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We study the eigenstate problem of a two-coupled oscillator system. A new entangled state representation |v)

composed of the common eigenvectors of operators (z1 + p2) and (p1 + z2) is established. Eigenvalues and eigenvectors

of the Hamiltonian are obtained in |y) representations. The same problem is studied in the second-quantization rep-

resentation. We find that the second-quantization representation can be used to derive the normally ordered product

expression of eigenvector in Fock space. In particular, we find that the ground state of the Hamiltonian is a kind of

generalized two-mode squeezed state.
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1. Introduction

It is well known that Diracl! established quan-
tum mechanical representation theory that played
a very important role in the development of mod-
We know that the coher-

ent state representation?? and the entangled state

ern quantum physics.

representation/®?¥ have greatly promoted the devel-
opment of quantum optics, quantum information and
computation.l®%! By using the technique of Integra-
tion Within Ordered Product of operators (IWOP
technique), Fan!®" has developed Dirac’s representa-
tion theory and symbolic method.

In this paper, we study the eigenstate problem of
a two-coupled oscillator system. We first construct a
new entangled state representation |y) composed of
the common eigenvectors of operators (z; + ps) and
(p1+x2), where z; and p; are respectively the position
and momentum operators of the Ith particle (I = 1,2).
Eigenvalues and eigenvectors of the Hamiltonian are
obtained in the |y) representation. We find that the
|v) representations give a good picture for working
out this problem. The same problem is studied in the
second-quantization representation. We find that the
second-quantization representation can be used to de-
rive the normally ordered product expression of eigen-
vector in Fock space. In particular, we find that the

ground state of the Hamiltonian is a generalized two-
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mode squeezed state.

This paper is arranged as follows. In Section 2,
we construct the |y) representation. In Section 3, we
solve the eigenstate problem in the |y) representation.
In Section 4, the normally ordered product expression

of eigenvector in Fock space is presented.
2.Construction of the new entan-

gled state representation |v)

We define the wavefunction

2
) :eXP{ - % +ya] +ivtag — iaia§}0,0>,

v =n+ir. (1)

It is easy to prove that |v) is the simultaneous eigen-

vector of operators (z1 + p2) and (p; + x2) as follows:

(z1 +p2)|7) = V271 lv),
(1 + 22)]7) = V2rly), (2)

1 1
where z; = ﬁ(al + a;r) and p = —=(a; — a;r) are

V21

respectively the position and momentum operators
of the lth particle (I = 1,2).
(z1 — p2) and (p1 — x2) respectively act on |vy), we

When the operators

http://www.iop.org/journals/cp
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obtain two important formulas as follows:

Y(pr — x2) = _1\/_871< ot

(Y(z1 —p2) = 1\/_ -, 0l 3)
The expressions (2) and (3) will be used in the next
section. Because of v = «; + i72, the expression (1)

can be rewritten as

y) =expq — M0 +71(a1 +ia})
2 2
+—72(a;—%iai)——iaia£}|0,0>. (4)

With the aid of IWOP technique, we can perform the

integration over v; and s

d2
/ AN
_/d%d”m )
= . ex
i

+ 7 (aI + ia; +a;

p{—7i — 73

— iag)}
x exp{y2(ad +ial + ay — iay)
1aIa£ +iajag — aJ{al - CL;GQ} =1, (5)

where the following formula/®! is used:

10,0)(0,0] abas} : (6)

=: exp{—ala, —

The symbol “: :” in the expression (6) refers to the nor-
mally ordered product of operator. In terms of the ex-
pression (5), the completeness relation of |v) is proved.
The orthogonality relation of |y) can be proved also
by using IWOP technique in coherent state represen-
tation. Here we discuss the problem in the other way.
We construct two pairs of new creation and annihila-

tion operators as follows:

czi?m+mg
<ﬁ:§§d ia})
D =%(a1 iay)
Dt :%(ai +ial). (7)

They satisfy the commutative relations

[C,CT]Z[D,DT]:L [CaD]:[C’DT]:O (8)

From the expression (7), it is easy to prove that

lv) = 7r|‘1>q:vl ® |p>P:’Yz7 (9)

where ® stands for the direct product of |g) and |p).
They are defined as

1 I q2 D‘L2
2 =(;) ol - T+ VEaD' - 5 Hon,,

- (2) of - 2

2 CT
5+ vaipc! + T}0>C . (10)

The vacuum states |0), and |0), are determined by
C‘O7O>0,D =D |0’0>C,D =0, (11)
where
|O’O>C,D = |O>C ® |0>D' (12)

From the expressions (8) and (10), we can obtain

(dld") =4d(d —4")

and
'lp") = (" —p")- (13)

From the expressions (9) and (13), we have

<'Y,|'7”> =g =~ <ql|qu>q”:'y{’ ® <pl|p”>p”:'y§'

=md(yy —71)(v2 — 72)- (14)

This is just the orthogonality relation of eigenvectors
|v)- It can be seen from the expressions (5) and (14)
that the state |v) constructs a quantum mechanical
representation indeed. According to the expressions
(A4) and (A6

also an entangled state representation. The properties

), we see that the representation |y) is

of the entangled state |y) will be detailed in another

work.

