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‘We consider the teleportation in the background of Kerr—-Newman spacetime. Because of the Hawking effect, the

fidelity of the teleportation is reduced. The results also show the fidelity is closely related to the mass, charge and

rotating velocity of the black hole: high fidelity can be reached for massive, slowly rotating Kerr—-Newman black holes.
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1. Introduction

Quantum information science is based on the dis-
covery that there are physical states of a quantum
system which enable tasks that cannot be accom-
plished in a classical world. Ever since quantum
teleportation was first proposed by Bennett et al,l!]
quantum information theory has undergone a rapid

(2=4] The relationship between quantum

development.
information theory and relativity theory is discussed
by several authors.[>~12 Czachor['?! studied a version
in which the electron is in paramagnetic resonance
with relativistic particles, and Peres et al®l demon-
strated that the spin of an electron is not covariant
under Lorentz transformation. Moreover, Alsing and
Milburn(® studied the effect of Lorentz transforma-
tion on maximally spin-entangled Bell states in mo-
mentum eigenstates, and Gingrich and Adamil” de-
rived the general transformation rules for the spin-
momentum entanglement of two qubits. Recent work
of Alsing and Milburn extended the results to sit-
uations where one observer is accelerated.l®! In our
former work,!!® we have extended the teleportation
scheme to Schwarzschild spacetime. In this paper,
we consider the teleportation in the background of
a rotating and charged spacetime, say Kerr-Newman
space time. Different from the standard teleporta-
tion protocol, our scheme proposes that the observer

Alice is stationary and stays at a place far from a

Kerr—-Newman black hole, which can be regarded as
an asymptotically flat region, and the other observer
Bob passes near her. They coincide at a point in the
flat region, where they instantaneously share an en-
tangled Bell state. Then Bob picks his qubit travelling
to the surface of a Kerr-Newman black hole. In or-
der to ensure that Bob’s trajectory does not influence
his description of the qubit state, Bob can access the
black hole by free falling. Before he crosses the hori-
zon, he should accelerate and stop free falling outside
the horizon. Thus, teleportation can be performed be-
tween the two observers. The results show that, for
a Kerr—Newman black hole, the fidelity of teleporta-
tion is closely related to the mass, the charge and the

angular momentum per unit of the back hole.

2.Vacuum structure of the Kerr—
Newman spacetime

Before we discuss the nature of entanglement, we
will review the essential features of quantum field the-
ory for Kerr—-Newman spacetime. It is well known
that the Minkowski vacuum state and the vacuum of
a curved spacetime are inequivalent.'*~2% In Rindler
frames, it was found that an accelerated detector be-
comes spontaneously excited while moving through
the Minkowski vacuum, a result called Unruh effect.
On the other hand, in the area near the event horizon

of a Kerr—Newman black hole, the vacuum is popu-
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lated by particles and antiparticles as the results of
Hawking effect. In the following, we use two-photon
states of the electromagnetic field, which are modelled
by the massless modes of a scalar field, and ignore the
polarization.[®9 The metric for Kerr—-Newman space-
time is given by (Plank units i = G =c=k =1 are

used hereafter)

2Mr — Q? ?
ds” :<1 - T2Q>dt2 U
p A
IMr — 2\,2 g3 04
— [(7‘2 +a?)sin 6% + (2Mr Qz)a — dp?
p
2(2Mr — Q?)asin 62
+ 5 dtde, (1)
p
where p? and A are defined as
p? =12+ a%cos6?,
A=r*—2Mr+a®+ Q2 (2)

and M, Q@ and a are the mass, the charge and the an-
gular momentum per unit mass respectively. The two

horizons of the Kerr—-Newman black holes are at

’I"+:M+
r_ =M —

M2 — a2 — Q2
ME— -G, (3)
where r4 and r_ are the event horizon and the inner

horizon respectively. The Klein—-Gordon equation of a

massless scalar field is given by

s (v i) =0 @

The normal-mode solutions to this equation may be

written as
& = e ()Y (0, 1). (5)
Then we have the radial equation
2 a2 d°f df
— 4+ 2rA
(T +a) dr*+ " dr,
=AAf — [(r* + a*)w — ma]* f, (6)
where r* = r + (1 + 1/2k)In[(r — ry)/ry] —

(1/26_)In[(r—r_)/r_], k+ = (r4 —7_)/2(r% +a?) is
the surface gravity, and A is the separation constant.

