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The properties of thermal radiation are discussed by using a new equation of state density, which is motivated

by the generalized uncertainty relation in the quantum gravity. There is no burst at the last stage of the emission

of Kerr black hole. When the new equation of state density is utilized to investigate the entropy of a Bosonic field

and Fermionic field outside the horizon of a static Kerr black hole, the divergence appearing in the brick wall model

is removed, without any cutoff. The entropy proportional to the horizon area is derived from the contribution of the

vicinity of the horizon.
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1. Introduction

A growing interest in the thermodynamics of a
black hole is indicated by a vast existing literature on
the subject. The thermodynamics of a black hole is a
junction at the intersection of general relativity, quan-
tum mechanics and statistic physics. Since Bekenstein
and Hawking put forward the theory that the entropy
of a black hole was proportional to the area of its
event horizon,['=3! the research into black-hole ther-
modynamics has greatly improved. In particular, the
proof of the Hawking radiation has stimulated much
enthusiasm for study of the thermal property of the
black hole.

It has been found that if the surface gravity of
the black hole, x, is considered to be temperature
and the outer horizon area, A, is considered to be the
entropy, four black-hole thermodynamics laws, which
correspond to the four laws of elementary thermo-
dynamics, can be established. The statistical origin
of black hole has been probed and many methods of
calculating entropy have emerged.* =2 A method fre-
quently used is the brick-wall method advanced by ’t
Hooft.[8] This method is used to study the statistical

properties of the scalar field and Dirac fields in vari-
ous black holes®1%! and it is found that the general
expression of the black-hole entropy consists of a term
which is proportional to the area of its event horizon
and a divergent logarithmic term which is not. How-
ever, it is doubtful whether

(1) the entropy of the scalar or Dirac field outside
the event horizon is the entropy of the black hole;

(2) the state density near the event horizon is di-
vergent;

(3) the cutoff can be introduced, the logarithmic
term left out, and L3 is considered as the contribution
of distant vacuum surrounding the system, to obtain
the entropy of a black hole being proportional to the
area of its event horizon.

The problems associated with the original brick-
wall method listed above are unnatural. Recently Li,
Zhao and He took the thin-layer outside the event
horizon of a black hole as an integral region,'41%l
and thus developed a thin-layer method. Using this
method they discussed the entropy of a dynamic black
hole and found that its entropy was proportional to
the area of its event horizon. But they did not es-

sentially overcome the difficulty in original brick-wall
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method.

Recently, Refs.[16-18] derived the partition func-
tions of various particles in spherically symmetric
space-time directly by using a new equation of state
density, which was motivated by the generalized un-
certainty relation in the quantum gravity. They ob-
tained the entropy of the black hole via the relation
between partition function and entropy. As a result,
the term left out in the original brick-wall method no
longer existed. The state density near the event hori-
zon is not divergent. Using the quantum statistical
method, Ref.[17] avoided the difficulty in solving the
wave equation in the original brick-wall method.

In this paper, we generalize the method in
Ref.[16-19] and calculate the statistical entropy of the
spinning axially symmetric Kerr black hole. We ob-
tain the factor A introduced in correction of density of
states as a function of polar angle. However, the en-
tropy is proportional to the area of its horizon. In the
whole process, the idea is clear in physics, calculation
is simple and the result is reasonable. It offers a neat
way of studying black hole entropy. In this paper, we
take the simplest functional form of the temperature

(C=h=G=Kg=1).
2.Bosonic entropy

Recently, many efforts have been devoted to the

generalized uncertainty relation!2!

Axdp> b+ 3(Ap)? (1)

and its consequences,20=26] especially the effect on the

20.21] Here h is the Planck constant,

density of states.!
A has dimensions of the Planck length squared. Equa-
tion (1) means that there is a minimal length, 2v/\.
As is well known, the number of quantum states in a

volume element in phase space dVd3p is given by

dvVd3p
@ 2

which can be understood as follows: since the uncer-
tainty relation AxAp ~ 27wh, one quantum state cor-
responds to a “cell” of volume (27A)3 in the phase
space. Based on the Liouville theorem, the authors
of Ref.[20] argued that the number of quantum states
should be changed to the following form:

dvd3p
(2mh)3(1 + Ap?)3’ (3)

where p? = p;p’, i = 1,2,3. The equation (3) seri-
ously deforms the Plank spectrum of the black body

radiation at the Planck temperature, T\ = /1/X (see
Fig.2 in Ref.[24]).

The generalized commutation relation is*9]

2, p] = iR(1 + Ap). (4)

In the generalized uncertainty relation (1), the expres-
sion of the density of states (3), and the generalized
commutation relation (4), the Planck constant, & in
the standard Heisenberg principle, has been replaced
by a new parameter &’ = (1 + Ap?).