3. Solution to the eigenstate
problem of the Hamiltonian in

|7) representation

In this section, we solve the eigenstate problem in
the above discussed |v) representation. The Hamilto-

nian of a two-coupled oscillator system is defined as

1 1
H 25(17? +a7) + 5(105 + 3)
+ k(x1p, + x2p, ). (15)
For simplicity, we assume that m; = my = 1, wy =

wy = 1 and A = 1. We change the Hamiltonian into

the following form:



No.7 Application of new entangled state representation to a... 1309
where And we have the eigenvector of the Hamiltonian H in
1 o2 the function space
1 =40+ 00 + a0,
_ 1.2, 2
1 2 a2 2 <71’ "/2 |E> n1 ’n-ze 2« (’YI +72)
+|=(p, +2)"+ —(z, — 17
0, e+ e -2 ) o (22)ma (). e
a Va
and )
2 _ %, _ %_ (18) where
+ ta Noyn, = (277720 Inglm) =5, (28)

We call |E) the eigenvector of the H'. Of course, |E)

is also the eigenvector of the H. Then we have

H'|E) = E'|E) and (y|H'|E) = E'(7|E).  (19)

We define (v|E) as
(VE) = (1172l E) = ¢(71,72)- (20)

From the expressions (2),(3) and (20),

equation (19) is changed into a differential equation

2 82 2
(559

2 Ov;i 2

012 82 2
+ <———2+7—2>}¢(%mg)

=E'o(71,72)- (21)

the eigen-

The equation (21) is a variable separable differential
equation. By setting

p(rirs) = p1(r)ea(ra), E'=E{+E,  (22)
and
4 !
A = 2E17 Ay = 2E2’
o a
gi! 2
= e, =2 23
61 \/av 62 \/av ( )
we can divide Eq.(21) into two parts as follows:
d? 9
i + (M = &) | %, (&) =0,
d? 9
-z + (M1 = &) |9, (&) =0. (24)
dé3

They are the equations that can be changed into stan-
dard Hermite equations. Then the eigenvalue E’ of H'

is directly obtained as follows:
E'=E{+E)=a(n +ny+ 1), (25)

where ny,ne = 0,1,2,.... From the expression (16),

the eigenvalue of the Hamiltonian H is
2a
“1ta

=v1—k?(ny +ny+1). (26)

(n1 —|—7’L2 + 1)

4. The normally ordered product
expression of eigenvectors in
Fock space and the squeezed

state

We derive the Hamiltonian expression in the
second-quantization representation, thereby we can
obtain the normally ordered product expression of the

eigenvectors in Fock space. We rewrite expression (17)

as
Plz 2 2 "2
H/ =+ Pll2 + %QQ + QT; (29)
where
oL
Q _\/i(xl p2)7
1
P' = %(Pl + x2),
1
Q" = E(xl + p2),
JR—— 30
_E p1 — T2). (30)

They have the following commutative relations:

@, P']
@, Q"]

:[QII7PI’] — 1’

(@', P"] =[P",Q"] =[P, P"] = 0.(31)

We define operators

(WQ+
(WQ—

\/— P,
T P,
(ﬁ +ivaP"),

n

Bt :ﬁ(ﬁ —iy/aP"), (32)

They satisfy the commutative relations:

%\

B =

e

[A,AT] = [B,B'=1, [A4,B]=[4,B]|=0. (33)
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It is easy to prove that the Hamiltonian (29) can be
expressed in (A,AT) and (B,BT) as

1
H' = a<ATA + %) + a<BTB + 5), (34)

which is just the expression of H’ in the second-
quantization representation. From the expression
(34), we directly obtain the eigenvalue of Hamiltonian
H/

E' =a(ng +ny+1), (35)
which is the same as the expression (25). It is the

eigenvector of the Hamiltonian that is the eigenvector

of a generalized two-mode oscillator

1 -
WAT "B™0,0)

where the operators (Af, BY) are defined in the ex-
pression (32). And it is the vacuum state [0,0), .

