Vol 14 No 7, July 2005
1009-1963/2005/14(07)/1313-04

Chinese Physics

© 2005 Chin. Phys. Soc.
and IOP Publishing Ltd

Probabilistic teleportation of an arbitrary
two-particle state by a partial
three-particle entangled GHZ state
and a two-particle entangled state’
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We propose a scheme to teleport an arbitrary unknown two-particle state by a non-maximally three-particle

entangled Greenberger—Horne—Zeilinger (GHZ) state and a non-maximally two-particle entangled state from a sender

to either one of two receivers. We probabilistically teleport the arbitrary unknown two-particle state by performing two

Bell-state measurements on the sender’s side, introducing two appropriate unitary transformations on the receiver’s side

conditioned on a Hadamard operation and a projection measurement on the other possible receiver’s side.
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In recent years, people have paid more and more
attention to quantum teleportation and have proposed
many teleportation schemes!'='3!. Li et al,l'] and Shi
and Tomital?l have proposed schemes to teleport a
single qubit by a non-maximally entangled pair and
a three-particle entangled W state, respectively. On
the other hand, multi-particle quantum teleportation
may be extremely useful in quantum computation and
quantum communication, so it is important to con-
sider how to realize multi-particle teleportation. Re-
cently, Shi et al,[® and Lu and Guol* have proposed
schemes to teleport a two-particle entangled pair by a
non-maximally three-particle entangled Greenberger—
Horne—Zeilinger (GHZ) state and two EPR pairs, re-
spectively. Gu et all®! have put forward a scheme to
teleport an arbitrary and unknown two-particle state
by two non-maximally entangled pairs. Zheng et al,[®
and Liu and Guo!™l have proposed two schemes to tele-
port an unknown three-particle entangled W state and
an unknown three-particle entangled GHZ state both

by three non-maximally entangled pairs.

While all schemes of teleportation mentioned
above are meant for use of a sender to one receiver,

the following schemes are for a sender to either one

of two receivers. Gorbachev and Trabilko[®! have pro-
posed a scheme to teleport an entangled pair by three-
particle entanglement. Dai et all®) have proposed a
scheme to teleport an unknown three-particle entan-
gled GHZ state by a non-maximally three-particle en-
tangled GHZ state and a non-maximally three-particle
entangled W state. In addition, Dai et al[''! have
proposed two schemes to teleport an arbitrary two-
particle state by two non-maximally three-particle en-
tangled W states, as well as the combination of a non-
maximally three-particle entangled GHZ state and a
non-maximally three-particle entangled W state.

In this paper, we propose a scheme to teleport an
arbitrary unknown two-particle state from a sender
to either one of two receivers, who are spatially sep-
arated, by using a non-maximally three-particle en-
tangled GHZ state and a non-maximally two-particle
entangled state as the quantum channel.

We suppose that the sender Alice wants to trans-
mit an arbitrary and unknown two-particle state to
either one of two receivers Bob and Charlie. The ar-
bitrary unknown two-particle state that will be tele-

ported can be expressed as

| ¥)12 = (20]00) + 21]01) + 22|10) + 23|11))12, (1)
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where the coefficients z, 1, T2 and z3 satisfy |zo|? +
|21/? + |22|* + |23)* = 1, and {]00)12, [01)12, [10)12,
[11)12} is the basis of a four-dimensional Hilbert space.
Without loss of generality, the quantum channel, com-
posed of a non-maximally three-particle entangled
GHZ state and a non-maximally two-particle entan-

gled state, is as follows:
|¥)345 = (@|000) + b|111))345, (2)

|#)e7 = (c|00) + d[11))er, (3)
where the coefficients a and b satisfy |a|?+|b|? = 1, and
la| > |b]; coefficients ¢ and d satisfy |c|2+ |d|?> = 1 and
|| > |d|. The non-maximally three-particle entangled
GHZ state and the non-maximally two-particle entan-
gled state are shared by the sender and two receivers
who are spatially separated. Particles 3 and 6 belong
to the sender Alice, while particles 4 and 5 belong to
the receivers Bob and Charlie, respectively. Therefore,

the state of the whole system is given by
| V) = |¥)12@ | ¥)345 @ | ¥)er- (4)

First of all, Alice must carry out two Bell-
measurements on particles (1, 3) and particles (2, 6),
respectively. After the two Bell-state measurements,

all possible 16 results are enumerated as follows:
26( 8 [13( 8™ ¥)

