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The influence of noise on the remote preparation of a qubit by an entangled pair is investigated. In Bloch sphere

representation, we use the trace distance to describe how close the final state is to the original state to be prepared.

Our studies include two cases. Firstly, we consider the sender and the receiver sharing a mixture of two Bell states as

quantum channel in remote state preparation (RSP), and calculate the trace distance as a function of mixture ratio

and angle of a state to be prepared. Secondly, the system—environment interaction is taken into account by including

stochastic fluctuating terms in the system Hamiltonian. Solving the Bloch equations, we obtain the evolution density

matrix of the system. We then apply this stochastic model to study the effect of noise on the trace distance of RSP.
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1. Introduction

Quantum entanglement and the nonlocal prop-
erty, being important resources in the field of quan-
tum computer and quantum information, have been
extensively applied. By these resources, protocols
about transmission or preparation of quantum state,
such as teleportation!~* and remote state prepara-
tion (RSP)I5~11 have been proposed. In the standard
teleportation protocol,[!! Alice (a sender) can exactly
send an unknown quantum state to a remote receiver
(called Bob) via dual classical and quantum channels.
Compared with teleportation, RSP may be called the
teleportation of a known state. In RSP, Alice does not
possess a physical instance of the state to be prepared,
but is aware of its full classical description. This was
first addressed by Patil® and Lo.[%l In their protocols,
if Alice wants to implement RSP, she performs a mea-
surement on her share of the entangled resource in a
basis chosen in accordance with the state to be pre-
pared. Dependent on the outcome of her measure-
ment, the entangled ensemble collapses either into the
desired state at Bob’s place or can be converted into
it by a local unitary operation. Bennett et al have

shown that the asymptotic classical communication

cost of RSP is one bit per qubit and even less when
transmitting part of a known entangled state.l”) An ex-
perimental scheme of RSP of a single-mode photonic
qubit has been proposed in Ref.[8]. An experimental
implementation of RSP scheme by nuclear magnetic

resonance has been also reported in Ref.[9].

In Pati’s RSP protocol, two spin-1/2 particles are
studied and a maximally entangled state, e.g. a singlet
state, is required for quantum channel. However, the
decoherence effects due to the environment make the
pure entangled state become a mixture and degrade
quantum entanglement in the real world. In this pa-
per, we consider the RSP protocol of Pati in noisy
channel. We apply the trace distancel’?! to describe
how close the replica state is to the original state to
be prepared. In Section 2, we assume that the quan-
tum channel of RSP is in statistical mixture of two
Bell states due to the influence of noise. We obtain
the trace distance depending on the parameters of the
state to be prepared and mixture ratio A of Bell states.
If mixture ratio A = 0 or 1, the quantum channel is in
maximally entangled state. RSP can be successfully
realized. If A = 1/2, we can realize remote preparation

of an arbitrary mixed state. In Section 3, we consider
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that the model of coupling of spins with the environ-
ment is in accord with the stochastic model and study
the dynamical decoherence of RSP. Our result shows
that the average trace distance decays to 1/2 due to
effect of noise. A brief conclusion is given in Section
4.

2.RSP via a mixture of two Bell

states

In the protocol of RSP of Pati, Alice wants to
prepare an arbitrary qubit |[¢)) = «|0) + 8|1), where
a is a real number and [ is a complex number. In the
Bloch sphere picture, this state can be expressed as
) = cosg |0) + sin Qeiﬁp |1), where 6 and ¢ are the
polar and azimuthal angles respectively. The density

matrix of the qubit can be written as

_I+r-0'

: M

where r(sin 6 cos p, sin 6 sin ¢, cos8) is known as the
Bloch vector for the state p, and o (0, oy, 0,) de-
notes a vector of Pauli matrices. To realize RSP, Al-
ice and Bob need to share the two-particle maximally
entangled state as a quantum channel. Because Al-
ice knows the classical description of the state, she
carries out measurement on particle 1 by projecting
onto the “qubit basis” {[¢);,[¥1),}, where [¢1), is
orthogonal to the original one, and then sends her
outcome of measurement to Bob through the classi-
cal channel. According to the result |, ), (or |¢¥),),
Bob performs the rotation operation or does nothing
on particle 2. Particle 2 will be in the state (1) (or
its orthogonal state). Throughout this paper, we do
not consider that the state |1 ) alone can be unitarily
converted into |¢) for the special ensemble, e.g. equa-
torial states. In this section we assume that the inter-
action between entangled state and environment in-
duces a kind of single phase decoherence, so the quan-

tum channel is in a mixture of two Bell states:

p12 = A W’_>12,12 <¢_| +(1=2) |¢+>12,12 <¢+‘ , (2)

