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Calculation of incident ion distribution in a
rectangular hollow cathode in magnetic field
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Incident ion distribution inside a rectangular hollow cathode in a uniform magnetic field is studied analytically.

The analysis shows that the ion distribution on one sidewall is not interfered by the other sidewall when the depth and
width of the cathode are equal, and the ion distribution on the bottom surface related to the depth of the cathode and

the number of ions on the bottom surface decrease monotonically from the centre to the sidewall.
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1. Introduction

In classical theory of glow discharge, ions from
plasma move across the cathode sheath and hit the
cathode, knocking out secondary electrons from the
surface. These secondary electrons ionize or excite
background gas, generating a negative glow (NG) re-
gion. In a hollow cathode discharge, the NG region
There is a thin sheath

around the inner cathode surface in the hollow cath-

is enclosed in the cathode.

ode discharge.l!] The secondary electrons are acceler-
ated through the sheath, and then reflected between
the two sheaths of sidewalls while ionizing the gas
within the hollow cathode.ll The ionization in the
cathode is enhanced, but the electrons also lose much
energy there. Generally the hollow cathode is narrow
and deep, the electrons lose much energy in the ioniza-
tion within the cathode, and a positive column covers
the entire region between the electrodes. That is the
case of the hollow cathode regime.l®! In contrast, a
shallow hollow cathode with a large opening will not
trap the electrons in the cathode, but it can provide
much more energetic electrons than a deep cathode,
and the electron density outside the cathode will also
increase. Previous experiments have discovered that
the dense sheet plasma is produced by a hollow cath-
ode discharge operating in an enhanced glow regime,
which is distinctly different from the abnormal glow

or hollow cathode glow regime.[?! The key difference is
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due to the shallow hollow cathode and the axial mag-
netic field confinement. The axial magnetic field will
help the electrons to form electron beams. If the hol-
low cathode is narrow and deep, the electrons are re-
flected between the sheaths many times and lose most
of their energy before escaping. As a result, there
will be little energetic electron beam. But if the hol-
low cathode is shallow with a large opening, electrons
are reflected only a few times before escaping or es-
cape without reflection between the sheaths, and then
form electron beams out of the cathode. Mathew et al
have reported that a rectangular hollow cathode with
width to depth ratio of 1.3-2 can yield a high elec-
tron density.?) Due to the high electron density, this
kind of hollow cathode discharge can be used to re-
flect electromagnetic wave with frequencies below the
plasma frequency and serve as a new kind of radar

reflector.[4 ¢l

This article will focus on the ion distribution in a
rectangular hollow cathode discharge in an axial mag-
netic field. This topic has not been studied before
so far as we know. The ion distribution in the cath-
ode is important because it determines the secondary
electron distribution along the inner cathode surface.
And under the action of the axial magnetic field, the
spatial distribution of the sheet plasma is mainly de-
termined by the electron distribution in the hollow

cathode. Moreover, the electrons emitted from the

http://www.iop.org/journals/cp
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sidewall of the cathode are more important than those
from the bottom surface, because they are greatly af-
fected by the magnetic field. Our calculation will give
a clear description of the ion distribution in the hollow
cathode.

2.Analysis

We suppose that there is a uniform magnetic field
along the z-axis and the rectangular hollow cathode
is infinite in the y direction, as shown in Fig.1. The
depth and width of the rectangular hollow cathode
are h and d, respectively. We assume that all ions
have the same mass and velocity, and the component
of velocity in z axis is denoted as v, , the component
of cyclotron motion in the zy plane is denoted as vj|.
There is a thin sheath hanging around the outer cath-
ode surface.[?! We consider the ion’s movement in the
hollow cathode. The ions move along a helical trajec-
tory with a Lamour radius rr,; and to be simplified,
we do not consider the ion—ion collisions and the ac-

celeration in the sheath electric field.

Fig.1. Cross-section of the hollow cathode.

2.1. Distribution along the sidewall

First we assume r;, < 2d, and that the distri-
bution on one sidewall is not affected by the other
sidewall. The initial position of the ion is set at the
We suppose that the
The ini-

tial phase is supposed to be ag, and the initial posi-

open mouth of the cathode.

ions have a cyclotron centre located at .

tion x determines an angle «, as shown in Fig.2, with

rL

o = 2 arccos

Fig.2. Projection of the ion trajectory on the bottom
surface of the cathode.

