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Most of the existing lattice Boltzmann magnetohydrodynamics (MHD) models can be viewed as compressible

schemes to simulate incompressible MHD flows. The compressible effect might lead to some undesired errors in numerical

simulations. In this paper a new incompressible lattice Boltzmann MHD model without compressible effect is presented

for simulating incompressible MHD flows. Numerical simulations of the Hartmann flow are performed. We do numerous

tests and make comparison with Dellar’s model in detail. The numerical results are in good agreement with the analytical

solutions. The scheme preserved a consistent approximation of the divergence-free condition V - B = 0 to round-off

€rror.
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1. Introduction

During the last few years, the lattice Boltz-
mann method (LBM) has been successfully applied
in simulation of fluid flows, such as hydrodynamic
systems, magneto-hydrodynamic systems, multiphase
and multi-component fluids including suspensions
and emulsions, chemical-reactive flows, and multi-
The LBM
originated from a Boolean fluid model, the so-called
lattice gas automata (LGA). Frisch, Hasslacher, and
Pomeau (FHP) proposed the first LGA modell!! usu-
ally named FHP gas, which uses a hexagonal lat-

component flow through porous media.

tice with six particle speeds for simulating two-
dimensional hydrodynamics. However, there are some
shortcomings such as the lack of Galilean invariance
and statistical noise with LGA model. Instead of fol-
lowing the dynamics of individual particles, lattice
Boltzmann methods use the single-particle distribu-
tion function which is more efficient and accurate com-
putationally and essentially noise-free.

The first magneto-hydrodynamic LGA was devel-
oped by Montgomery and Doolen!?:3] shortly after the
FHP gas. Their model is an extension of the original
FHP gas. It includes additional degrees of freedom

of the particles for the vector potential, which has

only one component in two dimensions and satisfies
a passive scalar equation similar to the temperature.
Therefore, the model is confined to two dimensions.
Additionally, the model does not include the Lorentz
force, which must be appended factitiously as an ex-
ternal force that needs some space averages when sim-

ulating.

Originally, only mass and momentum conserva-
tions were considered in the lattice Bathnagar—Gross—
Krook (LBGK) method, which is the simplest and
most popular lattice Boltzmann method. However,
in many applications it is important and sometimes
critical to consider the magnetic effects in fluid flows.
LBGK models for magnetohydrodynamics (MHD)
flows have been developed by several groups. In gen-
eral, these lattice Boltzmann MHD models fall into
two categories: the multi-speed (MS) approach and
multi-distribution-function (MDF) approach. The MS
approach is a straightforward extension of the lattice

Boltzmann models!4—6!

presented by Martinez, Chen
and Matthaeus in which a tensor (i.e., two-indexed)
particle representation and a bi-directional streaming
mechanism are used. For each one of these particles,
there are two vectors attached, representing the mo-

mentum and magnetic field. These MS models in-
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troduce some additional discrete velocities and the
equilibrium distributions usually include higher order
velocity terms. However, this model is confined to
low-Reynolds because the values of the transport co-
efficients at the stability threshold are finite and its
extension to three dimensions would require a large
amount of computational memory. Such limitations
severely restrict the MDF model’s applications.

However, the limitations of the MS approach can
be partly overcome by the MDF approach. In the
MDF modell” presented by Dellar, the Lorentz force
can be introduced as a point-wise force, the induction
equation is also solved using an LBGK equation by in-
troducing an independent distribution function. MDF
models can improve the numerical stability. The accu-
racy of the MDF models has been verified by several
benchmark studies in Refs.[8,9]. Despite the advan-
tage of the MDF models, there are still some limita-
tions. For instance, in order to get the correct macro-
scopic equation from the MDF models, it must be as-
sumed that the Mach number of the flow is small and
the density varies slowly. When used for incompress-
ible flows, the method must be viewed as an artificial
compressible method. In some cases, such as turbu-
lent flows, this compressibility may produce some un-
desired nonphysical phenomena. Some efforts have
been made to reduce or eliminate such errors for lat-
tice Boltzmann MHD models. Recently, Macnab et al
presented another octagonal lattice Boltzmann MHD
model,l'® which possesses a higher level of isotropy
than both square and hexagonal lattice model. But
one must use an interpolation procedure to relate the
diagonal vectors to the corresponding nodes in choos-
ing to connect a square grid with an octagonal stream-
ing lattice. This quasi-nonlocal procedure may de-
crease the parallelizability of the model.