The two-particle state can be written in terms of Pauli

matrices in the following form:

A
P12 21[11@)12 — 01 - 09)

1-A
+ —[Il®I2 + 01202, + O1y02y — 012022]7

4
(3)

The corresponding projection operators can be ex-

pressed as

Pr=),, (| =T +7r101)/2, (4a)
Pry=¢i)y; (ol =T +rii-01)/2. (4b)

where Bloch vectors 7y = —r |1 =7
Based on Pati’s protocol, after Alice performs the
measurement of the operator P, the projected den-

sity matrix of the particle 2, is given by

p2 =2Tr1[p12P11], (5a)
:(12+T2 '0'2)/2, (5b)

where the factor of 2 assures Trpy = 1, and the Bloch

vector ry of particle 2 is expressed as

roz = (2X — 1) sin @ cos ¢,
roy = (22— 1)sinfsinp , 1/2 <A <1,
T9, = cos 0, (6)

when 0 < A < 1/2, Bob needs to perform o, operation

on particle 2, so the Bloch vector 75 is given by

roz = (1 —2X)sinf cos ¢,
roy = (1 —2X\)sinfsing, 0<A<1/2,
r9, = cos . (7)

From Eqs.(6) and Eqgs.(7), when A =1 or 0, 7y = 7,
the state (1) is successfully prepared in Bob’s location,
which has been discussed in Pati’s report.[’] When
A = 1/2, particle 2 is in a mixed state. In this case,
we can realize the RSP of an arbitrary mixed state.
For the noisy channel, it is important and nontrivial
to know how close the final state (5b) is to the initial
state (1).
this question. In the Bloch sphere representation, the
trace distance between the states (1) and (5) is defined

as

We use the trace distancel!? to describe

_ |r — 7o

D(p, p2) = 9 (8)

That is, the distance between two single qubit states
is equal to one half the ordinary Euclidean distance
between them on the Bloch sphere. For qubits, the
trace distance between them has more intuitive geo-
metric picture than the fidelity. According to Egs.(1),

(6), (7) and (8), we can calculate the trace distance as

Asinf, 0<A<1/2,

D(p7p2) =
(1-X)sinf, 1/2<A<1,

9)

Here the trace distance depends on the initial state as

well as the mixture ratio A. Since in general a state to
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be prepared is arbitrary, it is more useful to calculate
the average trace distance. The average trace distance
is defined as

1

Dav—_

27 K
- dg [ Dlp.p)sin6ds,  (10)
47T 0 0

where 47 is the total solid angle of a closed surface
along its inner point.
Substituting Egs.(9) into Eq.(10), we get the av-

erage trace distance

A, 0<A<1/2,

Dy = (11)

NN

(1-2A), 1/2<Ax<1.
When A = 1/2, the average trace distance has a max-
imum value, that is, information about the state (1)

mostly lost.
3. RSP in stochastic model

In this section, the system—environment interac-
tions are taken into account by including stochas-
tic fluctuating terms in the system Hamiltonian. In
RSP,% the entangled state of two spin-1/2 particles
is taken to be any of the four Bell states. Due to the
interaction of the system with the environment, the
two-particle system will evolve with time. Here we
consider isotropical decoherence, so the Bell state de-
generates into a Werner state. The most general form

for the two-particle density matrix has the form

n

Z[I1+Pl(t7m) o]

1
in
m=1

® I3 + Pa(t,m) - 2] (12)

p12(t) =

where P;(t,m) is the usual polarization vector corre-
sponding to an initial condition labelled by index m.
In this section, we treat the spins of the entangled pair
to be independent. This is not strictly true, as the en-
vironment does induce some interaction between the
particles. Here we assume that the particles in the
entangled pair are sufficiently well separated as one
expects in the situation of RSP, so this interaction
should be too small to have a qualitative effect and
our treatments should be valid. Because of neglecting
interaction between particles, each P;(t,m) is deter-
mined by its independent dynamical evolution due to
its initial condition P;(0,m) and environmental inter-
action. At the initial time t = 0, we assume that the

entangled state of two-particle is in the spin singlet,

so the density matrix of the system can be written as

1
P12(0)=Z[I1®12—0'1'0'2]7 (13)

This density matrix can be written in terms of sums

over six initial conditions {P;(0,m)} in the following

way:[13]