The time needed for an ion to reach the sidewall
o — O

is: t = ———rp,. The depth an ion could reach is
vy
v
z = (a— o) T‘LJ. If the cathode is deep enough
Ca
and ap=0, the largest depth an ion could reach is

_ il
Zmax = OTL

Suppose that the ion density along
1L

the = axis is n(z), and the number of ions with the

cyclotron centre in  — x + da is n(z)dz. The ions

are uniformly distributed in the area (0, z,.x) along

the sidewall of the hollow cathode. So the ion density

along the sidewall is

a
N (z)dz = %dx = mdx. (1)
oerJ 2mrLy)|

vy

The total number of
ions that hit the area z — z + dz is the integration of

It is independent of o and z.

N(z)dz from z; = —ry, cos 2 to o = ri. If n(z) is

constant, the integration is easy to carry out,

Nz(z):/ N(:c)d:n—mjl 1+ cos AL

B 271'UH 2TL’U||

v
OSZSZTH"LJ. (2)
N

Now we can calculate the total number of ions that
hit at (0, z) on the sidewall:
nv | nry, . ZU |

z+ ——sin
27rvH T

Nsie:/ N (2)dz = =
d 0 () ZTL’UH

(3)

If h is longer than 27TT‘LZJ, then Ngiqe equals nry,,
which is just half of the numli_er of ions with cyclotron
centre located at (—ry,, r1,) because the other half will
hit on the outer side of this sidewall. This is easy to

understand from the symmetry.
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We have assumed that the cathode is so wide that
one sidewall does not interfere the ion distribution on
the other sidewall. Now we consider the interference

of the other sidewall when d < 2rp,, as shown in Fig.3.

Fig.3. Projection of the ion trajectory on the bottom

surface, with d < 27ry,.

For the region z — z + dz on one sidewall of the
cathode, all the ions that hit this region should be di-
vided into two parts. One part is for the ions whose
trajectories are not interfered with the other sidewall,
and their cyclotron centres lie in (—ry, cos g, d—rp).
The ion distribution for this part of ions is denoted as
Ni(z). Then by integrating from —rp, cos % to d — rr,
we have

Ny (2) = 24 [i—1+cos <”—L>} (4)

2mv) L 2rpy))

The other part, denoted as Nz(z), is for the ions
whose trajectories interfere with the other sidewall.
This case is more complicated because different z de-

From Fig.3

d—=x
TL ’

termines different integrated segments.

x
we can find that o = arcsin <—> + arcsin <
TL

AN
where a = , and then we can find x:
’I“L’UH

xr =

d
2
d
2
d
2

d2
+ rfcos2 2L — —ctg? UL .
27‘L’UH 4 2er||

We define the smaller solution for x as z;, the larger

one as Ta.
ZT‘LUH
When z € {0, ——
vl
be calculated by integrating from d — rp, to r,. When

d
arcsin —), Ny(z) should
21"L

2rLv d d

z € TN aresin — arccos ), Ny(z)
v L UL 2ry

should be calculated by integrating from d — rp, to

TL’UH

x1, finally we obtain

nv d
Nﬂ@=2m4<2—g>

2TL’UH . d
for z € (0, —— arcsin — | ;
vV 2T‘L

d2
= Jeost () - L gr (20
2rpy), 2r¢ 2rpvy

QT‘L’UH o d TLY)|| d
for z € | —— arcsin —, arccos — | . (6)
v 27‘L v 2TL

So the total number of ions that hit the area z — z+dz
is N(z) = N1(z) + Na(2).