In our previous work,113] an improved LBM
which can simulate the incompressible Navier—Stokes
equation was designed for both steady and unsteady
flows. In this paper, we present a new incompressible
model for MHD flows by introducing an additional
lattice Boltzmann equation using magnetic distribu-
tion function to describe the evolution of the magnetic
field. Compared with existing models, this model is
more stable, usable, easily parallel-implemented and
has higher accuracy. For the high Hartmann num-
ber, it simulates well. Especially, this incompressible
model simulates well when the pressure gradient G is
large while most of existing models would fail. The

rest of the paper is organized as follows. In Section

2, the unified model is described in details. Then we
will show how to use Chapman—Enskog expansion to
recover the MHD equations in Section 3. Section 4 de-
scribes the use of the model to solve numerically the
MHD problem of the Hartmann flow for several Hart-
mann numbers H, which parametrizes the solutions.
We present the test simulations of the Hartmann flow
in detail. There has been no detailed analysis about
the problem ever before. We also make detailed com-

parison with Dellar’s model. Section 5 concludes the

paper.
2.Lattice Boltzmann MHD

model
2.1. Lattice Boltzmann equation

The lattice Boltzmann equation describes the evo-

lution of the particle distribution function f;,
f,(a: + ceiAt, t+ At) — fi(X,t) = 'Qz (1)

For LBM, the LBGK single time relaxation

method is often used for the collision term

Qi = -7 (fiz,t) - f{%(=,1)), (2)

where 7 is the dimensionless relaxation time and f;“
is the equilibrium distribution function. It depends on
the lattice and it is usually not uniquely defined. For
lattices, the distribution function has the form given
in Ref.[14]:

eq cei-u  (cei-u)®  u?
fi =wip|l+ 2 + ) (3)

4 9.2
2c; 2c3

Az
At
is the particle speed, Az, At, and 7 are the lattice grid

where e; is the discrete velocity direction, and ¢ =

spacing, and the time step respectively. w; are the

weight coefficients such that sz =1 and ¢, is the
i>0

sound speed, p is the density. They also depend on the

lattice model. The commonly used lattice model is the

DdQq given by Qian et al, where d is the dimension

and ¢ is the number of the discrete velocity directions.

4

For the D2Q9 lattice MHD model, we have wy = g’
1 1 2

wi=~(i=1-4), w;=—(i=5-8), 2= —. The
9 36 3

velocity vectors, with magnitudes |e;| =1 fori=1—4
and |e;| = v/2 for i = 5 — 8, form a square lattice, as

illustrated in Fig.1.
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Fig.1. The nine particle speeds used by the hydrody-

namic lattice Boltzmann equation.

2.2. Description of the incompressible MHD

model

The incompressible MHD equations are

V-u=0, (4)

du B? )
E—&—V pI—|—7I+uu—BB =ouvV-u, (5)

0B

— 4+ V-

ot
The magnetic field is solenoidial, V - B = 0; and the

fluid is incompressible, V - 4 = 0. The two diffusion

(uB — Bu) = V?B. (6)

coefficients v and 7 are the kinematic viscosity and
magnetic resistivity, respectively. The relative impor-
tance of the viscous and resistive terms in the momen-
tum and induction equations, respectively, is denoted

by two dimensionless parameters, the Reynolds num-

L UL
ber Re = — and magnetic Reynolds Rm = —,

v n
It is

well known that a small Mach number is equivalent

where U and L are velocity and length scales.

to the incompressible limit. In this paper, we assume
that two nonlinear terms w2 and B? are comparable,
in other words, that the fluid velocity is comparable
with the magnetic field B(O(u) = O(B) = O(M)).
Under the small Mach number limit, magnetic field
and density variations are both O(M?).

