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The Painlevé property, inverse recursion operator, infinite number of symmetries and Lie symmetry reductions of

the coupled Burgers equation are given explicitly. Three sets of infinitely many symmetries of the considered model

are obtained by acting the recursion operator and the inverse recursion operator on the trivial symmetries such as the

identity transformation, the space translation and the scaling transformation respectively. These symmetries constitute

an infinite dimensional Lie algebra while its finite dimensional Lie point symmetry subalgebra is used to find possible

symmetry reductions and then the group invariant solutions.
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1. Introduction

As we know, the symmetry study plays an im-
portant role in almost all the scientific fields, espe-
cially, in the soliton theory because of the existence of
the infinitely many symmetries for integrable systems.
In (141)-dimensions, to find the infinitely many sym-
metries of a given integrable model, one of the best
way is to construct a recursion operator of the studied
model.[! 78] When the recursion operator is found, the
infinitely many local symmetries can be obtained by
repeatedly acting the operator on some simple known
local symmetries such as the space-time translations
and scaling transformations. About ten years ago, one
of the present authors (Lou) pointed out that the in-
finitely many nonlocal symmetries can be simply con-
structed via action of the inverse recursion operator

nl10,11]

on the identity transformatio and the confor-

mal transformations.[12:13]

The Buerger’s equation (BE)

Gt = Gz + 299, (1)

is one of the most important nonlinear systems and
a diversity of nonlinear phenomena can be explained
by this simple models.['*~16] Recently many kinds of
extensions of the model have been proposed.[17—2°]
Among them, one of the most interesting general-
izations is the following symmetric-coupled Burgers

equation (SCBE):

1
Uy = 5”9393 + §vmz + 5uu93 + vug + 2’0’[}m,

1 2)
Vg = Euzz + 5”12 + 2uu$ + uvy + 5’(}’Uz,

which is first given by Foursov.?®/ Obviously, the
SCBE (2) will be reduced back to the usual BE (1)
when u = v = ¢/4.

The conserved density and the recursion operator
of the SCBE have also been given in Ref.[25]. The

recursion operator of Eq.(2) reads
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1
ED + 2u + 2v, D!

where D = i and D~'D =DD™ ! =1.

In this grticle, one of the main purposes is
to study the symmetries of the asymmetric-coupled
Burgers equations (ACBE)

Wy = Wgy + 4wWw, + 3ZZE7
(4)

2t = ZWg + 2wz,
which is related to the SCBE by
w=u+v, z=u-—". (5)

The Painlevé property, which is linked with many
other important integrable properties such as the
Béacklund transformation, bilinear form, symmetries
and Lax pairs is one of the most interesting and
important properties of integrable systems. So, be-
fore studying the symmetries of the ACBE (and then
the SCBE), we give a simple discussion on the weak

Painlevé property of the model.
2.The weak Painlevé property of
the ACBE

A nonlinear system is said possessing Painlevé
property if the movable singularities of all the so-
lutions of the model with respect to an arbitrary
manifold are poles. To test the Painlevé property,
there are some different approaches. For instance,
the Ablowitz-Ramani-Segur (ARS) algorithm[?%! is
a Painlevé test method via testing the Painlevé
properties of all the ordinary differential equation
(ODE) reductions which may be obtained via non-
classical symmetry reduction approach2”:28! or direct
method.[??34 The Weiss-Tabor-Carnevale (WTC)
approach is a generalization of the ODE test, and this
method makes the general series solution of an nth
order partial differential equation (PDE) include n in-
dependent arbitrary functions.®”) The Kruskal sim-
plification is equivalent to the WTC approach if one
only uses the method to test the Painlevé property.[3!
The Conte method is a conformal group invariant test

7 The Conte invariant approach can be

approach.
used to obtain possible new exact solutions via non-
standard truncated expansions.[®®! The Lou approach

is a generalization of Conte’s method.[*?! Using both

1
iD +3u—v+2u, D!

1
§D + 20 4 2u, D!