:%[xoac|000> +% z,ad|001)
+! 25bc[110) £ (£")23bd|111)]457, (5)
26(U*|13(0%| V)

:%[xoad|001> +2 z1ac|000)
+! 25bd|111) £2 (£1)23bc|110)]457, (6)
26<¢i‘13<wi| W>

:%[mobc|110> +2 21bd|111)
+! 25ac|000) £2 (£1)23ad|001)]457, (7)
26(UF[13(0F| @)

:%[mobd\Hl} +2 2,bc|110)

+! 25ad|001) +2 (+1)23ac|000)]457, (8)

where the Bell-states |#*);; and |¥¥),; are defined as

|6%),; = %uom 1)), (9)
|05 = ——(j01) £ [10)),5, (10)

V2

and where +! and 2 correspond to the superscripts
for the Bell-states composed of particles (1, 3) and

particles (2, 6), respectively. For example, if Alice’s
measurement results are |®7 )13 and | ¥ ), i.e., the
corresponding superscripts are + and —, then the
state of particles (4, 5, 7), as shown by Eq.(6), will
be

1
26<W7|13<¢+| W> :E[ﬂfoad|001> — $1a6|000>
+ Cl?zbd|111> - $3b0|110>]457(11)

If Bob wants to receive the teleported state | ¥)q2
in Eq.(1), particle 7 belongs to the receiver Bob. After
the operations, Alice should inform Bob of her mea-
surement results via classical communication, and ask
Charlie to carry out a Hadamard operation on particle
5, then make a projection measurement on particle 5.

The Hadamard operation is of the form

1
HI0) = =(10) + 1), (12)
H|1) = ——(J0) — 1)), (13)

V2

and after the Hadamard operation on particle 5, we

will have

1
——|[(zgad|01) — z1ac|00
+ zobd|11) — x3bc|10))47]0)5

+ (zpad|01) — z1ac|00) — z5bd|11)
+ 23bc[10))47|1)5)]. (14)

If Charlie obtains the
results of |0)5, the state of particle 4 and 7 become

Charlie measures particle 5.

1

— d|01) — 00) + z5bd|11) — x3bc|10 .

2\/5(1‘oa| ) — 1ac|00) + z2bd|11) — 23bc[10))47
(15)

Otherwise, if Charlie obtains the results of |1)5, the
state of particle 4 and 7 will be

1

— d|01) — 00) — zobd|11) + z3bc|10 .

2\/5(1‘oa| ) — z1ac|00) — z2bd|11) + 3bc[10))47
(16)

After the measurements, Charlie informs Bob of
his measurement result via classical communication.
Secondly, Bob needs to establish a correspondence so
that the coefficients z; (i = 0,1,2,3) can correspond
to |00)47, |01)47, |10)47, and |11)47, respectively. This
can be realized by performing the unitary transforma-

tion U; on particle 4 and 7. The form of Uj is

Ur = (10){0] + [1)(1])a ® (10)(1] + [1)(0)7, ~ (17)
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where |0)(0|+|1)(1] is the identity operator (expressed
as I) and |0)(1] + |1)(0] is Pauli operator (expressed
as 0.). That is, the unitary transformation U; will

transform the state shown in Eq.(15) into

1
| )4z :m(xoadw(}) — z1ac|01)

Bob then introduces an auxiliary particle A with
its initial state |0) 4 and makes another unitary trans-
formation U, on particles (4, 7). In order to rein-
carnate the state of particles (1, 2) under the ba-
sis {]000)47.4, [010)a74, [100Ya74, [110Y474, [001)a74,
|011) 474, |101) 474, [111)474}, the unitary transforma-

tion Uy may take the form of the following 8 x8 matrix:

A, A
Uy = R (19)
Ay, —Ay

where A; (i = 1,2) is a 4 X 4 matrix and may be

written as
A, = diag(ao, a1, az,as), (20)
Ay = diag <\/1 —ag,\/l —a%,\/l —a%,\/l —a%) )
(21)

where a; (¢ = 1,2 and |a;| < 1) depends on the state of
particles (4, 7). For example, Bob introduces an aux-

iliary particle A with its initial state |0) 4, the state

described in Eq.(18) becomes

1
|¥Ya7 ®10)a :ﬁ(mgad|00> — xyac|01)
+ 22bd|10) — 23bc|11))a7 ® |0) 4. (22)