The magnetic field is represented by a separate
vector distribution function, which obeys a kinetic
BGK-type evolution equation. Although there is no
analogous microscopic process for the magnetic field,
it can be argued that any conservative system can be
formulated in this way under appropriate constraints.
To derive the incompressible lattice model Eqs.(4-6),
following the idea suggested in Ref.[15] we use two
LBGK equations to solve the velocity and magnetic

fields respectively:

fi(z + ce;At,t + At) —
=—7! [fl(w7t) -

fi(ﬂ.?, t)
fi'l(=,1)], (7)

g;(x + cejAt,t + At) — g;(z,t)
=—T, [gj(wat) - gj (e, )] ) (8)

where e; or e; is the discrete velocity direction.
fi(z,t) is the distribution function at node x and
(eq

time t with velocity ce;, f;

1 )(:c,t) is the correspond-

ing equilibrium distribution depending on the lattice
model used; g;(z,t) and g§eq) (z,t) are those of the
magnetic field.

Remark 1 As mentioned in Refs.[15,16], we
can use two independent LBGK models in Eq.(7) and
Eq.(8), which depend on the lattice models and equi-
librium distributions. For computational consistency
and convenience, we use the same computational grid
and particle speed for the two models; thus the set of
discrete velocity directions in Eq.(8) is taken as the

subset of those in Eq.(7).

The commonly used lattice model is the Bi-
Stream model given by Martinez et al,[® and com-
pressible model given by Dellar.[”! Different from the
common models, we take the pressure P as an inde-
pendent variable in the equilibrium distribution as in
Ref.[11] to derive a unified lattice MHD model iDdQgq.
The velocity equilibrium distribution in iDdQgq is de-
fined as

£8° =po + Aop — wo x 2u22 + (2wo — 1) x %’(9)
fi(eq) =Aip + w; <ce:-2§- - (Ce;c.‘slu)z - %

+f_j_%> i >0, (10)

where JA; is the parameter defined by A; %, Ao =

W —
— Z = 0 . w; are the weight coefficients such

>0
that w; > 0, Z w; = 1 and ¢4 is the sound speed. They

depend on the lattice model. Constant pg is the mean

density of flow.

fi(eq) satisfies the following constraints:

Zfi(eq) = Zfi = po, Zceifi(eq) =u
i>0 i>0 i>0
B2
Zcee <p+>I+uuBB. (11)
>0

The flow velocity, pressure, and kinematic viscous
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are given by

u=>Y ceifi, (12)

i>0

p==X"|D_ fi+so(u,B)

i>0
c

e ;fﬁso(u,B) : (13)
v =(1—1/2)c2At, (14)

u? 2

where so(u, B) = _wOE + 2wy — 1) 52
For the :D2Q9 model, we have wg = g, w; =

2
%(z =1-4), w; = %(z =5-28),c2 = %; for the
iD3Q15 model, ¢2 = i, wy = 2, w; = 1(z =1-6),
) 3 9 9

w; = ﬁ(l = 7—14), and for the iD3Q19 model, c? =
é,woz é,wiz %(izl—ﬁ), w; = %(i:7—18).

To solve Eq.(6), we can use the same iDdQq lat-

tice model used for magnetic field, and the equilibrium
(eq)

distribution g, * is taken as

1
ggeq) = w; <B + —ce; - (uB — Bu)> , ©t>0,
c

El

and
Zggeq) :Zgz = Bv
i>0 i>0
Z ceig\"” = Bu — uB, (16)
i>0
where w; and ¢, are the same as in the Eq.(7), as n in
Eq.(6) is calculated by:

n= <Tm - %)cfAt. (17)

As mentioned in the remark above, other lattice MHD
models can be used for Eq.(6). For instance, Ref.[15]
used :D2Q4 and iD2Q5 for Eq.(6) in 2D respectively.

In general, we can also use iDdQ(2d) or iDdQ(2d+1)
(eq)

lattice for Eq.(6), and now g; " is taken as

(e _ 1 b uB - >
9. = <B + 5, € (uB Bu)> 1>0, (18)
and 7 in Eq.(6) is calculated by:

1
=g X 2¢2 (T — 1/2)At, (19)

where b =2d or b =2d+1, corresponding to iDdQ(2d)
or 1DdQ(2d+1) lattice. ggeq)(m,t) defined by Eq.(18)

satisfies the first two constraints in Eq.(16) and
Zc2eie,-g§e(1) = % x 2¢?BI. iDdQ(2d) consists of
i>0

o;ﬂy the directions along axes, while :DdQ(2d+1) the
directions along axes and zero one. It is notable that
2d is the least number of discrete velocity directions.
Similarly, following Ref.[15], through multi-scaling ex-
pansion, Eq.(6) can be derived to the second order
from Eqs.(15) and (17), or Egs.(18) and (19), under
the low Mach number limitation.

