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Based on the study of tanh function method and the coupled projective Riccati equation method, we propose a new

algorithm to search for explicit exact solutions of nonlinear evolution equations. We use the higher-order Schrédinger

equation and mKdV equation to illustrate this algorithm. As a result, more new solutions are obtained, which include

new solitary solutions, periodic solutions, and singular solutions. Some new solutions are illustrated in figures.
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1. Introduction

To find exact solutions of nonlinear evolution
equations has long been one of the central sub-
With the devel-

opment of soliton theory, many powerful methods

ject in mathematics and physics.

have been presented, such as the inverse scattering
transform method,*?! Bécklund transformation, !

(4l homogeneous balance

Hirota’s bilinear method,
method,[®! various tanh methods,6=1%! the projective
Riccati equation method[*®! and the similarity reduc-

tion method,'™ etc.

It is known that the Riccati equation ¢/ = R+ ¢

has the following solutions:

b1 = 7\/jsinh(\/j§)
! cosh(v/—RE)

by = VRsin(vV/R¢)
* cos(VERE)

and that the coupled projective Riccati equations

o' = eor and 7' = R + €72 — po have the solutions:

o R
~ p+ cosh(VRE)
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o \/Rsinh(\/ﬁf)
p + cosh(vV/RE)
e=—1,R#0,

or

R

u+ cos(VRE)’
VEsin(vVRE)

~ p+cos(VRE)
e=1,R#0.

Inspired by the above knowledge, we wonder whether

there is a system that possesses the following solu-

B sinh (§)
f= 1+ Acosh? (¢)’
B cosh (&)
=7 + Acosh? (¢)’

_ 1

1+ Acosh? (&)’

B sin (£)
r= 1+ Acos? (§)’

_ cos (&)
97 T Acos? €’

tions:

or
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h— 1 . where f, g, h satisfy
1+ Acos? (§)
Through calculation, we create a system of three Ric- ' =kdg(1 — 2h — 2¢Ah),
cati equations.
I
In this paper, we introduce a new method and g'=08f(1-2h),
apply it to the following higher-order Schrodinger W = 25Afq, (6)

equation:!®!

ow . 0*v ) P
5 :lalm +1a2W|W| +Q3W
ov|v|? o|w|?
v— 1
H T T (1)
and mKdV equation
up + 6uluy + Uppy = 0. (2)

In Eq.(1), ¥ is a slowly varying envelope of the electric
field, the subscripts z and t are the spatial and tempo-
ral partial derivative in retard time coordinates, and
i, ag, as, ag and ag are the real parameters related
to the group velocity, self-phase modulation, third-
order dispersion, self-steepening, and self-frequency
shift arising from stimulated Raman scattering, re-
spectively. Some properties of the equation, as well
as many versions of it, have been studied.['8-2% Up
to now, the bright, dark and the combined bright and
dark solitary waves and periodic waves are found from
Eq.(1) and its special case. In this paper, we apply
our method to Eq.(1) so that new exact solutions are
obtained.

The rest of this paper is arranged as follows. In
Section 2, we briefly describe our method. In Sec-
tion 3, we apply it to the Schrodinger equation (1)
and mKdV equation (2) to illustrate our algorithm.

Finally, some conclusions are given in Section 4.
2.New expansion algorithm of

three Riccati equations

In this section, we describe the method step by
step as follows. For a given partial differential equa-

tion for u(z,t):
F(u,us, Uy, gy ...) = 0. (3)

Under the transformation u(z,t) = u(§) and ¢ =
x + At, where A is a constant to be determined, Eq.(3)

reduces to
G(u,u' v u"..) =0, (4)

where ¢’ ’:;—5. We seek the solutions of Eq.(4) in the

form

w=ao+ Y kN aif +big+cih), (5)

1=1

Af2 = kh(1 — h — €Ah),
Ag* = h(1 - h),

and a;, b;, ¢;, A # 0, n are constants to be determined
later.

It is easy to see that Eq.(6) has the following so-
lutions:
when k=1, = -1,e=1

B sinh (&)
ro=- o
k(&)

" 1+ Acosh? €)’

when k=1, = —1,e = -1

B cosh (&)
9(5) = H—TlnhZ(f)’ (8)
h(¢€)

1 + Asinh?® (¢)’

when k= —-1,e=1, =1

_ sin (§)
f&= HTE)S(E)7
g(&) = T+ Acos? (8)” 9)
B () .

