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‘We have investigated chaotic synchronization in the generalized sense for the degenerate optical parametric oscil-

lator (DOPO). The numerical results show that two unidirectional coupling DOPOs in chaos can be completely phase

synchronization or anti-phase synchronization with a suitable coupling coefficient under which the maximum condition

Lyapunov exponent (MCLE) is negative. Phase synchronization and anti-phase synchronization of chaos can be realized

through positive and negative coupling. On the other hand, the different synchronization states depend on the coupling

types used in the DOPO systems.
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1. Introduction

Synchronization of chaos!! has aroused much in-
terest due to its potential applications. In particular,
the use of chaotic synchronization in secure commu-
nication systems and laser dynamics have been in-

29 Recently, within

vestigated by several authors.
the context of chaotic synchronization, different ways
to achieve synchronization in nonlinear dynamic sys-
tems have been carried out. Synchronization of chaos
in erbium-doped fibre dual-ring laser has been in-
vestigated via mutual coupling and unidirectional

(10,111 A model consisting of three semicon-

coupling.
ductor waveguide lasers is considered;!?! these lasers
are coupled by means of their overlapping evanescent

fields.

resonators has been experimentally carried out by

Synchronization between two chaotic diode

applying a generalization of the occasional propor-
tional feedback scheme.*3! Synchronization of chaotic
intensity fluctuations of three modulated pump or
loss is investigated experimentally, numerically, and
analytically.'4] Generalized synchronization of chaos
has been investigated in a class of chaotic synchronized
motions for drive-response systems,!'® and other au-

thors have investigated the generalized synchroniza-

tE-mail: Fengxq@cust.edu.cn
http://www.iop.org/journals/cp

tion of chaos for different YAG lasers.!'8] Generalized
synchronization can be weaker than phase synchro-
nization depending on parameter misfits. General-
ized synchronization does not always lead to phase

synchronization.!*]

The optical parametric oscillator (OPO) has seen
in recent years a renewal of interest as broadly tun-
Bistabil-
ity, self-pulsing, Hoff bifurcations, and chaos of the
DOPO were investigated for the first time by Petti-
aux, Ruo-Ding Li and Paul Mandel,['®! and the pi-

oneering work of Oppo et al has stimulated intense

able source of highly coherent radiation.

activity on spatiotemporal effect, local structure, and
patterns in the mean field models of the continuous-
wave DOPOs.[1~24] T this paper, we investigate the
phase synchronization and anti-phase synchronization
of chaos in two different DOPOs. We find that two
different DOPOs can reach phase synchronization or
anti-phase synchronization with each other through
positive coupling and negative coupling only if the
MCLE is negative.

In Section 2 this paper will briefly analyse chaotic
behaviour of the DOPO. In Section 3 this paper will

put forward a scheme for phase synchronization in the
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DOPOs; the main idea is to couple the DOPOs in two
different types. In Section 4 this paper will investi-
gate anti-phase synchronization by positive coupling
and negative coupling, and show that anti-phase syn-

chronization is a kind of generalized synchronization.

2.Chaotic behaviour of the
DOPO

The dynamical equations of the DOPO are shown

as follows:[18]
dA . *
Sl — (14180 A1 + Af Ao, (1)
dA .
d—tO = —(y+i40)A4o + E4 — AL (2)

where A; and Ag are the complex amplitude of the

subharmonic mode and fundamental mode of the field
respectively, A; and Ag are the detuning parameters,
~ is the reduced decay rate of the fundamental mode,
FE 4 is the input field amplitude which is chosen as real
and positive. These are nonlinear complex equations,
Pettiaux et al have discussed its nonlinear phenom-

(18] BEgs.(1) and (2) with parameters

ena thoroughly.
v = Ap=1.0, A;=-5.0 are numerically examined for
different input field amplitude E4. Figures 1(a)—(c)
are the spectrum of the Lyapunov exponents, hyper-
chaotic attractors, and periodic orbits. From Fig.1
we know the system has hyperchaotic orbits when the
input field amplitude is £4=10.8 (the Lyapunov ex-
ponents are 0.25, 0.15, —2.86, and —3.23 respectively).

The system has periodic orbits when FE 4=8.0.
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(a) Spectrum of the Lyapunov exponents as a function of the input field amplitude 0 <

E4 < 20.0. (b) Hyperchaotic attractors when E4=10.8. (c) Periodic orbits when E4=8.0. The
parameters are vy = Ap=1.0, and A;=-5.0, the initial values are A(1)=0.1—i-i0.17 and A8=0.1+i0.1.