The solution of Eq.(6) can be formulated as
fi _ e:l:i(u)—u)g)r*, (7)

where wy = mf2,, and (24 = a/(r? + a?)) is the an-
gular velocity. We obtain the incoming and outgoing
modes near the horizon, which read
Rin(r > T+) — e*ildt*i(“)*(dg)’!‘* — efi(wfwo)v’ (8)
Rout(r > T‘+) _ eiwt—&—i(w—wo)r* _ e—i(w—wo)u, (9)

Rout(r < 7‘+) — eiwt—}—i(wfwo)r* — ei(wfwo)u, (10)

where v = [w/(w — wp)] t+ 74, u = [wW/(w — wo)] t — 7.
Ry, is analytic everywhere in the spacetime manifold.
The incoming solution @, can be expressed in the
form of R;,, which is a complete orthonomal family of

the incoming wavefunction
&;, = /dw(awRin +al R}). (11)

Here @ and a,, are the creation and annihilation oper-
ators respectively. The vacuum state that corresponds
to the incoming modes is defined as a,|0)i, = O.
Since Ry,t is not analytic at ry, according to the
suggestion of Domour-Ruffini,'® we can analytically
extend R,u,t to the region r < ry from the sec-
ond half of the complex r plane (r — ry) — |r —
ryle™™ = (r; —r)e”'™, then we have Royu(r < 74) =
edm(w—wo)/ry 2i(w—wo)r.—i(w—wo)v Tt i considered in
Eq.(8) that inside the horizon r, is the time coordi-
nate and t is the space coordinate. Equations (9) and
(10) are analytic outside and inside the event hori-
zon respectively, but they are not analytic at r = r.
They form a complete orthogonal family. In second-
quantizing the field @, in the exterior of the Kerr—

Newman black hole, we expand it as follows:

@0111; :/dW[bEJl)Rout(T < 7'_;,_) + b‘g)Rout (7" > 1"+)

+ 0T R (r < 7y)

+ b5 R (r > 1), (12)
where b&l),bé2),b£,1)+ and bg)+ are the annihilation

and creation operators inside the horizon and outside
the horizon respectively, with @ = —w. The Fock vac-

uum state is defined as
b[0).4 = b3|0)5 = 0. (13)

When we use Kruskal coordinates, we can obtain
an alternative expansion of @ in both halves of the full
Kruskal extension. Introducing the general light-like

Kruskal coordinates

1 1
U=——e™ "% V=—e"" (r>ry),
KR4 K4
1 _ 1
U= —e™ ™" V=—e&"*" (r<ry), (14)
Ry K4

Eqgs.(8), (9) and (10)can be rewritten as

Rous(r > 14) = expli(w — wo) s+ In (—4 D), (15)
Rout(r <ry) =exp[~i(w — wo)/k4 In (k4 U)], (16)
Row(r < r4) = exp [i(w — wo) /Ky In (=6, U)]. (17)
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Apparently, Egs.(15) and (16
form. However, Egs.(15) and (17) have the same form,

) are different in their

and the Kruskal coordinate U is analytic inside and

outside the horizon. It is natural for one to define

a second quantization by forming the wave operator
Poyt in the normal modes (15) and (17). We first de-

fine

fr =e Tl Brr R (r > 1y )
+emWTwl 25 R (r < 1y), (18)
f2 :err(wfwo)/2n+Rout (7‘ > T+)
FeTe 2R (e <) (19)
Here f; and f5 denote the complete orthogonal family
of the outgoing modes. Compared with Eq.(8), f1 and

fo are also of negative frequency. One can express @

in the form
) —1/2
B = / dw [2sinh(7(w — wo)/K+)]
(0 £y +d2) fo + dDF f7 + P4 f5) - (20)

The state which contains no scalar particles at this

condition, is defined as
d) o)y = dg o)}y = 0. (21)

One would find out that the incoming solution (8)
and the outgoing modes f; and f; are identical in

the nature of manifolds: they are both analytic ev-

erywhere in the Kerr—-Newman spacetime. Therefore,

they should correspond to the same vacuum state, i.e.

