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An algorithm is devised to obtained exact travelling wave solutions of differential-different equations by means

of hyperbolic function. For illustration, we apply the method to solve the discrete nonlinear (2+1)-dimensional Toda

lattice equation and the discretized nonlinear mKdV lattice equation, and successfully constructed some explicit and

exact travelling wave solutions.
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1. Introduction

Seeking exact solutions of nonlinear evolu-
tion equations is of importance in mathematical
physics. In the past decades, several powerful
methods have been developed to construct many
types of exact solutions of nonlinear partial differ-
ential equations(PDEs)—— such as inverse scattering
theory,!!) Backlund transformation,!?! hyperbolic func-
tion method,®~5 homogeneous balance method,68!
multilinear variable separation approach®1! and Ja-
cobian elliptic function method?2-1%] etc. In recent
years, the direct search for exact solutions of PDEs
becomes more and more attractive partly due to the
availability of computer symbolic systems like Maple
or Mathematica, which allows us to perform compli-
cated and tedious algebraic calculations on computer.
In particular, one of the most effective direct methods
to construct exact solutions of PDEs is the hyperbolic

function method.

Since the work of Fermi, Pasta and Ulam,®!
the investigation of exact solutions of the nonlinear
differential-different equations (DDEs) plays a crucial
role in the modelling of many phenomena in differ-
ent fields, including condensed matter, biophysics and

mechanical engineering. One also encounters such sys-

tems in numerical simulation of soliton dynamics in
high energy physics where they arise as approxima-
tions of continuum models. Unlike difference equa-
tions which are fully discretized, differential-different
equations are semi-discretized with some (or all) of
their spacial variables discretized while time is usu-
ally kept continuous. However, different from the
considerably many works done on finding exact solu-
tions to PDEs mentioned above, to our knowledge, few
work has been done to investigate exact solutions for

(17l have successfully

DDEs. For example, Qian et al
extended the multilinear variable separation approach
to a special differential-different equation. More re-
cently, Baldwin and Hereman('8! presented an algo-
rithm to find exact travelling wave solutions of DDEs
in terms of tanh function and have found kink-type
solutions in many spatially discrete nonlinear models
such as the celebrated Toda lattice'”] and Ablowitz—
Ladik lattice,2% etc. Dai et all?Y] extended the ap-
proach to the Jacobian elliptic function expansion
method and found Jacobian doubly periodic solution

and kink-type tanh solitary solution.

In this paper, we develop a new algorithm to ob-
tain some exact travelling solutions of DDEs. For il-
lustration, we apply this method to discrete nonlin-

ear (2+1)-dimensional Toda lattice equation and the
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discrete nonlinear mKdV lattice equation, and derive
kink-type solitary solution, bell-type solitary solution
and some other hyperbolic function solutions by us-
ing the hyperbolic function method. In this sense, our
method is superior to the tanh method['®! and dif-
ferent from the Jacobian elliptic function expansion
method.[?!]

2.The hyperbolic function

method for nonlinear DDEs
First, we recall the properties of hyperbolic func-

tions,

cosh?(€¢) — sinh?(¢) = 1, sinh(€)/ cosh(¢) = tanh(¢),

(sinh(¢))" = cosh(£), (cosh(€))" = sinh(€), (1)
sinh(&; & &) = sinh(&;) cosh(&2) £ cosh(&; )sinh(&s

);
cosh(&; + &3) = cosh(&y) cosh(€z) + sinh(&)sinh(&5).

2)
Given a system of M polynomial DDEs,
A(u"+l’1 (JJ), Ty Undpy, ($)7 :L+p1 (x)v B
Uiy (@) (@), ) (@) = 0, (3)

where the dependent variable v has M components u;,
the continuous variable z has N components z;, the
discrete variable n has () components n;, the k shift
vectors p;, and u(") () denotes the collection of mixed
derivative terms of order r.

The main steps of the hyperbolic function method
are outlined as follows:

Step 1 When we seek the travelling wave solu-
tions of Eq.(3), the first step is to introduce the wave

transformation

Q N
= Zdini—l—chxj +6, (4)
i=1 j=1

where the coefficients d;, c; and the phase § are con-

stants to be determined. In this way, Eq.(3) becomes

A(un+p1 (gn)’ T Untpy, (5”)’ uer-;Dl (é.)a Ty
u’”ﬂ)k (&), ug—&)—pl (), ’u’(rLT")‘Pk (z)) = 0. (5)

Step 2 We propose the following series expansion

as a solution of Eq.(3) or (5)

=Sy

i=
= 7\ cosh(&,) +r

sinh(&,)

(-1
> cosh(&,) +r’ 6)

where 7, a;, b; (j = 0,---,1) are constants to be de-
termined and [ is given according to the homogeneous

balance principle. From formula (2), we can obtain

l )
1 J
Un+p, fn Z <COSh §n + (PS) +r >

=0

1 (G-1)
+Z (Coshfn—i-cps)—i— >

Slnh(gn + (Ps)
cosh(&, + ¢s) + 7’

(7)
with ¢, satisfying

Ys = Pps1di + psada + - - - + psdg. (8)

Meanwhile, it is important to note that w,4p,, (&) is
a function of &, and not &,,,.