The linear element in Kerr spacetime is given by

2M >
ds? = — <1 - 2r> de? + pzdﬁ + p*do?

p
2Mra?sin* @
+ [(r2 +a?)sin? 0 + % de?
4Mrasin® 6
- %dtdw, (5)

where p? = r2 + a%cos? 9, and A = r? — 2Mr + a2,
M represents the black hole mass and a(= J/M) is
the black hole angular momentum per unit mass. The
radiation temperature of the black hole is

ry —T—

T, = —————
+ 47r(1"3L +a?)’

where r4 = M £/ M?2 — a? are the locations of outer

and inner horizons respectively.
Ay =4r(rd + d®). (6)

Based on the theory of general relativity, an ob-
server at rest at an infinite point finds that the fre-

quency shift of particles from the surface of a star is

v =10y g, (7)

where 1 is the natural frequency shift of the atoms
on the surface of the star. v is the natural frequency
shift of particles from the surface of the star at an ar-
bitrary point 7, obtained by the observer at rest at an
infinite point.

The natural radiation temperature [27—29] mea-

sured by the observer at rest at an infinite point is

_, (8)

where T, is the equilibrium temperature and

’ gttGpp — gt2Lp
9 ="
)

(r—ry)(r—7r_)(r*+ a%cos? )

(F+ @@= (=) —r s 0’
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For the Bosonic system, we calculate the normal  where 8 = 8y1/—gj;. The free energy of the system is

partition function as follows:

1
an:fZgiln(lfefﬂsi). (10) F:—%an

In unit volume, from Eq.(3), the number of quan- - / A(r)v/grrdr

tum states with energy less than v is given by < 7
dmhy/—
X / It Vidv. (15)
3(
0

47p3 . 43 14+ Mr2u2)3(ePhv — 1)
27h)3(1+ Ap2)° 7 3(1+ MaZp?)s’
(11)

where j is the spinning degeneracy of particles, p =

9(v) = i3
3(
So the entropy of the system is

2mhy, and v is given by the expression (7). In the , OF
spacetime (5), the area of two-dimensional curved sur-

face at an arbitrary point r is

A(r) = /dA: /\/gded% (12) =Jﬁo/ (r)/grrdr

y / 47 Brh? \/?item”’ 34y

3(1 + Mr2p2)3(efhr — 1)2"”

where g = geo Foe | _ 90094,- The volume of the 0
96 Gop =7 1 3 / A(r), VIrr dr
lamella at an arbitrary point r outside the horizon is 6725y (—gu)/?
i x 4d
dV = A(r)/grmdr. (13) x / — ., (16)
T 2
So, the partition function of the system at the lamella <1 T /\ﬂo( gtt)> (e 1)
with an arbitrary thickness at the point r outside the
horizon is where @ = fhv, on the supposition that
[ . _ oBei 00
InZ = /A(r)\/g,,rdr Z:gZ In(1 — %) v g
1(9:) /
0 1—1—)\7) (e —1)2
= / \/gwdr/dg In(1 — e Ph) < B3 (—gi)
0 ~7 (22 + 23)dz
iy - 2 3
—J/A(T)\/grrdr ) <1 T >
oo /80( i)
47 Bh 3 1N 3/2 /N 2
d -9 —9g
X0/3(1+A47r2u2)3(eﬁhu— Y =—6o < ”) + Zﬁé( /\“> - (17)
:jﬂO/A(T)\/ grrdr In Eq.(16), we perform the integration over x in the
oo . integral region [ri, r; + €] near the horizon of the
% / 4”3 V2 ;gttﬁh Vv,  (14) black hole, where r is the location of horizon, and
A (1 + Mm2y2)3 (et — 1) then obtain

3/2 N2
() ()]

6o / A(r)yGordr

- 6m24) (—gi1)3/?
Ty
j ry+e 1 . [(T2 + a2)2 o Aa2 sin2 0] [7‘2 + a2 COS2 0] 1/2 ﬂo
= : 2., .2 2\
_2471'2 / A3/2 [_ < (’I" - ’I“+)(’I" - T*) > Slne +A1/2 (7" + a” cos 9) smO dadgodr
[l 5, [2e(r3 + a?cos?0) (r3 +a*cos®f)e| |
“1on / \3/2 l_ ta >\/ (2 T a?) + Bo iz sin 0d6. (18)

0
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We are interested only in the contribution from the
vicinity near the horizon, [ry, r4 + €], which corre-
sponds to a proper distance of the order of the minimal
length, 2v/X. This is because the entropy approaches
the upper bound only in this vicinity. Furthermore, it
is just the vicinity that is neglected by the brick wall
model. We have

T++e

2V = / VGrrdr

r3 4 a? cos? 0

’l‘++€
d
\/2/% (r—ry) r++a2) "

25(1"2 + a2 cos? §)
= + 2 2 ) (19)
k(13 + a?)