1
§D —u+3v+2v, D!

the standard and nonstandard truncated expansions
in the Lou extended Painlevé test method, one can
find more new exact solutions and find some exact
solutions for some difficult models which cannot be
solved by other methods.[41=43]

In this section, we use the standard WTC ap-
proach to test the Painlevé property of the ACBE. By

using the leading order analysis, i.e. substituting
w = wod®, z = z0¢"

into Eq.(4), it is straightforward to find that o = —1
and 8 = 1 The half index for / means that the

algebraic branch points with respect to the arbitrary
manifold ¢ can enter into the general solution of the
ACBE. In other words, the ASBE has no Painlevé
property. This kind of situation occurs for other types
of integrable systems: say, the Harry—Dym equation.
When the algebraic branch points appear, the ques-
tion that follows is whether the model possesses the
weak Painlevé property first introduced by Kruskal.
The weak Painlevé property of a model means that if
the model can be changed to a new model with the
Painlevé property via a suitable variable-dependent
transformation, then the original model would possess
algebraic branch points with respect to an arbitrary
singular manifold.

Fortunately, we can really prove that the ACBE
does possess the weak Painlevé property. The trans-

formation we use is
z=v"Y2 (6)
Substituting Eq.(6) into Eq.(4) results in

2wv? = 2w, v? + Sww,v? — 3vg, (6)
v = 2WU,; — 20W,,.
To find the possible Painlevé property of the
model equation (7), we expand the fields w, v about
an arbitrary singularity manifold ¢ = ¢(z,t) =0 as

o0

w=Y w¢t, (8)
=0

v = i’%’qﬁjw, (9)
=0
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where {w;, v;} are functions of (z,t) and uy # 0,vy #
0. If the model possesses the Painlevé property, there
should be a primary branch with three arbitrary func-
tions among w;, v; and ¢ because the system (7) is
composed of a second-order partial differential equa-
tion and a first-order one. That is to say, there should
be two more arbitrary functions in additional to the
arbitrary singularity manifold ¢ about Eq.(7).
Substituting

w e~ wed”, v~ vogb’e (10)

into Eq.(7) and using the leading order analysis, we

have .
a:ﬂ:_:l) w0:§¢z7 Vo = Vo, (11)
where vy is an arbitrary function of (z,t).
Now substituting Eq.(9) with Eq.(11) into Eq.(7),
we can obtain the recursion relations of the functions

w; and v;:

=20 +1)(j —2wvieie’ P =f;,  (12)

1. -

§J¢z(_2wj1)0 + 'Uj¢z)¢J 3= 9j, (13)
where f; and g; are complicatedly dependent on
{wo, -+, wj_1, vo, -+, vj_1} and the derivatives

of ¢. From Egs.(12) and (13), we know that the reso-

nance values of j are given by

—26,(j +1)(G—2)v§ 0

7jv0¢m %]¢z
= —j(G+ 1) —2)v5dz =0, (14)
ie.
j=-1,0, 2. (15)
The resonance at j = —1 is related to the arbitrariness

of the singular manifold, and the arbitrariness of vy in
the leading order analysis means that the resonance
at j = 0 is satisfied naturally.

To check the resonance conditions at j = 2, we
write down the first few terms of Eq.(7) after the sub-
stitution of expansions (8) and (9) with Eq.(11),

2
U(;;Zzz (¢mm - ¢t + 4¢zw1)
+ %(anﬂc = 2¢3)(zz — Gt + 4¢owy) + - =0, (16)

— (2w1vo ¢y — P2V1 — Vozda + VoPrz — Vobe)P >
+ [¢z(vlm + 2v2¢m - 4’[)0’[1}2)

+ 2’11)1’[)0I — 2v0w1w — Vot — ’U]_(i)mm](f)_l + = 0. (17)

Setting the coefficients of ¢~* and ¢~ 2 in Eqgs.(16)

and (17) to zero respectively, we have

_ (vbt - ¢:ca:
w) = ———
494
S _2¢)$1)02 + ,UO(ZSIE - ’UO(;St
' 263 '

To check the compatibility at j = 2, we write down

(18)

(19)

the determining equations for ws and vy by setting
the coefficients of ¢ > and ¢! in Eqs.(16) and (17)
to zero respectively,
UO(UOBJ: - 2¢z)(¢mz — ¢t + 4¢mw1) =0, (20)
bz (V12 + 2020, — dvows) + 2w1v0,
— 2vpw1g — Vot — V1Pzz = 0. (21)
It is straightforward to see that Eq.(20) is satis-
fied naturally because of Eq.(18). From Eq.(20) wq
or ve can be solved simply, while the other remains
free. In other words, the resonant condition for j = 2
is satisfied also. Then we prove that the system (7)

possesses the Painlevé property, and then the ACBE
and SCBE possess the weak Painlevé property.