Py(0,1) = —P(0,2) = —P5(0,1) = P5(0,2) = v/32,
P1(0,3) = —P1(0,4) = —P5(0,3) = P5(0,4) = V3§,
P1(0,5) = —P(0,6) = —P5(0,5) = P5(0,6) = v/32,

(14)

where &(a = z,y, z) denotes the unit vector along the
a axis. For the convenience of calculation, we assume
that P;(t,a) denotes the solution for the polariza-
tion vector P;(t) corresponding to the initial condition
P;(0) = &. The solution for p;2(t) can be expressed

in terms of quantities P;(t, )

p12(t) ZE[I1®12 - Z[Ul - Py(t,a)]

«

®log - Py(t, a)]. (15)

To obtain the evolution density matrix of the system,
we only need to make explicit evaluations of the po-
larization vectors P;(t,a). Here we consider that the
model of coupling of spins to the environment is in
the stochastic model and treat the effect of the envi-
ronment as a set of classical fluctuating field acting
on the system. This type of coupling is given by the

Hamiltonian!14—16]
1
H:—E[O'l'Bl(t)—i—O'g'Bg(t)] (16)

where B;(t) describes the fluctuating fields due to the
coupling to the environment, whose probability distri-

butions are taken to be Gaussian such that

<Bwt(t)> = 07 a=T,Y,
(Bi:(t)) = w

(Bial®)Biolt)) = Ghiadupdisdlt — ). (1)

Z7

Furthermore, in Eq.(16), we neglect the interaction
between particles. This model of coupling has been ex-
tensively studied in nuclear magnetic resonance. The
decoherence time is approximately given by 1/k;,.
Here we consider that the fluctuating field has a time-
averaged nonzero value in one direction(taken to be z
axis) for the entangled pair. For simplicity, we take
w1 = wy = w and k;, = k. For the Gaussian stochas-

tic field specified in Eq.(17), the average polarization
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vectors obey the following Bloch equations:!'7]

oP;
= =wP;y — kP,
ot Y ’
OP;
8ty = —me — kPiy,
oP;
2 — kP, 18
N , (18)

where P;, = (P;(t)). According to the initial condi-

tions, we can get solutions of Eqgs.(18)

P; (tax) = Piy(tay) =e M COS(wt),
P (t,y) = —Py(t,z) = e M sin(wt),

Pi.(t,z) = —e k¢, (19)

Substituting Eqs.(19) into Eq.(15), we can obtain the
evolution density matrix of the two-particle system.
After implementing RSP, from Egs.(5) and Eq.(15)
we obtain the following projected density matrix for
particle 2
(1 + e 2kt cos ) 1e’%t sin fe ¥
p2(t) =
e~ 2kt sin fel¥

N~ N =

— e Ftcosf)
(20)
In the Bloch sphere representation, the Bloch vec-

1
¢!
5

tor 7o of the state p(t) can be expressed as

Top =€ 2F sinf cos o,
Toy = e~ 2F sin O sin ¢,
ro. = e~ cos 6. (21)

The trace distance and the average trace distance of
RSP are given by
1 —2kt
Dav:D(Pap2):§(1_e ) (22)
If 2kt < 1, Dgy(p,p2) =~ kt. In the limit of
2kt > 1, the average trace distance decays to 1/2,
which means that the result of RSP is a half-half of

|0) and |1) states. i.e., information about the state p
is totally lost. The plot of Eq.(22) is shown in Fig.1.

Daw

1.0 1.5 2.0 2.5 3.0
kt

Fig.1. The average trace distance as a function of kt.

4. Conclusion

In conclusion, we calculated the trace distance
and the average trace distance of RSP via noisy chan-
nels. In two different cases, we considered the effect of
noise on the RSP. In the first case, two parties of RSP
share the mixture of two Bell states as quantum chan-
nels. We found the dependence of the trace distance
on the mixture ratio A and angles of the state to be
prepared. In the second case, we considered that the
model of coupling of spins to the environment is in the
stochastic model. The density matrix of the system
is expressed in terms of a set of polarization vectors.
We calculated the explicit time dependences of polar-
ization vector and also calculated the trace distance
as a function of decoherence rates. In this paper, the
decoherence effects due to the environment make the
pure entangled state becoming mixed state, and make
the trace distance between the initial state and the
final state becoming large. Increasing the maximum
entangled fraction by applying local operation!'®19] or
using entanglement purification(2°:21 can decrease the

trace distance.
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