.2.

The numerical calculations based upon the an-
alytical relations have been performed for both self-
focusing, i.e. ny > 0 (A% > 0), and self-defocusing
ie. ny < 0 (A% < 0), nonlinear systems to obtain
an insight into the wave solutions. For the purpose
of this paper, the defocusing system is mainly consid-
ered here and concentrated on the TE mode, as it is
an attractive candidate for all-optical switching and
optical bistability.

We are now in a position to study the effects
of incident angles and intensities on optical bistabil-
ity behaviour by solving Egs.(10a) and (10b) numer-
ically. Choose CN2 (azo liquid crystal polymer) as
It is shown that the CN2
exhibits very strong nonlinear refractive index'?! n,
(~ —10"*cm?/W). So we could take |ny| = 9.98 x

10~%cm?/W. In calculations, we assume ng = —2 and

a numerical illustration.

A? = 0 for simplicity, i.e. the linear refractive index

difference between LHM and NM is zero.
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(a) Reflection coefficient 7, versus the

incident glancing angle ¢, calculated at ‘A%| = 0.04W. (b) Reflection coefficient r; versus the intensity factor A%,
calculated at ¢ = 0.1rad. (c) The transmitted glancing angle ¢1versus the incident glancing angle ¢, calculated at
|Aé‘ = 0.04W. (d) The transmitted glancing angle ¢ versus the intensity factor, AI%] calculated at ¢ = 0.1rad.
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In Figs.2(a) and 2(c), the interfacial reflectivity
r, and transmitted glancing angle ¢ are plotted as
functions of the incident glancing angle ¢ at |A]23| =
0.04, respectively, and in Figs.2(b) and 2(d) the in-
terfacial reflectivity r; and the transmitted glancing
angle ¢, are plotted as functions of intensity factor A%
at a glancing angle ¢ = 0.1, respectively. These plots
with f = 1.2 exhibit bistable response clearly and the
parts of the curves with negative slope (dot-dashed
lines) are unstable. The direction of upward-arrow

denotes the switch-up and the direction of downward-

¢/rad

arrow denotes the switch-down. As shown in Fig.2,
points A are the total internal reflection points and

points B are the knee points.

In Fig.3, we note that the absolute value of per-
meability ratio plays an important role in bistable be-
haviour. It is shown that with the change of f from 0.8
to 1.4, the switch-up threshold value of the bistability
decreases but the switch-down threshold values main-
tain invariant. And we find that the phase transition

of reflectivity occurs under certain conditions.

0.8f

0.41
—
&~

0.0

-0.4 L L
-0.02 0.00 0.02 0.04 0.06
AL /W

Fig.3. Bistability curves (1-4) at the absolute values of permeability ratio f=0.8, 1.0, 1.2, 1.4 respectively.
(a) Reflection coefficient r; versus the incident glancing angle ¢, calculated at |A%| = 0.04W. (b) Reflection
coefficient r| versus the intensity factor A2, calculated at ¢ = 0.1rad.

E’

It is shown in Fig.4 that with increasing f,
the switch-up threshold values are decreased but the
bistable regions are increased, and the effect of f
on switch-down threshold value is larger than on the
switch-up threshold value. There exists a range of
bistable behaviour within f. In Fig.4(a), with the
fixed incident intensity at ‘A%‘ = 0.04, f varies from
0.8 to 3.4; in Fig.4(b), however, with the fixed in-
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Fig.4.
0.04W, (b) intensity factor at ¢ = 0.1rad.

cident glancing angle ¢ = 0.1, f varies from 0.2 to
2.4. Furthermore, with the same variance of f, we
can find that the change in the value of bistable re-
gion in Fig.4(a) is larger than that in Fig.4(b). So for
the same parameters, the influence of incident glanc-
ing angle ¢ on bistable behaviour is stronger than that

of incident intensity.