Step 3 Substituting the ansatzes (6) and (7) into
Eq.(5), clearing the denominator and setting the co-
efficients of power terms in sinh({,) and cosh(¢,) to
zero, a system of nonlinear algebraic equations with
aj,bj(j = 0,---

equations, we can obtain the corresponding undeter-

,1) and 7 are obtained. From these

mined coefficients.
Finally, substituting the obtained constants
ajabj(j = 07

explicit and exact solutions can be obtained which in-

,1) and r into ansatz (6), a series of

clude periodic wave solutions and solitary wave solu-

tions.
3. Application to some special

nonlinear equation

In this section, we apply the method developed in
Section 2 to the discrete nonlinear (2+41)-dimensional
Toda lattice equation and the discretized nonlinear
mKdV lattice equation, and given some exact travel-

ling wave solutions.

3.1. Discrete nonlinear (2+41)-dimensional

Toda lattice equation

Let us consider the discrete nonlinear (2+1)-

dimensional Toda lattice equation(??!
82y (
" oUn—1=Yn) _ o(¥n—Ynt1) 9
ozt ¢ ’ ©)

where y,,(z,t) is the displacement from equilibrium of
the nth unit mass under an exponentially decaying in-
teraction force between nearest neighbours. To write
(9) as a polynomial DDE, set

un

= elUn-1=yn) _ 1, 10
5 = © (10)
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Then (9) becomes

O uin _ Qun 1) i + upsr).  (11)
azdt  \ ot Un—1 = &ln T Unt1):

Let up = uy (&), &n = kn+ciz+cot+ 6, then Eq.(11)
becomes

creaul! = (cqu!, + 1) (Up_1 — 2Up + Upi1).

(12)

We expand the solution of (12) in the form of (6) and
(7). In this case, ps = 1,—1,d; = k. According to
the homogeneous balance principle, we can choose the
solution of Eq.(12) in the form

- ay bysinh(&,,)
un(én) = a0 + cosh(&,) +r  cosh(&,) + 7’
- ay bysinh(&, + k)
Unt1(€n) = ao+ cosh(§, + k) +r  cosh(§, + k) +r’
ai blsinh(ﬁn - k)

Up—1 (£n) =ag+

cosh(¢, —k) +r  cosh(&, — k) +r’

(13)
Substituting Eq.(13) into Eq.(12), clearing the denom-
inator and setting the coefficients of power terms like
sinh’(&,) cosh’(£,)(i = 0,1,2, - --) to zero, a system of
algebraic equations are obtained:

c1cea1 — 2ay cosh(k) 4+ 2a; =0,

—2by7 + 2by cosh(k)r — cicabir =0,

4cobrayr — cicaarr + 2cicoagr cosh(k) + 2arr

— 4cqa1by cosh(k)r — 2a; cosh(k)r = 0,

c1e2bir? — 2¢1¢9by cosh(k)r? — 2¢pa]

+ 2b; cosh(k)r2 — 2b17% — 2¢ob3r2

+ 2¢5a2 cosh(k) + 2b, coshZ(k)

— 2cq1c9b1 + 2¢9bq cosh2(1~€)7‘2 —2b; =0,

— 2cq1c9aq cosh(k)r2 + 2a4q coshZ(k) — 4cobraqr?
— 2a; — 2a;7% — 2¢9a1by cosh(k) + 4egay by cosh(k)r?
— 3cieqay + degbiag + cpcoarr? + ¢jeqay cosh? (k)

+ 2a; cosh(k)r? — 2¢obyay cosh® (k) = 0,

2czb%r cosh? (k) — creabyr + 26173

— 2¢9a%r cosh(k) — 4by7 4 2¢;coby cosh(k)r?
—cicobir COSh2(k) + cieabyr

— deobyr? + 4byr cosh2(k) + 2¢pa3r

— 4cpcobyr cosh(k) + 2¢2b3r® — 2by cosh(k)r®
+ 202b§r cosh(k) — 202b% cosh(k)r =0,

4a;r cosh? (k) — 4cicoayr cosh(k) + 4eaay by cosh(k)r
+ 2ay cosh(k)r® — 2a11® — cicoaqr cosh2(k)
+ cieaarr + 2cbiagr Cosh2(k) — 4aqr

— cyeparr® — 6egbiagr = 0,

2c0a? — 3¢y cabyr? — 2¢4b? cosh(k)r?
+ 2by7% — 2b17% — 2¢q109b4 coshz(k)
— 2¢9a? cosh? (k) + 2c,b37?

— 2b; cosh(k)r* + c1cobyr? cosh? (k)
+ 2b; 72 cosh? (k) 4 creabir® — 2¢yb2
+ 2c1caby + 2¢0b7 Cosh2(k) =0,

— 2¢yayby cosh(k)r? — 2¢;coa, cosh2(l~c)
+ 2¢9b1air? + 2cic0aq — 2a17?