10)a5 = 10)in- (22)

In fact, they can be related by introducing the Unruh

modes!19]

4o = / dkp (K)a, (23)

where {pg) (k)} is the complete set of orthogonal func-
tions, 0 = 1,2. The essential feature of a scalar field
in Kerr—-Newman spacetime allows the following Bo-

goliubov transformation:[19:20]
b =[2sinh(m(w — wo)/K4)]"/?

% |:e7r(w7wo)/2rc+dn(u1) + e*ﬂ'(wiwo)/2n+d£)2)+:|’ (24)
b( ) =([2sinh(7(w — wp) /K4 )] "2

» [eﬂ(w_wo)/zn+d&2) + e—w(w_wo)/2n+d£)1)+}_ (25)

One then obtains!1®]

|0)in = ZHexp tanhrb( )+b )|0> ®0)B, (26)

where Z is a normalization constant

7 = H Cosh_2 7 tanhr = ef"r("-’*wo)/Zmr’

and

coshr = (1 — e_“'("-’—wo)/liJr)—l/Q‘

The vacuum of a distant observer Alice outside the
black hole can be defined as d&1)|0>:4 d&2)|0>'B = 0.
On the other hand, the vacuum near the horizon can
be written as bE})|0>A = bg)|0>B = 0. Equation (26)

can be rewritten as

1 n
0w =2 ] <1 4o+ Etanh”rbz(l)J’ba(ZH + >
X |04 ®0)p. (27)
Assume

- Z(bﬁ}”bﬁ}) Insinh?r

w

— I+ In cosh? r),

w

— Z bg”bém Insinh?r
+ Z bg)bgH In cosh? 7. (28)

The following can be easily proved:

= bggg-'_tanh T,

B = l_Icoshf2 r|0)4 ®|0)p, (29)

w

e T (r)/2b‘(da)+efT(”) (r)/2

e—T(”)(r)/2‘0>A’

where 0 = 1,2. Using Egs.(29),
Eq.(27) as

10)in = (e—T“)/zeZu b(u"”b(w"’)eT(a)/?)
% (efT(v)/2|O>A7B)
_p(o) >
—e T7/2 Z nw)a ® |ng)B

N, =0

_ez [nw Insinh r—(14n,) In cosh 7]

<3 s

n,=0

= i Htanh"“rcosh_lr

n,=0 w

X |’I’Lw>A

one can rewrite

® |ns)B

® |ng)m, (30)

From

where N, = b7 p@pT = 1 1 N,

Eq.(23), we see that a given incoming mode of fre-
quency wy is spread over all positive outgoing fre-
quencies 2, as a result of the Fourier transform re-

(o)

lationship between a,, and d;,’. One can simplify the
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analysis by considering the effect of teleportation of
the state |¢)in = @|0)in + B]1)in by the Minkowski
observer Alice to a single Kerr-Newman mode of the
observer Bob. Thus, one can only consider the mode
w in region I which is distinct from the mode @ in the
same region.®] From Eq.(26), one can find that the
Minkowski vacuum appears as an entangled state of
Hawking particles with nonlocal Einstein—-Podolsky-

Rosen-type correlations, i.e.

O)im =7 [|0>A ©(0)5 + 3 tanhr(|1.) )

p

©11)2 110 ©1,)2) + ] (31)

Thus we select the terms with o = 1 in Eq.(31), which
corresponds to the correlated mode pair in the first set
of parentheses, and drop the unessential phase factors
{p(g)(k)} Therefore, the single mode component of
the Minkowski vacuum state, namely the two-mode

squeezed state, is given by

o0

1
coshr

n=

|0Yin = tanh"r|n) 4 ® |n)p. (32)
0

3. Quantum teleportation in the
Kerr—Newman spacetime

background
We suppose that Alice and Bob each hold an op-

tical cavity and they coincide at a point. Then, Alice
travels to an asymptotically flat region and Bob is sit-
uated just outside the event horizon. One can assume
that prior to their coincidence, Alice and Bob have
no photons in their cavities. Suppose that each cavity
supports two orthogonal modes, with the same fre-
quency, labelled A; and R; with ¢ = 1,2, which are
each excited to a single photon Fock state at the co-
incidence point. The state held by Alice and Bob is
then the entangled Bell state

oin =
(p n \/i
where the first qubit in each term refers to cavity Al-

ice, the second qubit cavity Bob. The states |0)in, |1)in
are defined in terms of the physical Fock states for Al-