0.010
L bistable region .._._ switch up
0.000k —— switch down
E —0.010 fmre.
C@a T TTee
< T
-0.020} T
-0.030} ‘\\_\(b) ]
0.5 1.0 1.5 2.0
f

Switching values versus permeability ratio f. (a) Reflection coefficient at |A2E| =
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Figure 5 shows that the bistable behaviour of TM
wave at f = 1.2 is quite similar to that of TE wave.
For |A%| = 0.04, the threshold values of TM mode are
less than those of TE mode. As shown in Figs.2(a)
and 5(a), the switch-up threshold value of TE mode
is about ¢ = 0.14, higher than that of TM mode,
¢ = 0.12. And the switch-down threshold value of TE

B, /14
0.8 I /-" ‘
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0.4 }
n2 <0
=
o 0.0 712 >0
-0.4
0.8 (a)
0.0 0.1 0.2 0.3
¢/rad
el
<
=
€

¢/rad

mode is about ¢ = 0.2, also higher than that of the
TM mode, ¢ = 0.14. However, at a certain incident
glancing angle ¢ = 0.1, the situation is inverted. Thus
for the case of the same physical parameters, it is also
determined that the bistable behaviour is dependent

on the electromagnetic modes.
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Fig.5. Bistability curves of TM mode for f = 1.2.

Figure 6 gives the bistable behaviour of TM mode
for different absolute values of permeability ratio f at
|A2E| = 0.04. As shown in Fig.6(a), with the change of
f from 1.0 to 1.6, both the switch-up and switch-down
Obviously, from Fig.6(b)
with increasing f from 1.0 to 2.0, the bistable region

threshold values increase.

0.8r

¢/rad

0.0 0.1 0.2 0.3

¢/rad

is almost unchanged, which is totally different from
that of the TE mode. The bistable behaviour could
not occur out of this range of f, while at fixed inci-
dent glancing angle ¢ = 0.1, the bistable range of f is
from 1.0 to 1.2, much smaller than that of TE mode,

as shown in Fig.7.

o3k - switch up ]
L e switch down ]
0.26 ]
[ e L7 ]
G-
022} P o .
L T S ]
018} e 1
. P L
L L ]
0.14F .- 1
_/,r’ (b) -4
0.10L . . . L . ]
1.0 1.4 1.8 2.2

Fig.6. Bistability curves for permeability ratio f =1.0, 1.2, 1.4, 1.6 at |A%| = 0.04 W. (a) Reflection
coefficient versus the incident glancing angle, (b) switching values versus permeability ratio f.
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Fig.7. Reflection coefficient versus the intensity factor,
calculated at ¢ = 0.1rad for different f(f=1.0, 1.2).

The analysis of bistable properties on the inter-
face between a right-handed material and a conven-
tional nonlinear material is similar to that between
the left-handed material and a conventional nonlin-
ear material. In this case, the Snell formulation and
Fresnel formulation shown in Egs.(10) and (11) can
be expressed just by replacing f with —f. However,
in the case of left-handed material, the incident and
transmitted waves are on the same side of the normal.
Combining a left-handed material with a right-handed
material, we can arrange the propagating direction of

the transmitted wave with bistable properties to meet

the specific requirement and flexibility of real optical

devices and systems.
4. Conclusion

We have carried out a systematic study of elec-
tromagnetic bistability supported by an interface be-
tween a left-handed material and a conventional non-
linear material. Using macroscopic Maxwell equa-
tions, we performed the mathematic derivation in de-
tail and simulated the behaviour of bistability numeri-
cally. Numerical results show that the incident intensi-
ties, incident angles and absolute value of permeability
ratio f can greatly affect the bistable behaviour. For
the TE mode, larger absolute value of permeability
ratio f is favourable to reduce the switch-up thresh-
old values and increase the bistable region. While for
the TM mode, with increasing f, both the switch-up
and switch-down threshold values are increased but
the bistable region is almost invariant. We also noted
that the bistable range of f in the TM case is smaller
than that in the TE case.
that the optical bistable behaviour is dependent on the

So it can be concluded

electromagnetic mode. In the case of having the same
physical parameters, it is easier and more flexible to
obtain bistability in TE mode than in TM mode. We
expect that our study will be helpful to the research
on the new application of LHM.
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