T 17 Acos? &)’

when k= —-1,e=1,6 = -1

cos (&
f(&)= 1+AS%I£)2 G
0= (10
h(€)

T 1+ Asin? €)

To determine u explicitly, we take the following steps:
step 1 Determine n by balancing the highest-order
partial differential term and the nonlinear terms in
Eq.(3) or Eq.(4).

step 2 With the aid of Maple, substitute Eq.(5)
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and Eq.(6) into Eq.(4) and then collect the coeffi-
cients of the same power fig/h!(i = 0,1,5 = 0,1,] =
0,1,2,3...). Set each of the obtained coefficients to
zero to obtain an over-determined system of algebraic
equations for A, a;, b;, c;, A.

step 3 Solve the system of algebraic equations ob-
tained in step 2 for A, a;, b;,c;, A.

step 4 Substitute these values into Egs.(5) along
with Egs.(7), (8),(9) and (10) to obtain the solutions
of Eq.(3).

Remark Apparently, the solutions of Egs.(6) are dif-
ferent from those of Riccati equation and projective

Riccati equations.
3.Exact solutions of the equa-

tions
Example 1
In order to seek the exact solutions of Eq.(1), ac-
cording to the above steps, we make the gauge trans-

formation:

W(Z)t) = ¢(£)6Xp[i(k‘z - U)t]a E=t— Az, (11)

where A\, w,k are constants to be determined later.
Substituting Eq.(11) into Eq.(1) yields a complex or-
dinary differential equation for 1, the real and imagi-

nary parts of which respectively read as

(ag — 3azw)y"” + (agws — a1w2)1/1

+ (ag — aqw)p® =0, (12a)
azy" + (2w — 3azw? + )y’
+ (3ayq + 2a5)y?’ = 0. (12b)

It is easy to see that Egs.(12a) and (12b) are combined

into an equation

o 200w — 3azw? + )\T/’ + 3ay + 2a

Q3 30[3

¥ =0, (13)

under the constraint condition

_ozl (30[4 + 2(15) — 30526!3
- 60[3(&4 =+ 0[5)

1
k=-— a_g[(al — 3azw)

)

X (201w — 3azw? + \) — aqyw?] + w®.

By balancing the highest order derivative and nonlin-
ear terms in Eq.(13), we obtain n = 1. In what follows,
we will obtain the solutions of Eq.(1) by considering
Eq.(13). According to the method, we assume that
Eq.(13) has the following solution:

Y =ap+aif + axg + ash, (14)

where ag,a1,as,a3 are constants to be determined

later.

With the aid of Maple 9, substitute Eq.(14) and
Eq.(6) into Eq.(13), and collect all terms with the
same power in fig/h!(i = 0,1, =0,1,1 = 0,1,2,3,4).
Setting the coefficients of these terms fig7h! to zero
yields a set of algebraic polynomial equations. For
simplicity, we omit them. With the aid of Maple 9, we
have the following constants of ag, ai, a2, as, A,
and A.

When k=1, =—1,ande=1

Case 1
6
az = 2 $,a2:a0:a1:0,A:—2, and
3a4+2a5
A= —4daz — 201w + 3 azw?;
Case 2
60[3A 6 a3A +6 OLgAz
Al = A5 502 =\~ %5 > @ =
3C¥4+20é5 3a4+2a5
a3 =0,and A = —20qw — a3 + 3 azw?,

where A is an arbitrary constant.
When k=1,§ = —1,and e = —1
Case 3
ag = az3 = 0,A = —20qw — asz + 3azw?,a; =
—6 AO(3 + 66!314.2 6AC(3
— yand ap =4/ ——,
3a4—|—2a5 3a4+2a5

where A is an arbitrary constant;

Case 4
A=2ay=a; =ay=0,\=—4as+3asw?—20;w,
6
and a3 = 2 L.
3a4—|—2a5

When k=—-1,e=1,and § =1

Case 5
ag=ay =a; =0,A = —20qw+ 3asw? +4a3, A =
6
—2,and az = 2 —¢;
30£4+20£5
Case 6
605314
ap = ag , a1 \/3(14_’_2&57 azw o w+

6asA+6a5A2
B 3as+2as
where A is an arbitrary constant.
When k= —-1,e=1,and § = —1
Case 7
ap = ag =ay = 0,A = -2\ = 20w+ 4as +

6
3asw?, and az = 24/ — ¢;
30(4 +20[5
S S

as, and ag =

Case 8
0 6a3A 9 +
a = a3 = U,a1 = = 2aqiw
0 3 » ¢1 3a4+2a5 1
6a3A—i—6a3A2
3a3w2 + as, and ag = —m,

where A is an arbitrary constant.
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Therefore, we can obtain the following exact so- where A = 2w + 3 asw? + 4 as;