3. The symmetries and symmetry

algebra of the ACBE
A symmetry of the ACBE (4),

me(D)

is defined as a solution of its linearized system

o) =02, +40%w, + 4wo + 3072, + 3z0%,
of = 0w, + z0Y + 20z, + 2wo?,
(23)

this means Eq.(4) is form invariant under the trans-

()= (D)) e

with € being an infinitesimal parameter.

formation

To give some sets of infinitely many symmetries
of the ACBE, one has to find out some seed solu-
tions of Eq.(23) and the recursion operator. Using
the standard classical Lie group approach!*44%! or the
standard classical Lie symmetry approach,4 one can
find that the only possible Lie point symmetries of the
ACBE are the symmetries related to the space—time

translations,

Kz;’zz(w’”), K;“zz(“’t), (25)
Zm Zt
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and the scaling transformation The recursion operator of the ACBE can be eas-
ily obtained from that of the SCBE because of the
twy + 5(xw)z well-known transformation theorem(*”) and the trans-

E = . (26)

1 formation relation Eq.(5). The result reads
tzy + i(mz):n

D+2 2w,D™1 3 1 1
6= v — et | 0T ‘ T = . (27)
z+ 2z,D71 0 1 —1

Applying the recursion operator ¢** to the seeds K’* and

wa . P )

and 7%, we .obtaln t.vx'fo sets of 1nﬁn1t.ely many gen s @n_llez, (n=1,2, .. (29)

eral symmetries (positive K symmetries and 7 sym-

metries), In addition to K{'*, K% and 7{“%, some further simple
K = "Ky?, (n=0,1, 2, .., (28) examples of K'* and 7,/ read:

War + 6WW, + 322, + 4w + 6wz?),
Ky* = ( ) , (30)
2(wy + 2w?), + 225 (W, + 2w? + 322)

o [Waze + 8WWay + 6w?2 + (922w + 8w> + 3224, + 1822w? + gz4 + 8w?], (31)
3 2722 (Wap + 322, + bww, + 4w + 6wz?)],
and -
Z(?wm + 4w? + 32%), + w, + w? + %zz
5 = tKy® + 1 ) (32)
E(z'wz + 2wz, )z + 2w

To find more general symmetries, one has to use ~ From Eq.(36) we have

the inverse recursion operator and new seed symme-

A=0. (39)

tries.

S the i f th i tor @
1.1ppose ¢ INVELSe OF BAE Tectlsion operatot Substituting Eq.(39) into Eq.(35) leads to
to be in the form

_ n.-2p-1
B A4 C B=Dz*D "z (40)
o1 = , (33)
B E Employing Eq.(38) with (32)71 from the right yields
i 1
where the operators A, B, C and D are determined o1 1 (41)
by 3
1 0 . . .
P — Fp = — ‘ (34) Substituting Eq.(41) into Eq.(37), we find

1
_ o ) E=-z""(D*+2wD +2w,) 2 °D"'z.  (42)
The left inverse condition @+ @ = [ leads to 3

Finally, the left inverse of recursion operator @ reads

AD+2w+2w,D ')+ B (z+22D ") =1, (35)

34z =0, (36) X 0 Dz 2D 12
¢_ =
-1 -1\ _ 1
C (D +2w+2w,D7") + E (2 +22,D7") =0, (37) ; 22 D(D +20)s D

3Cz=1. (38) (43)
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It is straightforward to verify that &' given by
Eq.(43) is also the right inverse of .

As discussed in Refs.[10] and [11], for the KdV
equation, the modified KdV equation, the Sawada—

Kortera equation. etc, employing the inverse recur-

oWz
Kl

Direct substitution of 0%* = K into the symmetry
definition Eqgs.(23) shows that K}*? is really a symme-
try of the ACBE.

