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In this paper, the finite symmetry transformation groups and then symmetries of Lax integrable nonlinear physical

systems, the Davey—Stewartson equation and the (241)-dimensional Camassa—Holm equation are investigated by means

of a simple direct method.
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1. Introduction

To find symmetries, symmetry groups, symmetry
reductions and construct group invariant solutions of
nonlinear equations for physical systems is one of the
important and hot topics in nonlinear science.l' =1 In
traditional studies of the symmetry group of a given
nonlinear partial differential equation (PDE), one usu-
ally only investigates its Lie point symmetry group.
In the standard Lie group theory, it is in principle
enough to study its infinitesimal form, the Lie alge-
bra, because the related Lie group can be uniquely
determined by solving an initial problem related to
an ordinary differential equation (ODE) system from
the well-known first Lie group theorem. However, for
a given nonlinear PDE, once the Lie algebra is ob-
tained, it is still very difficult to solve the related ini-
tial problem to obtain the finite transformations and

the symmetry group. Nevertheless, if we are restricted

we can find a very simple method to directly find the
final symmetry group without using the traditional
Lie theory.

In Section 2 of this paper, taking the Davey-
Stewartson (DS) equation as a simple example, we
outline an alternative simple and generalized method
to find finite symmetry transformation groups. In Sec-
tion 3 we give the symmetry transformation groups
and the related special Lie symmetries of the (2+1)-
dimensional Camassa—Holm equation. The last sec-

tion is a short summary and discussion.
2.Symmetries of the Davey—

Stewartson
The Davey—Stewartson (DS) system is a natu-

ral (2+1)-dimensional generalization of the nonlinear
Schrédinger (NS) equation. The DS equation can be

obtained as the consistency condition of two linear

to find the symmetry groups of Lax integrable models,| problems
. 0 0
Lid={2 ¥ T 1V a0, (1a)
0 9y r 0
1 . 2 2 qil:
L2g25z5 i10; + 19, + 10, + +A, &=0, (1b)
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where
1 0
I= ,
0 1
u 0
A= ,
0 v
o 7,
2
u = u(x7y7 t)) v = v(w7y7 t))
r=r(z,yt), q=q(z,yt).

Then the consistent condition [L1, Ly]¥ = 0 leads to

the nonlinear equation

iQt + U3(ny - Qmac) + [A, Q] =0, (2)

u; 0\ 1 [ (det@), 0 )
0w, 2\ o (det Q) |’
where
0 ¢q
Q:
,

This coupled set of equations is known as DS III. We

can rewrite Egs.(2) and (3) in explicit form as

Uy = 75(‘17“)11, iry 4 raa = ryy + (v —u) =0,
1 .

Uy = _i(qr)za 19t + Qyy — Gaa + q(u - U) = 0. (4)
In the same way, Eqs.(1) have the following compo-
nent form:

2¢1z + q¢2 = 07 (5&)
2¢2y + 7‘451 = 0, (5b)
191 + Pro0 + Dryy + @2 P2 +udy =0, (5¢)
19 + Poga + Poyy + 7y P1 +0P2 = 0. (5d)

Now let $ =GV¥(¢, n, 7), where

¥ G- gi1  9gi2

12 go1 G922

and g11, 912, 921, 922, &, m, T are functions of z, y, t.
Substituting ¥ and G into the first two equations in
Eqgs.(5) and restricting ¥ to satisfy the same equations

2¥ie+q1 ¥, =0, (6a)

2 lpgn +7r Wl = 0, (Gb)

iV + Yige + Yigy + qre Yo +ug ¥ =0, (6¢)

iWQT + W2EE + W27m + r17l WI + (%1 Wg = 0, (Gd)

where

u = ul(ﬁ,n,T), v = ’Ul(gan)”—)a

= Tl(fanaT)a q1 = Ch(fﬂlﬂ')a

one can obtain

(g12(72ir1 — r1m2) + 29112 + qg21 + 2ig11T2u1) V1

+ (29122 + 91172161 + 9922

+ 2ig127ov1 — 91191€2) Y2 + (291112 — G127711) Y1y
+ (201282 — 911T2q11) Poe

+ 2912172 Yage + 2911172 Y14y = 0,

(2ig21Tyur + 2921y + 7911 + Go2 (TyT1ni — r1my)) ¥a
+ (2g22y + 9217y Q161 + 7912

+ 2ig2aTyv1 — 921G1&y) Yo + (29217y — gooTyri) Y1y
+ (29228y — 9217y q11) Yo

+ 2ig217y Yinn + 2ig22Ty Yaee = 0,

by comparing the different derivatives of ¥, which

means

g12(Teir1 — r102) + 20114

4+ qg21 + 2ig117u1 = 0, (7)
29122 + 91172 G161 + qgo2

+ 2ig1272v1 — g11¢1éz = 0, (8)
29110z — g1272m11 = 0,

291282 — g11Taq1i = 0, (9)
91217y =0,  gn1iTy =0,

igo1Ty =0, igooT, =0, (10)