Remark 2 Compared with the Dellar modell”
and most of traditional LBM models,[* 8] we substi-
tute the pressure P for the density p in the equilib-
rium distribution functions just like Guo et al did in
the Ref.[11]. With the new equilibrium distribution
functions, we can recover the incompressible Navier—
Stokes equations exactly without some higher order
terms which may bring an undesirable compressible
effect. Another main advantage is that our model can
be more usable in dealing with external force. To drive
the flow, firstly we can use the pressure difference be-
tween inlet and outlet, which is easily implemented in
program. Secondly, we can add the general external
force term to the right side of the evolvement equation
as in Ref.[17]. Thirdly, we also can append factitiously
external force into the equilibrium distribution func-
tion as Dellar did in Ref.[7]. However, there is a strict
limitation in the Dellar method of handling external
force. It is applicable only when the external force is

constant.
2.3. Boundary condition

Most of the existing boundary schemes commonly
used in LBM usually encounter numerical instabil-
ity for flows at large Reynolds number. In a previ-
ous study, Guo et al developed in Ref.[16,17] a non-
equilibrium extrapolation rule for velocity and pres-
sure boundary condition, which is of second order with
simple form and exhibits much better numerical sta-
bility. This rule is based on the decomposition of dis-

tribution function

fi(@n,t) = £V (@, 1) + £ (@, 1), (20)

where fi(neq) is the non-equilibrium part of f;, x, is a
node on boundary.

For velocity boundary, we have

Filwn,t) = 1 (@, 0+ (file, )= £V (@r,1)), (21)
while for pressure boundary, we use

=(eq)

fi@nst) =T (@o, t)+(filee, t) = £ (21,1)), (22)
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where

7V (@, t) = Aip(@e, ) + si(w(@n, ), By, 1)), (23)

=(eq)
fi (wb7t) = )‘ip(wb7 t) + Si(u(a}fa t)v B(wf>t))> (24)
x¢ is the inner fluid node adjacent to xy,.
The same boundary treatment can also be applied

on the magnetic field.
3. Derivation of the model equa-

tions

In this section we examine in detail the struc-
ture of the present model from the perspective of
the Chapman—Enskog expansion procedure. Here we
treat the long wavelength, low frequency behaviour of
the system, including corrections to the ideal equa-
tions in the form of dissipative transport effects. We
start from the discrete kinetic Eqs.(7) and (8) and
expand up to the second order in time and space vari-

ables to obtain

ALD; fi(w, ) + (AZ?2D§ fila, t)
S (fi(w,t) _ f}eq>(m,t)) , (25)

At)?
atDig 1)+ B p2g, @1

—— ! (a@n - g V@n), ()

where D; = 9t + ce; - V. Now we adopt the following

multiple scale expansion. The time derivation, space

derivation and particle distribution are expanded as

Ot = €0ty + e20to, (27)
V =¢eV,, (28)
fi=fO+efV P (29)

where fi(O) _ f(e'J)’ QEO) _ QEGQ)

parameter € is assumed small, implying that t5 has

and the expansion

a slower time scale than t;, and will be associated
with diffusion effects. Since we are considering only
one space scale, to simplify the notation in what fol-
lows, we will simply refer to V (instead of V). The
expansion parameter will be retained to keep con-
tributions of the same order. For particle distribu-
tion, we assumed the higher term of ¢ to small depar-

ture from equilibrium. Finally, the collision operator

‘Qi = — 1 <f1(m,t) — fi(eq)(:r:,t
‘Qi = —T71 <€fz(1) + €2fi(2)>'