6as & { [ 6Aas " sin (t — A\z)
— 6 =
T 12 . aﬁ;f 0‘5/)\ expli(kz — wt], Sas+2as 1+ Acos(t—)2)
— 2 cosh™(t — A2) 6 a3 A% + 6 Aas " cos (t — Az)
3oy +2as 1+ Acos?(t — Az)

v _{ | 6azA " sinh (¢ — Az) x expli(kz — wt],
2 3ag+2as 1+ Acosh® (t — \z)
i 6 azA+ 6asA? y cosh (t — \z) } where A = 3azw? — 2w + as;
3ay+2as 1+ Acosh® (t — \z)

x expli(kz — wt], 6oz
_ 30[4 + 20[5
11— 2sin?(t— Az)

lutions:

1

where A = —4az — 20w + 3azw?;

where A = —az — 203w + 3azw?; v, expli(kz — wt],

i _{ 6 Aaz " cosh (t — A\z)
*T\V3as+2a5 1+ Asinh?(t — Az)

where A = —2qyw + 4 a3 + 3 azw?;
n —6 Aoz + 6 a3 A2 " sinh (t — A\z) }
3as+2as 1 + Asinh? (t—Az) e — [ 6asA " cos (t — A\z)
x exp[i(kz — wt], *T\V3as+2a5 14+ Asin? (t—Az)
where A = —2a1w — as + 3azw?; n 6as A+ 6a3A? o sin (t — Az)
6as 3as+2as 1+ Asin® (t — \z)
9./ =3
i(kz — wt
U, = 3'0[4;_ 2as expli(kz — wt], x expli(kz — wil,
1+ 2 sinh” (t — A2)
where A = —4as3 + 3azw? — 20 w; where A = —2 aqw + 3 asw? + as.
as Remark Among the above solutions, ¥, and ¥3 are
N T3 1+ 2as both new forms of exact solutions. And they are illus-
Uy = expli(kz — wt],

trated in Fig.1 and Fig.2, respectively.

1—2cos? (t— Az)

5 0

Fig.1. Solitary solution of Schrédinger equation ¥a, the real part, imaginary part and the modulus,
where A =14,a1 = 1,as = 2,a3 = 1,a4 = 5, and a5 = 3.

Fig.2. Solitary solution of Schrédinger equation ¥3, the real part, imaginary part and the

modulus, where a; = 10 and ag = 0.1.
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Example 2
At first, we make the travelling transformation

u=ule), E=katX,  (15)
and Eq.(2) becomes
'+ 6kuu’ + E*u” = 0. (16)

Therefore we obtain the following solutions:
uy = aycsch (§), ¢ = —layx — ia;°t,

where aq is an arbitrary constant;

—a32 + 4k2 + 4]{22@3
dag 4k? — (4k2 + a3?) cosh? (¢)’

Ug =

k (8k*as? + 3ag* + 48k*) ¢
2 )

& =ka —

8a3

where k, ag are arbitrary constants;

as® aga? cosh ()
Us =
> 7 2(a2 — a3?) a2 — as? cosh? (€)
+ as
a2 — a2 cosh? (¢)’
¢ = as’x a3’ (2a2? + az?) t
= - ,

422 —az? 2 (422 — a3?) (as2 — a3?)?

where ay, a3 are arbitrary constants;

ag n ai(a? + a2)sinh ()

2 a?+ a2 — a2 cosh® (¢)
as(af + aj)

a? + a2 — a2 cosh? (£)’

(2 a12 — a32) t>

2

Uy = —

E=—v—a? a32<a:+
where a1, a3 are arbitrary constants;
a? sinh (£)
a2 — (a;2 — ag?) cosh? (€)
a1%a; cosh (€)

ar? — (a1? — a22)005h2 ('f)7

Us =

_|_

a12m n a16t
Via2? —ai?)  /(a2? — ar?) (22 — a2?)

where ay, ay are arbitrary constants;

¢ =

)

ug = —ksech (&), ¢ =k — k3t,

where k is an arbitrary constant;

iv2k  iv2ksinh () iv/2k

ur = —

4 1—sinh®(€) 1-sinh®(¢)’

k3t
4
where k is an arbitrary constant;

B VAkcosh (¢§)  V/—A? + Aksinh (¢)
1+ Asinh?(¢) 1+ Asinh?® (¢)

E=kx —

us

b

€ = kx — k3t
where k, A are arbitrary constants;

2 n kv —k? — az2a3z sinh (§)
Ug =—
° T2 K2+ (k2 4 a3?) sinh? (¢)
a3k2

+
k2 4 (k2 + as2) sinh? (¢)