3. A unidirectional coupling
scheme for phase synchroniza-

tion

In order to obtain chaotic synchronization, we put
forward the scheme shown in Fig.2. In the scheme,
system A is a driving system, system B and C are
two driven systems driven by a signal from system
A through positive coupling or negative coupling at
the same time (corresponding to “+” in the circle in
Fig.2), and system A is not affected by system B and
C.

O Elry ¥
®)
Cl,CQ,I(Cl), and I(Co)

Fig.2. Phase synchronization scheme. System A is a driving

system, system B and C are driven systems. By, C1, By, and
C are the respective complex amplitudes of the subharmonic
and fundamental modes of the field. I(B1), I(C1), I(Bo),
and I(Cy) are the intensity of the subharmonic mode and the
fundamental mode. “+4” in the circles denotes the positive
coupling and “~” denotes negative coupling. B; and By will

synchronize to C7 and Cp.
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The dynamic equations of system A keep their
original form as the Egs.(1) and (2). The dynamic
equations of system B and C can be written in the
following expression:

for system B:

W ria)Bitea) BB, ()

% = —(y+i4¢)By + Ep — B2. (4)
for system C:

% — (1 4+i4))(Cy £eA) +CiCo, ()

% = —(y+14¢)Co + Ec — C2, (6)
where “+” denotes positive coupling, “—” denotes neg-

ative couple. All variables correspond to the Eqgs.(1)
and (2).

systems with different chaotic orbits because of dif-

System B and C are the same dynamic

ferent initial conditions. e is the coupling coefficient
from system A to system B and C. Firstly we cal-
culate the MCLE of system B as a function of € in
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three cases: (I) three systems are all chaotic; (II) sys-
tem A is chaotic, system B and C are periodic; (IIT)
system A is periodic , system B and C are chaotic.
The parameters in the three systems are the same:
v = Ap=1.0, and A;=5.0. E,, Fp, Fc and ini-
tial conditions are different in three cases: (I) E4 =
Ep = Ec=10.8; (II) E4=10.8, Ep = Ec=8.0; (III)
FE,=8.0, Eg = E¢=10.8. The initial conditions of the
systems are A9=0.1+i0.1, A3=0.1+i0.1, BY=0.2+i0.2,
BJ=0.1+i0.1, CY=0.1+i0.1, and C{=0.2+i0.2. We
obtain the MCLEs in the three cases in the range of
0.00 < £ < 0.30 as shown in Fig.3.

From Figs.3 (c¢1) and (cz2), we know that the
MCLE of system B are all positive for case (III), and
system B will not synchronize to system C.1° For
case (II), the MCLE are all negative when ¢ > 0.02.
For case (I), the MCLE is negative in the range of
0.18 < £ < 0.30. From case (I) and (II) we can find
that the MCLE is negative with a suitable value of ¢
which can be used in a coupling experiment. System

B should synchronize to C.
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Fig.3. MCLE as a function of unidirectional coupling coefficient ¢ in three cases, where (a1),

(b1), (c1) correspond to positive coupling, (az), (bz2), (c2) correspond to negative coupling.



No. 8

Phase synchronization and anti-phase synchronization ...

1529

In the calculation, we take e=0.2 for case (I) and
(IT), and the other parameters are the same as those
which correspond to the respective cases. Figure 4
shows case (I); though system B and C are chaotic
originally, the signals from system B and C' driven by
system A are different from the original signal and is
determined by system A. Case (II) is shown in Fig.5:
system B and C' become chaotic when it is driven by

system A. The chaotic outputs from system B and

6
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C are the result of being driven by system A. From
Fig.4(b) and Fig.5(b), we cannot find a regular rela-
tion between system A and system B. From Fig.4(c)
and Fig.5(c) we can find Re(B;)=Re(C;) which is al-
ways true after the transient process dies out, the
difference of the intensity of the subharmonic mode
I(B1)-I(C4) becomes zero as shown in Fig.4(d) and
Fig.5(d), other corresponding variables are also the