Now using the inverse recursion operators on the
seed symmetries K{** and 77 yields two new sets

of symmetries (negative K symmetries and 7 symme-

sion operators on the trivial symmetry o = 0 (related
to identity transformation) and taking D=0 = C =
const, one may obtain new seed symmetries and then
the new set(s) of general symmetries. For the ACBE,
taking C = —1/2, we have

KY* = ¢t gw=, (n=1, 2, ..), (45)
and
TYE = T LpeE (n=0,1,2, ..) (46)

Three of the further explicit simple examples of K*7

tries): and 7%7 read
|
1
g(z74w —27%24)s
sz — 47
2 4 1 Wy +2w?  zy, + 6wz, 522 ’ (47)
p - _ _ Ttz
622 9z4 925 926 ),
1 Wy + 2wW%  zZp. + 6wz, 522
_ 624 926 927 928
Kéuz - 2 ” 2 I (48)
1 zw—zx+(D+2 ) 1 Wy + 2w Zgx + 6wzy 523
il Y _ 2z
9z 25 624 926 927 928 )],
tw, + T
T = o, (49)
tzy + To1
z_ng — 2z sz_IZTOZl
s _ , 50
-t T 2WTG + The | ToiZa 2(22Wy — 2240 — 2W22, + SZg)D_IZTZ (50)
3z 324 25 325 ot
where
1
T 55(1 — 2732, D7 12?), (51)
. Wz — Zyg 22w, + 322 — 2Zgp — 22WZy
TH = 6 6.5 D122 (52)

From Eqgs.(45)—(52), it is noticed that 7** (n < 0) are
all nonlocal symmetries and the negative K* (n < 1)
symmetries are all local symmetries while for the KdV

and other known S integrable models, all the negative

symmetries are nonlocal symmetries.19:11]

Because of the symmetry K§'* is the kernel of
o1 ie.

PIKY* =0,
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all the negative 7 symmetries 72

—n?

(n > 1) are not
explicitly time-dependent.
For the SCBE Eq.(2), the related symmetries can

)
I
I

i.e.

oW — Tv—lo_u}z7

(54)

z v

where oc%* and o%

SCBE respectively.

are symmetries of the ACBE and

Similar to the usual Burgers equation and the
Liouville equation, though there are infinitely many
symmetries for the coupled Burgers systems, there ex-

ist only finite conservation laws in the form p; = J,.

be obtained simply by means of the transformation

relation Eq.(5), the results can be expressed as

= =To", (53)
1 -1 a?
|
We can find only two conserved densities,
pr=u+v=uw, (55)
p2 = u? +v% — 2uv = 2% (56)

The first conserved density is given by Foursov.[2%!
Finally, we can prove that the symmetries

K¥ n =0, 1, ... K¥*, n = 1, 2,

TV 2 n = 0, £1, +2,

n )

. and
. constitute the following

infinite-dimensional closed symmetry algebra:

[K“* K“]=0, (m=0,1,2, .., n=0,1 2 ..), (57)
[Kp?, K¥*] =0, (m=1,2,.,n=12, .., (58)
[Kp?, KY*] =0, (m=0,1,2, .,n=1,2, .., (59)
1

0, 7] = T K, (=0, 1,2, e =0, E1E2, ), (60)
_ 1 -

[Ree, 2] = —% we o (m=1,2, ., n=0, 1,42, ..), (61)
[rwz s = ?ﬁgin,l, (m=0, £1, £2, .., n =0, +1, £2, ...), (62)

where K¥? =0, Vm < —1 and K** =0, V. m > 0.

4.Similarity reductions of the

ACBE

As we know, starting from any one symmetry o of
a partial differential equation system, one can obtain
the corresponding group invariant solutions simply by

solving the symmetry construction equation

c=0 (63)

and the original evolution equation. However, it is
quite difficult to find all the group invariant solutions
for a completely integrable model because there exist
infinitely many symmetries for an integrable equation
system just as shown in the last section for the ACBE.
Fortunately, for some special cases one can obtain the
group invariant solutions easily by solving the special
characteristic equations. In this section, we just make

symmetry reductions for the ACBE by using the Lie

|
point symmetries S = {K¥*, K{**,71**} of the ACBE
given in the last section.