2igo1Tyur + 2go1y + 7911

+ goo(Tyringi — rimy) = 0, (11)
2922y + 921Tyq1el + 1912

+ 2igaaTyv1 — g21q1&y = 0, (12)
2g21my — g22TyT1 =0,

29228y — g21Tyqr1i = 0. (13)

Solving Egs.(7)—(13), one can find that

T, =0, 7,=0, n, =0, & =0. (14)

912 =0, g21 =0, g11. =0, gazy =0, (15)
91101&x 922711

q= , T = Y . (16)

922 g11
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In the same way, after substituting & = That is
g¥(&, m, 7), Egs.(14) and (15) into the last two equa- ,
tions in Eqgs.(5) we have g1y tugnt + g1uei — gumeus =0, 7 —ny =0,

22922 — ign11& — 911q16ax
- )
(9119y + ug11 + g114l — G1170ur) ¥ ~ guTiqie — 91155(]15 —0,

1 . .
+ 5(2%922 —ig11q1& — 911910 gund + guinyy + 2g11ymy =0, 7 — &2 =0,
922z¢ + ga2tl + vgaz — gaaTivy = 0,
922822 + 2922262 + 922641 = 0,

922T1Myy — 27yg11 + g22TeT1y

— gumiqie — 911€2q1¢) Yo

+ (9111 + g117yy + 291147y) P11y

1 .
—g11(m — 775) Uiy + 5911(11 (re — fi) Use =0, + 9227737“117 + goorimi = 0.
(92222 + Gozel + vga2 — gaaTiv1) o Finishing the detailed calculations, we have
1
+ 59227“1 (¢ — 773) U1y + (92262 G12 = go1 = 0, (17a)
+ 2922080 + g228ii) Yor — go(Te — €2) Uage i ]
) g1 = Fi(t)exp [—ﬁ <yf + 4771\/?)] ) (17b)
- 5(9227‘1777;7; - 2Tygll .
1"1: . . .
. =Fi(t)exp |—— (zf + 4 \/>>], 17c
+ go2TiT1y + 9227737“117 + goorimed) ¥ = 0. g2z (t)exp { 8f < f avs (17¢)
c=n"at e, n=n"y+m, 7=10), (18)
3 yQTtQt 1 yQTttt 1 mt(t)Ttt 1 Yt (t) 1 LTt 1 T]%t (t)
- iy AT - _ = G LR VAL 18b
u=nn (& m, 7) + ¢ 7 8 n 2 22 2 g ti, T, T, (18h)
1 Tt 3 £C2tht ]. 'r‘flt(t)Ttt ]. f%t(t) ]. szttt ]. mgltt(t)
= b R - = —z - t 18
v=rn& my T)+ i g 2 1 8 n 2 . tm® (8
r = Tt1/2eXp i (y z )Ttt + ynl( ) mflt( ) 7'1(5, n, 7_)’ (18(31)
8Tt 27}
2 _ .2
1/2 (@ =y x€ie(t) —ym(t)
q= Tt/ exp {1 < 8, + o7 a1 (&, n, 7). (18e)
|
In other words the following theorem holds. expressed by Egs.(18).
Theorem 1 If {u; = w(z, y, t), vi = Furthermore, the Lie point symmetries, the gen-

vi(z, y, t), ¢1 = q1(z, y, t), r1 =r1(z, y, t)} are so-  erators of the symmetry group, of the DS equation
lutions of the DS equations (4), then sois {u, v, ¢, r}  have the following forms:
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o = o1(f(t)+ o2(g(t)) + o3(h(t)) + oa(n(t))
Pt o Flone + vy +20) + 2 (1) — 22 T ()

Fyee + 5 Fevs + yo, +20) + if'(t) - lxz £ ()

2

F(Oa+ 37w, +vay +0) + 20— y?)