)) can be written as

Replacing all the expansions into Egs.(25) and (26),
we obtained
1

. Dyfl” = W 30
c: Dl =, (30)
1
Dygl" = ———— gV 31
1i9; TmAtgz , (31)
1
2. gy @ D2 (0) Di.(l):f (2)
2 of® + SO+ DL = ),
(32)
0 , At 5 (0) (1) L0
dtag; ~ + 5 D1igi” + Duig; A
(33)
where Dy; = 0ty +ce; - V.
After algebraic manipulations the Eqs. (32,33)
can be rewritten as
1 1
00 f@ ¢ (1- D\ pus0 = Ly (s
2f7, + 2 1 fz At f@ ) ( )
1 1
9t9” + (1 — — | Dyg!") = @, (35
2g;  + 5= | P1igi LA (35)

Multiplying Egs.(30) and (31) and Eqs.(34) and (35)

by 1 and ce;, respectively, and summing over i, we get:

V,-u=0, (36)

dtiu+ V., - I =0, (37)

B+ V., - A0 =; (38)
and

Atou + V., - T =0, (39)

dtsB + V., - AV = 0; (40)
where

1 1
IF):< ?) Ceieiff”
T 2>0

and

AM

(157) el

>0
=— <T — —> At <8t1 ZCQelelf( )
i>0
+V, Z c3eieieifi(0))

= <r—§> At(8t1 ()+V7-F(°)>

~—c? <T - —> AtV?u, (41)
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F(O) = Z csemeiﬁewfi(o)

i>0

=c2(Uabdpy + Upboy + uydap), (42)

1
(1. e
AV = (1 o > E c€iangig

m/7 >0

1 ()
= — <Tm — 2> AthemDﬂgm

i>0

1 (0)
=— <Tm — 2> At (8751 Zcemgw

i>0

+V,y ) czem&ﬂﬁ?)

i>0

1
- <Tm - 2) At(dt, A + 2V, - Bpda,)

1
~—c? <Tm - 5) AtV?B. (43)

Combining the first order and second order terms,
the MHD Eqs.(4-6) are derived to the order of
O(e?)(e ~ At), O(e2 +eM?) and O(e2 +eM?3) in con-
tinuity, momentum, and induction equation, respec-
tively. They can be controlled by the parameter 7.
The computation of p can be found in the Ref.[16]
in details and the p also has a accuracy of order
O(g? + eM?) (with only one difference that so(u, B)
has two parameters.) The detailed process of calcula-

tion of A1) and IT(M is referred to Ref.[7].
4. Numerical simulation

Next, we apply our model to a linear magnetohy-
drodynamic problem named Hartmann flow.['8] This
is the stationary flow of an incompressible, conduc-
tive fluid between two plates. Between the two plates,
there is a homogenous magnetic field perpendicular
to them. The direction of the initial magnetic field is
chosen as the y—axis. We assume that the velocity
of the fluid has only one component along the z-axis
U = (Uy,uy,u,) = (0,0,0). The two plates are lo-
cated at y = L and y = —L. The flow produces
an additional magnetic field. This field also has only
an & component. The total magnetic field is B =
(Bs, By, B.) = (0,By,0), and p = p(z), where By
is the constant strength of the initial magnetic field.

From the continuity equation and the divergence-free

du,
condition of the magnetic field we get ai = 0 and
x

0B
= 0.

Therefore, the nonlinear terms in the

x
Navier—Stoke equation reduce to (u - V)u = 0 and

9B,
(B-V)B = <Boa—y,0,0>.

In the incompressible limit, the MHD equations

for the Hartmann flow simplify to two linear equa-

tions: )
0%uy 0B,
—— + B, G=0 44
L + By oy + ; (44)
Ouy 9%B,,
B =0 45
0 3y +n 3y2 ) ( )

where G denotes a spatially uniform forcing in the
along-channel direction, such as a pressure gradient.
Assuming rigid and imperfectly conducting boundary
conditions, so that both u, and B, vanish ony = £+L,
the Egs.(44) and (45) has the exact solution

_ pGL (sinh(Hy/L) y
Boly) = 75, < sinh(H) L (46)
_GL [pn cosh(Hy/L)
(47)
BoL .
where H = is the Hartmann number that

pvn
is the ratio between the magnetic and the viscous
force. In the limit of zero Hartmann number with-
out external field the solution reduces to B, = 0
(L? — y?)G
2pv
locity profile of the Poiseuille flow. For large Hart-

and u, = , which is the parabolic ve-

mann numbers, the velocity profile is flattened. The

velocity is almost constant between the two plates ex-

L
cept in a thin boundary layer of thickness § = I

where the velocity rises from zero to the constant

GL
value ug = B Pl The initial condition of the Sys-
0

tem was an equilibrium state with constant density
p = 1.0, pressures flow-in p;,, flow-out py,; and a uni-
form magnetic field By in the y direction. The velocity
and the z component of the magnetic field was zero at
the beginning of the simulation. The boundary condi-
tions were realized by the method of non-equilibrium
extrapolation.