To obtain Lie symmetry group invariant solutions
of the ACBE, we take the symmetry constraint (63)

in the form

o =aK{*+bK"* + c1}'* = 0, (64)

with three arbitrary constants. To find the solutions
of equation system (4), two different cases should be
discussed for ¢ = 0 and ¢ # 0.

Case 1 ¢=0.

In this case the symmetry constraint (64) reduces

to

awg + bw;

o=aK{*+bK"* = =0. (65)

azg + bw;

Obviously, it is just the travelling wave reduction.
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Solving Eq.(65), we obtain

w=w("=) _we),

w8 (66)
t=bey e

Substituting Eq.(66) into Eq.(4) yields the ordinary

differential equations

z=27(

a

aWe — b2Wee + 4bW W, + 3bZZ¢ = 0,

(67)
aZE =+ bZWg + 2bWZ§ =0.
Solving Eq.(67), we have
20
. R— 68
va+ 2bW (68)

where z; is an arbitrary constant, and W satisfies the

(zo—z1)(z3 —21)(E— &) + b(z5+ 22— z1) In

following ordinary differential equation:

2
3z

a+ 2bW
We=°_ "0 __
£ 2a+ W

+Cy + TVV’ (69)
where C1 is an arbitrary integral constant. It is clear
that the general solution of Eq.(69) can be implicitly
expressed by means of an integration. If we write the

constants {a, C1, zo} as

a=—(z1 + 22 + 23)b,
(Zg — 22)2 — 21(222 —|— 223 — Zl)
2b ’

1
2= gb(z;; + 20 — 21)(22 — 23 + 21)(23 + 21 — 22),(70)

Cy =

then the general solution of Eq.(69) is given by a tran-

scendental function, which is determined by

(W — 21)2
(W — Z3)(W — Zz)

w :¥ tanh

Z3—|—22
9 )

where z1, 22, 23, & and b are all arbitrary constants.
From Eq.(71), it is readily seen that when z; = 23+ 29
(z0 = 0 and z = 0), Eq.(71) is just the usual kink so-
lution of the Burgers equation.

Case 2 ¢ #0.

In this case the symmetry constraint reads

1
aw, + bws + c(tw; + = (zw)y)
az; + bz + c(tz + E(mz)z)

To solve the symmetry constraint condition, Eq.(72),
is equivalent to find the solutions of the following char-

acteristic equation:

dzx dt dw dz
= = = —. (73)
T " by 11
a+ —cx —Ccw —cz
2 2 2
From Eq.(73) we obtain
b+ ct
=, (74)

c(4a? + dacz + 2ax?)

26[21(23 + 29 — 221) + (22 — 23)2](23 — 22)71

1 1
Y=o +ecx (€), = 2a + cx

Z(§). (75)

The functions of W(£) and Z(§) are determined by
the following equations which are obtained by substi-
tuting Eq.(75) into the ACBE (4):

(ZCf — 52 — SWf)Wg — 4C§2W55
—2cW + 322 +4W? — 6627 = 0, (76)

3ZW —26ZW¢ — (€2 +4EW)Z = 0.  (T7)

From Eq.(77), it is easy to find

Z(—2We + 3W)
Ze =

£(E+4W) (78)

Substituting Eq.(78) into Eq.(76), the solution of Z is

obtained as follows:

1
Z =S {[BEWe(€” — 2 — 8eW + 126 + 32W2) + 12¢6° Wee

+ 6eEW (1 + 8EWee) + 26W?2(2¢ — 1) — 48W3]/(2W — € — 4EW,)}1/2, (79)
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where W satisfies the equation
64(c — 6W — &)W — 262[64c&*Wee + 40W (2¢ + €) — 288W2 — 10c€
+ 13E2IWE + [8c£™ (8W — 9E)Wee — 16c£* (€ + AW )Wege + 26(TOEW? — 144W3
+ 60cW? + 48°W — 22¢EW — £%)|We + 16c£* (€ + AW )W + [8cW 2 (4c — 3€)
+44cEW — 1067 — € — 6c€]€Wee + 4c€> (€ + AW)(2W — €)Wege
— 24(W — &) (c — 2W)W?2 = 0. (80)
|
The ordinary differential equation (80) is not easy ~ So from j = 1 of Eq.(83), we have
to solve. Here, we just investigate the Painlevé prop- 1
erty of this equation. To study the Painlevé property Wi = g(GC — o). (88)