same. The states
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Fig.4. Phase synchronization of system B and C for case (I): (a) the phase portrait Re(B1) versus Im(B1);
(b) the relation between Re(A1) and Re(B1); (c) the relation between Re(B1) and Re(C1); (d) the difference
of the intensity of the subharmonic mode I(B1)-I(C1) versus time t.
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Fig.5. Phase synchronization of system B and C for case (II): (a) the phase portrait Re(B1) versus Im(B1);
(b) the relation between Re(A1) and Re(B1); (c) the relation between Re(B1) and Re(C1); (d) the difference
of the intensity of the subharmonic mode I(B1)-I(C1) versus time ¢.
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of system B and C are the same after the transient
process dies out even though the initial values are dif-
ferent. In other words, their initial conditions are irrel-
evant, there is a definite relationship between the two
systems. If there is a positive Lyapunov exponent at
least, the relationship between driven and driving sys-
tems is not definite, though the driving signal also af-
fect the driven system, but they could not reach phase
synchronization. The case (III) is a good example. We

have gotten the similar result with negative coupling.

4. A unidirectional coupling
scheme of anti-phase synchro-
nization
If system A drives system B via positive coupling

and drives C via negative coupling or vice versa, anti-

phase synchronization of chaos in DOPOs can be re-

alized. we put forward the anti-phase synchronization

scheme shown in Fig.6.

. - By, By, (B;) and I(B,)

(+)
Cl,Co,I(Cl)and I(Co)

Fig.6. Anti-phase synchronization scheme. A is driv-
ing system, B and C are driven systems. All variables
and signs are the same as in Fig.(2). B; and C7 will

realize anti-phase synchronization.

The dynamic equations of system B and C' are

expressed as follows:

for system B:

dB . «

d—tl = —(141i41)(B1 Fe41) + Bi By, (7)
dB .

_dto = —(y+iA0)By + Ep — B2, (8)

for system C:

dc : .

= (L +141)(CL £e4) +C{Cy,  (9)
ile .

i = —(1+i40)Co + Ec — CF. (10)

In the calculation, we also take £=0.2, the other
parameters are the same as those which correspond
Figure 7 and Fig.8 show the

anti-phase synchronization of the subharmonic mode

to respective cases.

and phase synchronization of the fundamental mode.
The fundamental mode is not affected directly, its
phase doesn’t change so it reaches phase synchroniza-
tion. The subharmonic mode is coupled in two op-
posite orientations, the output of the subharmonic
mode changes its original orientation, thus anti-phase
synchronization of the subharmonic mode appears.
The generalized synchronization of chaos was put for-
ward by Henry et al;[*®! the relation between gener-
alized synchronization and phase synchronization was
investigated by Zheng and Hu,['”l who pointed out
that if there is a definite function relationship be-
tween the two chaotic systems denoted z(t) and y(t),
y(t)=¢(x(t)) between two different chaotic orbits with
different initial point, the chaotic system z(t) and y(t)
can be thought of as generalized synchronization. If
the two chaotic systems z(¢) and y(t) are equal in
number and opposite in direction tlggo y(t) = —z(¢),
we can expect them to reach anti-phase synchroniza-
tion. So anti-phase synchronization is also a general-

ized synchronization.
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Fig.7. Anti-phase synchronization of By and C for case (I): (a) the phase portrait Re(B1) versus Im(B);
(b) the relation between Re(A1) and Re(B1); (c) the relation between Re(B1) and Re(C1); (d) the relation

between Re(Bg) and Re(Cp).
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Fig.8. Anti-phase synchronization of B; and Cj for case (II): (a) the phase portrait Re(B1) versus Im(Bi);
(b) the relation between Re(A1) and Re(B1); (c) the relation between Re(B1) and Re(C1); (d) the relation

between Re(Bp) and Re(Cp).

5. Conclusion adjusting the unidirectional coupling coefficients. The
phase synchronization and anti-phase synchronization
can be realized in chaotic systems of the DOPOs. The
phase synchronization of the subharmonic mode oc-
curs when the two DOPOs are both driven by either

positive coupling or negative coupling and the anti-

Two chaotic systems of the DOPOs with different
initial conditions can realize generalized synchroniza-
tion by unidirectional coupling only if the MCLE of
the driven system is negative. This can be realized by



1532

Feng Xiu-Qin et al

Vol. 14

phase synchronization occurs when one is driven by

positive coupling and the other is driven by negative
coupling. The fundamental mode of the DOPOs is

phase synchronization no matter what coupling way

is used. Numerical results have verified these conclu-

sions.
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