For a clear view of the result, we present a sim-
ple example here. Figure 4 shows the ion distribu-
tion on the sidewall when d=1.5ry, and vi = v.
The dark area represents the result obtained by con-
sidering the interference of the other sidewall, and
there is no significant difference between the two dis-

tributions. When d > rp, and v, = v, we have

2rp )| d :
arcsin =~ d. It means that the interference

U TL
of the other sidewall could be ignored when the depth
and width of the hollow cathode are almost equal.

o d =

v d
27y, —ﬂ—arcsm—
v 27‘L

Yl d
71, —arccos —
vy 21‘L

Fig.4. Ion distribution on the sidewall for d=1.5rf,
and v; = vj|. The dark area represents the result
obtained by considering the interference of the other

sidewall.
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This result is useful for making Monte Carlo simula-

tion.
2.2. Distribution along the bottom surface

The depth h is important when we consider the
ion distribution along the bottom surface. Consider
the region * — = + dz on the bottom surface of the
cathode.
of the ions at the open mouth of the cathode, as

shown in Fig.5. When A > 27r7“Ll the ions with cy-

We use z’ to denote the cyclotron centre

clotron centres =’ > rf, could hlt the bottom surface.

When h < 27r,— bl
vy’

, the ions with cyclotron centre

) could hit the bottom surface.

hU_L
x> —rg, cos <
TL’UH

Fig.5. Contribution of ions with cyclotron centres at
2’ to the density distribution at = on the bottom sur-
face, with h > zmax.

The number of ions with cyclotron centre at (z
z’' +dz’) is nd2’, where n is also the ion density along
the z-axis. The initial positions of these ions are uni-
formly distributed on the circle shown in Fig.5, so the
density on the circle is nda’/27ry,. We use Nground ()
to denote the ions that hit (z,  + dz) on the bottom
surface of the cathode, then we obtain

rL+x !
ndz’ 1
Nground (CE) :/ 2 "

. 27ry, sin 6

/TL-HC ndz’ L
B 2
- L \/rf — (2 — x)?

=" arccos (1 - w) . (7
™ TL

Equation (7) shows the distribution on the bottom
ll

surface when h > 27rp,—, and it is valid only for
vl

0 <z < 2ry,. When z > QTL, the ion density on the
bottom surface is constant, i.e. Ngmund( z) =n.
Now consider the case of h < 271'TL hll . We denote

the ion density on the bottom surface of the cathode

as Ny ouna(z). In this case, the hollow cathode be-
comes shallow and more ions can reach the bottom.

This means that the integration in Eq.(7) should be
rL+T L+
changed from / , where z( is
zg L
determined by h and the ions with cyclotron cen-
tres at ' < xg cannot reach the bottom. The ini-

tial phase of all the ions that could hit the bot-

. hv
tom must satisfy: o > ag, where ag = L and
T'J_'UH

!

a = 2 arccos <w_> as shown in Fig.6. So it is easy

TL

h’UJ_
27‘L’UH
in Fig.6 because it may be positive or negative.

to find that zg = —7[, cos ( > o is not marked

Tmax

,,,\9

Fig.6. Contribution of ions with cyclotron centres at

z' to density distribution on the bottom surface, with
h < Zmax-

We find that x,,., is the farthest position on the
bottom surface of the hollow cathode that the ions
with cyclotron centres in #’ — x’ + dz can reach, and
from Fig.6 we can find

Tmax = &' (1 —cosag) + sinagy/rE — 2. (8)
When we consider the ions that hit the area © — x+dz
on the bottom, we should first determine the z! .. by

taking = as Zmax in Eq.(8). Then we have

Ands’ 1

mrL sinf’

éround (x) = Nground (x) + / (9)

Zo
where A represents the smaller one of rp, and /..
The first term on the right side is the contribution of
ions with cyclotron centres @’ > 2ry, the second term

is from the ions with cyclotron centres at (—rg, 2ry).
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3. Conclusion

Our calculation is mainly concerned with the rect-
angular hollow cathode discharge. The results clearly
show the main feature of the ion distribution along the
inner surface of the rectangular hollow cathode. Also
we find that the ion distribution on one sidewall is not
interfered by the other sidewall when the depth and
width of the cathode are almost equal. It is helpful to

make a Monte Carlo simulation for this kind of hollow

cathode discharge, which is useful to produce dense
sheet plasma for radar application. Because the sec-
ondary electrons emitted from the bottom surface are
not affected by the axial magnetic field, they are less
important than those from the sidewall. Our calcula-
tion also shows that the ion distribution on the bot-
tom surface related to the depth of the cathode and
the number of ions on the bottom surface is monoton-

ically decreases from the centre to the sidewall.
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