(10)in[0)in + [1}in[1)in) » (33)

ice’s cavity by the dual-rail basis states as suggested
by Refl9]: 10 = [1)4,10) 455 |1 = 0)4,]1).4,, and
the similar expressions for Bob’s cavity. In order to
teleport the unknown state @), = |0)in + B]1)in to

Bob, we should assume that Alice has an additional

cavity, which contains a single qubit with dual-rail en-
coding by a photon excitation of a two-mode incom-
ing (Minkowski) vacuum state. This will allow Alice
to perform a joint measurement on the two orthogo-
nal modes of each cavity. After Alice’s measurement,
Bob’s photon will be projected according to the mea-
surement outcome. The final state Bob received can
be given by |p;;) = x;;]0) + y;;|1), where there are
four possible conditional state amplitudes expressed
as (»Too,yoo) = (a,ﬂ),(mm,ym) = (/3701),@10,?410) =
(a, —B), and (z11,y11) = (—B,a). Once receiving Al-
ice’s results of measurement, Bob can apply a uni-
tary transformation to verify the protocol in his local
frame. However, Bob must be confronted with the fact
that his cavity will become teemed with thermally ex-

cited photons because of the Hawking effect.

t=-c0

Fig.1. Penrose diagram for quantum teleportation in
the background of Kerr—-Newman spacetime. Alice is
stationary in the asymptotically flat region, while Bob
is located near the event horizon. With Alice sending
the result of her measurement to Bob, say by pho-
tons, Bob will eventually receive them, and be able to
rotate his half of the shared entangled state into the
state [p) 4 = a|0)a + B|1) 4.

When Alice sends the result of her measurement
to Bob, Bob’ state will be projected into

x| (n —m)lzi;|* + mlyi;|°]

X |m,n —m)g{m,n —m|+ (wijyfjtanhznr
x/(m+1)(n—m+1))x|mn—m+1)p
x (m+1,n—m|+ H.c.)]. (34)
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Bob’s premeasurement state can be written as!® fidelity corresponding to the teleportation as

A _ A 35 FA(lp)) =a(elpUleij) a
Pij = anpijm: ( ) A rw/re\3
n=0 =a(plpp)a=(1—e )7 (37)
in particular with which is identical with the celebrated results of Alsing
and Milburn. From Fig.2, we can see that, if w is fixed,
pik1 = I6i)(Bisl,po = 0.p1 = 1/coshr. (36) 0

Since we are concerned with to what extent |¢;;)
might deviate from unitarity, it is reasonable for us
to perform a unitary transformation on |¢;;) and con-

vert its form into |¢). In this way, we may define the

Fig.2. The fidelity of teleportation between Alice and Rob. It
is closely related to the radius of the black hole and the value of
a and @. For massive or almost extremal Kerr—-Newman black
holes, the fidelity is high. This figure shows the fidelity of tele-
portation for a small black hole, with a = 0.1M, @ = 0.01M,
0.2 < r <10 (metres) and 0.01 < w < 0.8 (Hz).

then the fidelity of teleportation is closely related to
the radius (or mass), the charge and the angular mo-
mentum per unit of the black hole. Thus, we can
reasonably deduce that for a Sun-like (with the mass
of Mg) or an almost extremal Kerr-Newman black

hole, the fidelity of teleportation is incredibly high.
4. Conclusion and discussion

We have demonstrated that the fidelity of tele-
portation is reduced as seen by Bob who is located
near the black hole event horizon because of Hawking
radiation. For teleportation outside a tiny black hole,
all information is lost and what Bob perceives is only
thermalized state. But one can avoid worrying about
fidelity reduction when teleportation is conducted out-
side a galaxy-like black hole since the fidelity there is
high.
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