Wﬂly’ﬂz = A,B) (36)

determined by

A|07 0>A,B =0, B|0’ 0>A,B =0 (37)

that is the ground state of the Hamiltonian. Based
on the expression (37), we can derive the normally or-
dered product expression of the eigenvector in Fock
space. From the expressions (30) and (32), we rewrite

the operators A and B respectively as
A=vC +pC', B=vD —uD", (38)

where the operators C' and D are expressed by the

expression (7),

1
v=lat), p=

1
2,/a 2/a

The relation between v and p is as follows:

(a—1). (39)

vt =1. (40)
Using the expressions (37) and (38), we have
VC|Ov 0>A,B = _/‘LCT|O’ 0>A,B

and
VD‘O7O>A,B = iu’DT|0’O>A,B' (41)

Then we have
|0’0>A,B = U|070>C,D

and

U=exp| — #(CTZ—DTZ)]. (42)
14

The empty state |0,0). , in the expression (42) is de-
fined by the expression (11). From the expressions
(11) and (7), we also have

a1‘0,0>C,D = a2|0, 0>C,D =0. (43)
Using the expressions (11) and (43), we have
0,0)c.0 = 10,0)a, a5 (44)

Using the expression (42), we can change the eigen-

vector (36) into
1 11 e
————A" "B"7|0,0)4,8
nl!ng!
1
n1!n2!
x (U 'BTU)™0,0) . (45)

w"l"Z -

UU-tAtU)™

By using the following operator formula:

FGe T =G+ [F,G)+ %[ﬁ [F,G]] +.., (46)
we obtain
UtAtU = uC + %T
U'B'U = —uD + D;. (47)

Substituting the expression (47) into the expression

(45) yields

D\ ™
x(—uD+;) 0,000, - (43)

In order to obtain the normally ordered product ex-

ct\™
pression (48), we need to make (l/C + —> X < —
v

Dt
uD + — normally ordered. Fortunately, there
v

exists a useful operator formula

(sa + tah)™ —< — 1\/§>n
x : H, <i\/§a+i\/£af> : (49)

where s and t are two real parameters. The formula
(49) has been proved with quantum similarity trans-

formation and TWOP technique of operator.[?'% Then
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_:U'D+ _> ‘070>C,D

X H,, < - \/QHTVDT> 10,0, - (50)

Using the expressions (7), (39), (48) and (50), we ob-
tain the normally ordered product expression of eigen-

vector in Fock space as follows:

—~

1 ym a—1 \"m
(=i -
\/nl!ng! 2(Oé+ ]-)

y o=y
ex 1 a,a .
P a+1 172
Ot

a2 —1 (al o Ia;):|

o .
| = [zl + 10D 10,0000 1)

From the

expression (51), we obtain the ground state of the

1/}"1"2 -

x H,, [i

where « is defined by the expression (4).

Hamiltonian

a—1
oo = e (12 qalad ) 0.0 (52)

+1

which is a generalized two-mode squeezed state.
5. Conclusion

We have studied the eigenstate problem of a two-
coupled oscillator system. We have constructed a
new entangled state representation |y) composed of
the common eigenvectors of operators (z; + p3) and
(p1 + @2). Eigenvalues and eigenvectors of the Hamil-
tonian are obtained in |y) representation. The same
problem is also studied in the second-quantization rep-
resentation. The second-quantization representation
can be used to derive the normally ordered product
expression of eigenvector in Fock space. The ground
state of the Hamiltonian is found to be a generalized

two-mode squeezed state.
Appendix: |y) state is a new en-

tangled state

In Section 3, we have proved that the state |vy)
constructs a quantum mechanical representation. In
this Appendix, we prove that the |y) state is a new

entangled state . It is known that

2
lv) = exp{ — % —|—’yaI —I—i'y*a; — iaIa;}|0,0>. (A1)

Because of v =71 + 2, |7) can be rewritten as

_ M bt
|v) =exp 5 "3 +m1(a) +iay)

+ v2(ad +ial) — ia{a;}|o,o>. (A2)

We make a Fourier transformation to the state |vy) as

follows:

where is the eigenvector of position op-

T
1

erator for mode 1 which is marked by ¢ and a;, and

q
et
u + 2>

a

P
— <u — %) > is the eigenvector of momentum op-
as
erator for mode 2 which is marked by p and as. From

the expression (A3), it is easy to obtain the inverse

Fourier transformation as follows:

‘7 = \%('Yl + ivz)>

—e i / dulu)l @ |y — u)ﬁzeiuwz. (A4)

— 00

This is just the Schmidt decomposition of the
state |y). Just like the derivation of the expressions
(A3) and (A4), we can also have

1

d’Yl o . ivyr
/% Y= \/5(71 +W2)>e
_l’_

q
2 72
+3) o3,

p
ai

(A5)

‘7 = %(% + i72)>

—e 7% / dojv +72)2. ® | — v)2 e 1. (A6)

— 00

By use of the expression (A4) or (A6), the state

|v) is really indicated to be a new entangled state.
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