It should be noted that the driven ingredient G in
Eq.(44) can be realized through the pressure boundary
condition, and we can also append an external force
F = G into the right side of Eq.(7) as in Ref.[15], while
the external force F' should satisfy some constraint.
Additionally, we can append the external force F' into
the equilibrium equation as proposed by Dellar. We
observed that simulations using above three different
methods give results with very little difference.

Now we present the results of the simulation. The
parameters used in the simulation are Az = 0.02,
v =n = 001, p;,, = 1.0016, poyy = 1.0, L = 1.0.
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The lattice size is 8x100. To reach the steady state, a
number of iterations are performed. The criterion of

steady state is

(n+1) (n)
Y = <3.0x1077,
Z Uij
ij
where
ul? = u(zs, g, nAl).

The flow is driven by a spatially uniform forcing in
along-channel direction, such as a pressure gradient.
1 (P + B?/2)

oz '

Figure 2 shows

We set it equal to —G = In our

simulation we set G=0.01,7=0.95.
the resulting velocity profiles and in Fig.3, the corre-
sponding profile of the horizontal Magnetic field Bu is
shown. The curves are the analytic solutions Eqs.(46)
and (47). The simulation results agree well with the

analytical solutions.

0.5

0.4

0.3

0.2

U

~1.5 -0.5 0.0 0.5 1.0
Y/L

Fig.2. Profile of u (velocity in the z-direction) vs y/L for
different Hartmann numbers: H=1 (diamonds), H=3 (tri-
angles), H=5 (squares), H=10 (circles), H=30(pluses), H
=100(stars). The solid lines are the theoretical results.

-1.5 -0.5 0.0 0.5 1.0
Y/L

Fig.3. Horizontal magnetic-fields Bu vs y/L for dif-
ferent Hartmann numbers: H=1 (diamonds), H=5
(squares), H=10 (circles), H=30 (pluses), H=100

(stars). The solid lines are the theoretical results.

Figures 4 and 5 show that the parameters’ rela-
tive global errors vary with the Hartmann number H
and relax time 7, respectively. The Hartmann number

BoL
H=2°

un
the magnetic field By. The kinematic viscosity v and

was varied by changing the magnitude of

resistivity 7 can be obtained as a function of the relax-
ation time 7 through Egs.(14) and (17). In the past,
the forcing coefficient G was usually set to 1075 or
even smaller to ensure that the distribution function
fi will only slightly depart from equilibrium during
the evolvement process, while our model can simulate

well when G was set to 0.1.

0.035
-o-71=0.95 ug

5 0.030 - +-71=0.95 B
E 0.025 -+-71=1.00 Ux
= —e— 7=1.00 B
-8 0.020f —— +=0.90
o 0.015
I
2 0.010
=

0.005

0.000

20 40 60 80 100
H

Fig.4. Hartmann number vs relative global error.

H=30, G=0.01

0.025

0.020

0.015

—log(error)

0.0101

0.005

0.000
0.

Fig.5. H=30. The relative global error also changes

with relax time 7.

We have to take the Mach number M « Az to
establish second-order convergence to the incompress-
ible solution of Eqgs.(46) and (47), since the incom-
pressible error is O(M?) and the spatial truncation
error is O(Az?).
equilibrium extrapolation has also the second-order

The boundary condition of non-

accuracy. Accuracy is evaluated by measuring the
convergence rate of the relative global error as the

lattice spacing varies, the relative global error is given
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by

where the summation is over the entire system, and
Also,

we can get the relative global error of the horizontal

u is the analytic solution given by Eq.(28).

component of magnetic fields. We use different lat-
tice sizes 8 x400, 8 x200, 8x100 and 8x50 to simulate
Hartmann flow. In Fig.6, the relative global errors
are plotted logarithmically as functions of the lattice
spacing. The slopes of the least-square fits are about
1.9936(u), 1.9821(B,) and 1.9870(u,), 1.9858 (B,)
for 7=0.95 and 7=1.1, respectively. It really shows
the second-order accuracy. Compared with the ex-
isting compressible modell” proposed by Dellar, our
model has better stability and can be easily controlled
by the above criterion of steady state while simulating.