FEr+ 5 Fara +yry 1) — L0 o)

9(t)us h(t)uy 0
(1), (), ;
+ . + . +
i. i,
9()as + 592q h(t)ay = 5hya n(t)
g(t)rs — %gwr h(t)r, + %hyr n(t)

which can be obtained from Theorem 1 by setting

T(t) =t +ef(t), &i(t) = eg(t), m(t) = eh(t), m(t) = en(t).

where € is an infinitesimal parameter.

The nonzero commutators among o1(f(t)), o2(g(t)), o3(h(t)) and o4(n(t)) are

[01(f1), o1(f2)] = o1(fife — fif2),
lo1(f), o2(9)] = 02(f9),
[01(£), o3(h)] = a3(fh),
lo1(f), o4(n)] = o5(fn),

where the commutator [A, B] for the arbitrary vectors

Ay B4
A B
A= 2 , B= 2
As B;
Ay By
is defined as
Ay, Ay, ALy AL By Bi. Bi, By Bi.
[A B] _ Al2u AI2U AIZq Al2r By B Béu Bév Béq Bér
Agu Agv Al3q Aér B Bfliu Biliv Bil’)q Bilir
Ay Ay Ay Al By Bi. By, Bi, Bi,
and A},, ..., B}, are partial Gateaux derivatives, that means the definition of A}, f is
, d
Alu.f == hm d Al(u + e.fa v, q, T )7

for arbitrary f.

Ay
Az
As
Ay
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3. Symmetries of the Camassa—

Holm equation

The (241)-dimensional integrable generalization
of the Camassa-Holm (CH) equation!*?]

vV — UV, + 2vu, = 0, (19a)
Uy + VUg — VUgg — 20w, = 0, (19b)
Wy + VW + VW, + VpWy + VWay = 0. (19c¢)

has been derived from the system of (2+1)-
dimensional shallow water equations by using a multi-
scale decomposition. The system (19) is reduced to
the (14-1)-dimensional CH equation!!3]

m; = mgpu + 2ma,,

1
m = E(u — Uy, + k), k = const.
which is called “a shallow water model equation”
or “Camassa—Holm—Fokas—Fuchssteiner = (CHFF)
equation” ™ under the reduction 0y = 0. The spec-
tral problem has been found for Eqs.(19):[*2]
Dt +udpy — (u+w)Py, — P =0, (20a)
Sy +vPyy —vP, =0, (20b)

which is called the Lax pair of the Camassa—Holm
equation.

In Ref.[15], by using the standard one-parameter
Lie group of infinitesimal transformations,!” the vec-

tor of the Camassa—Holm equation had been written

as
V= 51 +§2 0 +§3 0 +¢1 0 +¢2 0 +¢3 0 , (21)
with
&1 =f(t), & =gy, & =nh(t),
¢1 = —h(t)u— £(t), é2=—g,(v),
b5 = —h(tw. (22)

Here, we begin with the Lax pair of the CH equa-
tion.

Let ¢ =GV¥ (&, n, 1), where G, &, n, T are func-
tions of x, y, t. Substituting ¥ and G into the first
equation of Eqgs.(20) and restricting ¥ to satisfy the

following equations:
W&,— + uy ng — (u1 + wl)!'/g - ¥, =0,

Wn-f-’l}leE*leg:O,

one can have

vfGnE (ung + ne) Yegee + Gro(ury + 14) ¥rr
+ F(z,y,t, ¥, Ve, V-, ) =0, (23)

v = Ul(ga m, T)a w; =
7), and F' is not depend on Weeee and ¥,..

where u; = uy(§, 0, T),
wl(fa 777
Comparing the different derivatives of ¥ in

Eq.(23) we find that
Nz =0, T, =0. (24)

Substituting Eq.(24) into Eq.(23) we have another
reduction. Step by step, one can find that 7 is a
function of y and ¢, and 7 is a function of ¢. In the
same way, substitute & = G¥ (¢, 7, 7) into Eq.(20b).

Through direct calculations we have

£:m+£1(t)’ 77277(?/)7 T:T(t)’ G:G(t)a
(25a)
U = TeUy (‘57 m, T) - é.lt(t)a
w = Tyw (fa n, T)a
v = ny(y)vl (fa m, T): (25b)

where & (t), n(y), 7 = 7(t) and G = G(t) are arbi-
trary functions of the indicated variables.