Q

where k is the surface gravity at the horizon of the
black hole, and it is identified as k = 271'50_1. Thus
we naturally derive the entropy proportional to the

horizon area

J 1 [7,, oy [2e(r? + a2 cos? 0)
Sy =2 [ —_|T
> 1or ,\3/2[4(r++“)\/ K(rZ + a?)
0
(r1 4+ a®cos®0)e
A\1/2

+ Bo } sin 6d@

=1om / |: —I—Zﬂoﬂ](ri—i-az)sin@dé’
T
0
3 r
:Jg(ri—i—aQ)/XﬁnOdQ
0
_ .3 2
_125( +ta )sinacosa
_ 3A(ry)  ka
"7 8me sinacosa
3A(ry)
=j—" 20
I e (20)

RO

where A(ry) = 4n(r? + a?) is the surface area of the

a sin o cos a
black hole, @ = arctg—, ¢ =e———.
r Ko

From Eq.(20), We+kn0w that the entropy of the
black hole is proportional to the area of its horizon.
According to Eq.(19), we derive the entropy related to
polar angle A\. When a = 0, our results are the same
as those given in Refs.[16] and [17]. But the spacetime

that we study has a general meaning in physics.
3. Fermionic entropy

For a Fermionic gas, the partition function is

anZZgiln(l—l-e*ﬁai). (21)

From the above calculation, we obtain the entropy of

the system is as follows:

v3dv

" 7 4 Brh2\/—g),ePhv

3(1 + Mm2v2?)3 (eﬂ’”’ +1)2

0
_ 1 / A(1)A/Grr dr
67255 J (—g4,)>/?

(o]

x/ ewfdw . (22)
mi et 2
° (1“%(—9;»)( )

T Tptde
gtt
) 1+)\7> o +1)2
< Byt
ezide

T+ pa?)* (e + 17

Il
0\8

_18_]°
- 20u2 (l—l—,ux2 e“’:—l—l)
0
B 0? 7 prdz
=" o2 ) Dt
0
o] G
_6_27 ]
op?) [(T+pa?)  (z+2)(1+ pa?)
0
0% Vi
‘372[7“ ey
—In(1 4 pa?) — 4\/ﬁarctga:\/ﬁ)8°]
15 1 (=94 ’
~— = - — . 2
= 10 (2 (23)

So the entropy of the black hole is

T4 +e
o1 A(r)/grr 1 2
St :ZGWZﬁS’ / = {3/_2450 < gtt>
_A(r4)
_13—71_(, (24)

where 7 is the spinning degeneracy of particles.
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4. Conclusions

Based on the above analysis, the properties of the
thermal radiation from an axially symmetric black
hole are discussed by using a new equation of state
density, which is motivated by the generalized uncer-
tainty relation in the quantum gravity. When the new
equation of state density is utilized to investigate the
entropy of a Bosonic field and Fermionic field out-
side the horizon of a static and spherically symmetric
black hole, the divergence appearing in a brick wall
model is removed, without any cutoff. The entropy
proportional to the horizon area is derived from the
contribution of the vicinity of the horizon.

As early as 1992, Li and Liu phenomenally pro-
posed that the state equations of the thermal radia-
tion near the horizon should be changed into a series of
new formulae, in order to maintain the validity of the
generalized second law of thermodynamics.*° Using
the Li-Liu equation, Wang investigated the entropy

of a self-gravitational radiation system and obtained

the Bekenstein’s entropy bound.[?!] In this paper, we
discuss the entropy of a Bosonic and Fermionic field
near the horizon of an axially symmetric black hole.
We obtain the entropy proportional to the area of the
event horizon. There is no divergence term. This con-
vergence is due to the effect of the generalized uncer-

tainty relation on the quantum states.

In the above calculation, we compute the entropy
It is found that

the entropy is finite and proportional to the area of

of a Bosonic and Fermionic field.

the event horizon. Equations (20) and (24) are gen-
eral expressions of every axially symmetric black hole.
Our results are reasonable and practical. In this pa-
per, we directly use the quantum statistical method to
calculate the entropy. The difficulty in solving a wave
equation is avoided. In the whole process, the idea is
clear in its physics, the calculation is simple and the
result is reasonable. This gives deeper insight into the
understanding of the statistical origin of the entropy

of a black hole.
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