In two dimensions, both the five-point lattice with
weights wg = l, w; = 1(z =1 —4) and the nine-point

lattice with weights given above can be used on the

Uy
25 —— our model 5
= == our model 9 7=0.95
2.3 — Dellar’s model 5
—-Dellar’s model 9 P

Relative gloabl error/10~3

o 100 200 300 400

magnetic field. In Figs.7 and 8, 5 symbolizes the five-
point lattice while 9 symbolizes the nine-point lattice
in the magnetic field. Through many tests, we found
for the two models the results of five-point lattice had
little difference with the nine-point lattice, and the dif-
ference is of the order 10~4. As the evolvement time t
grows, the relative global error of our model converges

while the compressible modell” diverges.
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Fig.6. Relative global error for the Hartmann flow. The
lines represent the least-squares fits. The slopes of the lines
are: 1.9936 (ug), 1.9821 (Bg), 7=0.95; 1.9870 (uz), 1.9858
(Bz), 7=1.1, H=30.
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Fig.7. The convergence comparison of our incompressible model with Dellar compressible model.

7=0.95, H=30, G=0.01.
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Fig.8. The convergence comparison of our incompressible model with Dellar’s compressible model.

7=1.10, H=30, G=0.01.
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Numerical results show that the velocity increases
rapidly over a short distance from the boundary wall
and decreases with the Hartmann number H grow-
ing, which well agrees with analytical solutions. The

1/2
pv
nB2) ’
is called the Hartmann layer. Then we found that
)
"~ H~'. When H > 1, the thickness § becomes

very small and we need to increase the width of the

boundary layer, which has thickness § ~

domain to resolve §. Therefore, if simulations with
higher values of H are desired, L should be increased
and the bigger sizes of lattice scheme are needed to
round off the errors. This is not a limitation of the lat-
tice Boltzmann simulation scheme, but rather a con-
straint because the computation of the analytic solu-

tion presents the same flaws.
5. Conclusion

In this paper, a new lattice Boltzmann incom-
pressible MHD model is developed, which has an equi-
librium distribution function in velocity different from
Dellar.[] Through multiscaling-expansion, the MHD
equations are exactly recovered to the second order
from the model. By choosing the distribution appro-
priately, the compressible effect is eliminated.

We apply the model to a linear problem (steady
Hartmann flow) and it shows correct MHD behaviour.
The simulation results using different parameters,
such as the Hartmann number and the transport co-
efficients, have been presented for the test case previ-
ously considered in the literature, and compared with
Dellar’s solutions. Employing the non-equilibrium ex-

trapolation boundary scheme, the method is of second

order, has simple form and much better numerical sta-
bility. To drive the flow, we use the pressure differ-
ence between inlet and outlet. We can also add one
controllable external force into the evolvement equa-
tion to realize it, which is referred in Ref.[17]. An-
other method is to add factitiously external force into
the equilibrium distribution function as Dellar did in
Ref.[7]. We simulated all of them. The results are the
same, but the last one needs some space averages that
may decrease the model’s usability and is applicable
only when external force is constant. Meanwhile, our
model is independent of the density p whose variety
during the evolvement process may lead to some unde-
sired errors. Our model has more exactly take account
of the incompressible condition V-u = 0 and eliminate
some compressible effect brought by density term in
earlier lattice Boltzmann MHD models.

Usually, the five-point lattice converges faster
than nine-point lattice while the latter has better ac-
curacy. But in our model, we observed that the five-
point lattice converges faster and has the same ac-
Compared with the Dellar

model,[”l our model is more stable and easily con-

curacy or even better.

trolled. Although we have used the model to repro-
duce the Hartmann flow, future applications of the
model to other complicated MHD flows are needed to
show its usability. Application of the model extension

to three-dimensional space is in progress.
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