In other words, the following theorem is correct.
If {us = wi(z, y, t), v1 =
vi(z, y, t), w1 = wi(z, vy,
Camassa—Holm equations (19), then so is {u, v, w}
given by Egs.(25).

The equivalent symmetry vector form Eq.(21) can

Theorem 2

t)} are solutions of the

be read off from Theorem 2 when we take

§1=€f(t), n=eg(y), T=1t+eh(t).

4. Discussion

In summary, starting from the Lax pair expres-
sions of integrable models, one can readily obtain the
symmetry groups by means of a simple combination of
the gauge transformation and the space-time transfor-
mations no matter how complicated the models are.
Various detailed explicit symmetry groups of many fa-
mous expressions such as the Kadomtsev—Petviashvili
equation, the Nizhnik—Novikov—Vesselov (NNV) equa-
tion, the asymmetric NNV equation, the Davey—
Stewartson equation, the dispersive long-wave equa-
tion, the (2+41)-dimensional Camassa—Holm equation
and the extended self-dual Yang—Mills equations are
listed in this paper.
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When the finite symmetry transformation group
of a given system is obtained, the related Lie point
symmetries can be obtained simply by restricting the
For the

high-dimensional integrable models discussed in this

arbitrary functions in infinitesimal forms.

paper, the Lie point symmetries all have a Kac—
Moody—Virasoro structure.

Although the symmetry groups of the Lax inte-
grable models can also be obtained by means of the
traditional methods, the final expressions are much
more complicated and difficult to be used to find con-

crete explicit exact solution forms for nonmathemat-

ical scientists. Nevertheless, the traditional Lie ap-
proach(es) can be used for any systems no matter
whether the models are integrable or not. In Ref. [16],
a simple direct method had also been established for
both integrable and nonintegrable models. It is wor-
thy of further study on the simple method proposed
here and extending the method such that the nonlin-

ear systems without Lax pairs can also be treated.

One of the authors (Ma) would like to thank X.
Y. Tang, H. C. Hu, Y. Chen, C. L. Chen, B. Tong, S.
L. Zhang and X. M. Qian for their helpful discussions.

References

[1] Bluman G W and Cole J D 1974 Similarity Methods for
Differential Equations (New York: Springer)

[2] Clarkson P A and Kruskal M D 1989 J. Math. Phys. 30
2201

[3] Lou SY and Hu X B 1997 J. Math. Phys. 38 6401

[4] Ablowitz M J and Clarkson P A 1991 Solitons, Non-
linear Evolution Equations and Inverse Scattering (Lec-
ture Notes Series 149) (Cambridge: Cambridge University
Press)

[5] Lou SY, Tang X Y and Lin J 2000 J. Math. Phys. 41
8286
Tang X Y, Qian X M, Lin J and Lou S Y 2004 J. Phys.
Soc. Jpn. 73 1464
Lou S Y 2001 Chin. Phys. 10 897
Tang X Y, Lou S'Y and Zhang Y 2002 Phys. Rev. E 66
046601

[6] David D, Levi D and Winternitz P 1985 Phys. Rev. Lett.
55 2111

[7] Olver P J 1993 Application of Lie Groups to Differen-
tial Equation 2nd edn. Graduate Texts Math. (New York:

Springer) p107
Bluman G W and Kumei S 1989 Symmetries and Differ-
ential Equation, Appl. Math. Sci. (Berlin: Springer) p81

[8] Zhang Y F and Zhang H Q 2002 Chin. Phys. 11 0319
[9] Lou SY and Tang X Y 2001 Chin. Phys. 10 0897

[10] Zhang R C, Chen X W and Mei F X 2001 Chin. Phys. 10
0012

[11] David D, Kamran N, Levi D and Winternitz P 1986 J.
Math. Phys. 27 1225
Lou S'Y 1993 Phys. Rev. Lett. 71 4099
Giingdr F and Winternitz P 2002 Math. Anal. Appl. 276
314

Kraenkel R A and Zenchuk A 1999 Phys. Lett. A 260 218
Camassa R and Holm D D 1993 Phys. Rev. Lett. 71 1661
Fuchssteiner B and Fokas A S 1981 Physica D 4 47
Kraenkel R A, Senthilvelan M and Zenchuk A I 2000 Phys.
Lett. A 273 183

[16] Lou S Y and Ma H C 2005 J. Phys. A: Math. Gen. 38
L129