If we choose

b bd d
((10,0,]_,(12,(13) = <_7__717__> ) (23)

a ac C

the unitary transformation U, will transform the state
in Eq.(22) into

bd

2v/2
1 2 2 T
+ m(va — b 20|00)
— /(ac)? = (bd)? z|01)
+ V2 —d? z3|11))47|1) 4. (24)

Table 1 shows all kinds of different unitary transfor-
mations U; and the coefficients a; (i = 0,1,2,3) of
unitary transformations Uy performed by Bob on the
states of particles 4 and 7, respectively. We must men-
tion that +! and 42 in Table 1 correspond to the
superscripts for the Bell-state composed of particles
(1, 3) and (2, 6), respectively. + and — in +5 corre-
spond to the measurement results |0)5 and|1)s after

)

the Hadamard operation Hs(i on particle 5.

Table 1. All possible unitary transformation Ui and the coefficients a; (¢ = 0,1,2,3) for

the unitary transformation Us performed by Bob.

States of particles 4, 5 and 7 U ao a a2 as
HE (26( 0% |12(9% | 9) LenL - 122 5En? nEE)
HE (56 (W |15 (6% 9)) 14 ® (00)7 12% (1)1 ﬂ:s(i2)(:|:1)g
HE (6% 15( 0| 9)) (02)1 ® Ty s t(£2)1 2 2
HES (a6 (0 [15( 97| 9)) Y O e s2(an)?

Finally, Bob measures the state of auxiliary parti-
cle A. If the result is |0) 4, we realize the quantum tele-
portation is successful with the probability of |bd|?/8.
Otherwise, teleportation fails. It can be easily verified
that 32 kinds of states, which Bob can obtain, have
the same results. Therefore the total probability of

successful teleportation is 4|bd|?.

Similarly, if Charlie wants to receive the tele-
ported state |¥)15 in Eq.(1), particle 7 belongs to the
receiver Charlie. First, Alice should inform Charlie of
her measurement results via classical communication,
and asks Bob to carry out a Hadamard operation on
particle 4. Then Charlie performs unitary transfor-

mations on particles (5, 7). We can see that particle
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4 and particle 5 are in the same state in each term
in Eq.(5), and the same case of particles 4 and 5 in
Eqgs.(6 — 8). So we can easily obtain all possible U;
and the coefficients a; (i = 0,1,2,3) for the unitary
transformation Us performed by Charlie, only by ex-
changing the subscripts 5 and 4 in Table 1. Certainly,
Charlie will successfully receive the teleported state
|¥)12 in Eq.(1) with the probability of 4|bd|?. That is
to say that Charlie can do the same thing as Bob does
especially with the same unitary transformation.

From the above analysis, we can see that, in each
case, the total probability of successful teleportation
for each receiver is 4[bd|%2. The probability of suc-
cessful teleportation increases with entanglement de-
gree of the quantum channel. If the quantum chan-
nel composed of two maximally entangled states, i.e.
la| = |b] = |c| = |d] = %, the total probability would
equal 1. Obviously, the unitary transformation made
by each receiver in this situation is reduced to the uni-
tary Uy on particles (4, 7) or particles (5, 7), and the
auxiliary particle A and unitary transformation U, are
not needed.

In summary, we have proposed a scheme for tele-

porting an unknown and arbitrary two-particle state

from a sender to either one of two receivers by using
a non-maximally three-particle entangled GHZ state
and a non-maximally two-particle entangled state
as the quantum channel. Compared with previous
schemes, our scheme has the following advantages.
First, the probability of teleportation is greatly in-
creased by changing the quantum channel with the aid
of a Hadamard operation and a projection measure-
ment. In this scheme, if Bob wants to receive the tele-
ported state | ¥)12 in Eq.(1) , no matter which state is
particle 5 in, the scheme will be successful, that is, it is
without fail on particle 5. If Charlie wants to receive
the teleported state |¥)q5 in Eq.(1), it is also with-
out fail on particle 4. In other schemes!1%11 that tele-
port an arbitrary two-particle state, there is failure on
some particles in the process of teleportation. Second,
no matter who receives the state in Eq.(1), all opera-
tions and results corresponding to each operation are
the same in form, especially the unitary transforma-
tion. Third, this scheme can be directly generalized to
teleport an arbitrary and unknown two-particle state
from a sender to any one of N receivers by using a
non-maximally (N + 1)—particle entangled GHZ state

and a non-maximally two-particle entangled state.
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