)

k3 (2as® +3k?) t

2 )

= k —
f v 2a3

where k and a3 are arbitrary constants;

4 k% — a3? 4k?as
u = 5
10 daz 4k? + (42 + a3?)sinh? (€)
k(48 k* 4 8k%as? 4+ 3as*) t
E=kr — ( * 93" +das ) ,
8a32

where k and a3 are arbitrary constants;

as k2v/k% + a32 cosh (€)
2 k2 + (k2 + as2) sinh? (¢)
a3k2

+ :
k2 + (k2 4 a3?) sinh? (€)

Uil = —

€=k — <k3 +gka32> t,

where k and a3 are arbitrary constants;

_ as® azas?sinh (£)
Uiz = — 2(as? + az?)  as? — ay2sinh? (¢)
az®
* as? — a2 sinh? (¢)’
_ az’x
S (as? + az?)

CL36 (—2 CL22 + a32) t
2 — ((1,32 —I— a22) (a32 —|— a22)2

_|_

)

where a; and ag are arbitrary constants;
w3 = ay csc (§), € =iajx —ia,t,

where a; is an arbitrary constant;
aj sin (£)
a? — (a12 + a2?) cos? (§)
n atay cos (€)
a3 — (a1% 4 az?) cos? (€)’

U4 =

Vol. 14
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ai’x a5t

V=@t +a?) V= (a?+ad) (a? +a)’

where a; and ay are arbitrary constants;

a1 (af — a3) sin (§)
a1? — az? — a2 cos? (&)
ag(a12 — 032)
a1? — az? — ay? cos? ()’

¢ =

as
u15:77—|—

2 2
é_:m(m_(2a1 +a3)t)’

2

where a; and a3 are arbitrary constants;

4 k% + a3? 4k3as
U6 = — + )
dag 4k? — (4 k% — az?) cos? (§)
k(—8k2%az? + 48 k* + 3az)t
£ — ko H(E8Fa as)t
8(132

where k and ag are arbitrary constants;
uy7 = aq sec (§), € =iarz — iaq>t,

where a; is an arbitrary constants;

as iaz sin (&) as
Ui = —— ) .2 ’
4  1+4sin®(§) 1+sin”(§)
2 2
where a3 is an arbitrary constant;
4k2 + a32 4k2a3
Ug = — ,
19 4as 4k? — (4k2 — a32)sin? (¢)
k (—8k%as? + 48k* +3az*) t
£ = ko~ H(TBH s a’)t
8a32

where k and a3 are arbitrary constants;

aj cos (£)

U20 = B
a3 — (a2 + a12) sin? (€)
n a2as sin (£)
a? — (a22 + a,2) sin” (¢)’
a’x a5t

&=

V(a2 + a1?) B V(a2 * a12) (az? + a;2)

where a; and as are arbitrary constants;

s — az® aza?sin (€)
"7 2(as? — as?) a? — a2 sin? (€)
+ as
az? — ax?sin® (¢)’
—a32m

(a3? — az?)
a36t

2 (a32 — a22) (2 a22 + CL32) (CL22 — CL32)2’

where as and as are arbitrary constants;

88 ay (a% — ag) cos (£)
22 2 (a3 — a3) — a12sin? ()
as (a% — ag)

(a2 —a?) — a2 sin® (f)’

as? a2
52‘/a32_a12<x_w>,

2

where a; and ag are arbitrary constants.

Remark As far as we know, the solutions uz ~
Ug, Ug ~ Uig,Urs ~ Uig, Uzg ~ Uz1, are all new forms
of solutions. And we use Fig.3 and Fig.4 to describe

the solutions us and w5, respectively.

%’i%z

I @

5

‘VEL
U

g i ‘& 348 e
i “‘}’A {g‘i E“\gﬁ Lt

L
Wi

Fig.3. Solitary solution of mKdV equation us the real part, imaginary part and the modulus of us, where

A=14, a1 =1l,ap =2,a3 = 1,4 = 5, and a5 = 3.
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Fig.4. Solitary solution of mKdV equation uj2, the real part, imaginary part and the modulus,

where as = 2 and asz = 3.

4. Conclusion

In summary, we have derived many families of

exact travelling wave solutions of the higher-order

nonlinear Schrodinger equation in optical fibres and

mKdV equation by using our new method. It is shown

that symbolic computation method is a powerful tool

for seeking the solutions of nonlinear evolution equa-

tions. Our method can be also used to search for the

new solution of other nonlinear evolution equations.
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