of Eq.(80), we expand W as

W = ZW]"(,N-PY, ¢ = §*§0>

Jj=0

(81)

where & is an arbitrary constants and the expansion
coefficients W; should be determined later, and W can
be expressed by three arbitrary constants (§y and two
of W;) and Wy # 0. Using leading order analysis, i.e.
replacing W by Wy, we have

Y= —1, WO == 660. (82)

Now substituting Eq.(81) with Eq.(82) into Eq.(80),
we can obtaln the recursion relations of the function

Wji

64’ (G +1)(5 — 2)(J — 3)Wyp' T = F;,  (83)

where we have omitted the details on F; (which is only
dependent on Wy, ---, W;_1 and &) because of its
complexity.

From the left-hand side of Eq.(83), we know that

the three required resonance conditions are

j=-1,2, 3. (84)
Similarly, the resonance for j = —1 corresponds to the
arbitrariness of &y. If Eq.(80) possesses Painlevé prop-
erty, the other two resonance conditions, F = 0 and
F5 = 0 must be satisfied simultaneously. To check the
resonant conditions j = 2 and j = 3, we write Fy, F5

and F3 here explicitly,

Fy =32¢3¢8(6¢ — &), (85)
Fy =160c°E5(8Wy + & — 6¢), (86)
F3 =225 (8Wy + & — 6¢)

x (142¢ — 11&y — 486 Wy + 24W7).  (87)

Now it is straightforward to see that the resonance
conditions F, = 0 and F3 = 0 are satisfied naturally.
In other words, the reduction equation (80) possesses
the Painlevé property and has the general Laurent se-
ries solution (81) with Eq.(82) and three arbitrary in-
tegral constants &y, Wy and W3. It should be pointed
out that the weak Painlevé property is already im-
plied in the relation (79) due to the entrance of the
square root. It should be also pointed out that the
series solution (81) is valid only around the movable
singular point, i.e. & # 0. Around the fixed singu-
lar point some kinds of the branch points may occur.
For instance, it is straightforward to prove that the

reduction equation (80) possesses a special solution

w=-trovE
which contains an algebraic branch point around the

fixed singular point £ = 0.
5. Summary

In summary, the coupled Burgers equations (the
SCBE (2) and the ACBE (4) are proved to possess
weak Painlevé property. Starting from the known re-
cursion operator of the SCBE, the explicit form of
the inverse recursion operator of the ACBE is ob-
tained. Acting the recursion operator and its in-
verse on the trivial symmetries, we have obtained
three sets of infinitely many symmetries, positive lo-
cal K*(n =0, 1, 2, ...
K¥*(m =1, 2, ...) symmetries and full (both positive

) symmetries, negative local

local and negative nonlocal) 7°*(n = 0, £1, £2, ...)
These three sets of symmetries con-
struct an infinite dimensional Lie algebra. Though

the ACBE (and then SCBE) possesses infinitely many

symmetries, only two conservation laws are found.

symmetries.

Furthermore, the Lie point symmetries of the model
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are used to find possible group invariant solutions via
classical Lie group approach.

The travelling wave reduction of the model can
be solved by direct integrations. By expressing the
integral constants appropriately, the kink solution is
expressed by a transcendental function which will nat-
urally tend to the usual kink solution expressed by a
hyperbolic tangent function for the standard Burgers

equation when the solution of the coupling field tends

to zero.

The scaling symmetry related similarity reduction
equation (80) is proved to possess the Painlevé prop-
erty while the weak Painlevé property of the original
model is reflected by the relation equation (79). The
reduction equation (80) provides an example where
the algebraic branch point around a fix point may oc-

cur for a Painlevé integrable model.
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