+ 4eqbiay coshz(k) — 4cobrag

+ 2a;17% cosh? (k) — 2¢1cpa17? = 0. (14)
From above, we obtain five types of solutions:
r=0, ag=ag, a1 =0,
sinh? (k) sinh? (k)
bi=——", aa=———, c2=cy;
C2 C2
I(cosh(k) — 1
F=0, ap=ay, a5 =+1COHK)—1)
C2
h(k) — 1 2(cosh(k) — 1
blzcos() ) 012—(005() )7 C2 = C2;
C2 C2
h(k) — 1
ap =ap, a1 =0, r=1, blz%a
C2
2(cosh(k) — 1
C1 = (cosh(k) ), C2 = C2;
C2
h(k) —1
ap = aop, a1:07 T:_]-) bIZCOS() )
C2
2(cosh(k) — 1
¢ = Heosh(k) - 1) = .
C2
where I? = —1, ag, k, ¢y are arbitrary constants; and
b]_ = b]_, r=mr, ap = agy, a1 = :i:\/ (7’2 — 1)b]_,
h(k) — 1
e = 2y, ey = SORR) — 1
by

where ag, k, by are arbitrary constants, r2 > 1. Then

the closed form solutions of (11) are

sinh?(k) tanh <kn + %z(k) + cot + (5>

2
Up1 = Qo +

C2

(15)
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tnazr —ag £ 1B =D <;m L 2z(cosh(k) —1) 5>
C2 C2
2 h(k) — 1
(cosh(k) — 1)tanh <kn + M + cot + §>
C2
16
+ o ) (16)
2 h(k) —1
(cosh(k) — 1)sinh <kn + M + cot + 5)
Upz = Qg + €2 (17)
n3 — )
02<1 + cosh <kn+ M +czt+5>>
C2
2 h(k) -1
(cosh(k) — 1)sinh <kn + 2a(cosh(k) 1) + ot + (5>
Upg = Qg + 2 (18)
e 2 h(k) — 1 ’
cz<cosh (kn + M + cot + 5> — 1>
C2
NG
Ups,50 =ag + —
r + cosh <k‘n—|— 2bix + t(COShIEﬁ + 5)
1
bysinh <kn + 2byx + t(coshéﬁ + 5)
+ : (19)

r + cosh <kn—|—2blg;+ t(coshéﬁ +5>

1

where u,; is a kink-type excitation and the others are new travelling wave solutions.

3.2. Discretized nonlinear mKdV lattice equa-  sinh’(£,)cosh’(£,)(i = 0,1,2,---) to zero, yields the

tion following algebraic equations:

The discretized mKdV lattice equation[?3! reads

— 2aagsinh(k)r + casr — 4ajagassinh(k)

Oy, (t)

2
o (o = up) (Ungr — Un—1), (20) + 2a3sinh(k)r + 2a3assinh(k)r = 0,
where « is a constant. Let w, = u,(£,),&n =
kn + ct 4+ 6, then Eq.(20) becomes — 2agaisinh(k) — 2aga?sinh(k) + da3apsinh(k)r
cul, = (a — ui)(um_l — Up_1). (21) — cay + 2aaysinh(k) = 0,
We expand the solution of (21) in the form of (6) and
(7). In this case, p, = 1,—1,dy = k,c1 = ¢. According 2a2ay cosh(k)sinh(k) + 4ajassinh(k)r? + cas

to the homogeneous balance principle, we can choose
the solution of Eq.(21) in the form

+ 2a3 cosh(k)sinh(k) + 2cayr? cosh(k)

— 4a3aysinh(k) — 2aay cosh(k)sinh(k)

a, bysinh(&,,)
n\sn) — + )
Un(En) = a0 cosh(én) + 7 = cosh(én) + 7 — 4aagsinh(k)r? = 0,

ay bysinh(&, + k)

Uny1(€n) = ao+ )

cosh(&y + k) + 1 cosh(&n + k) + 7 4aya3sinh(k)r 4+ 4a3aosinh(k)r?
_ ay bysinh(&, — k) _
Up—1(&n) = ap+ cosh(En — k) + 7 + cosh(én — k) 7 + 4aayrsinh(k) — 2caqr cosh(k)

(22)
Substituting Eq.(22) into Eq.(21), clearing the denom-

inator and setting the coefficients of power terms like - 4aga1rsinh(k) =0,

+ 4a2ag cosh(k)sinh(k) — 4a2agsinh(k)
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— cayr + cagr® + 4ajagazsinh(k) + cagr cosh? (k) _ 2sinh(k)a(2r® — cosh(k) — 1) R

(cosh(k) +1)(r2 — 1) ’ ’
— 2a3sinh(k)r + 4a2ay cosh(k)rsinh(k)

s ) _ ry/a(cosh(k) — 1)
— 2aagsinh(k)r® + 2aiasrsinh(k) o = (cosh(k) + 1)(r2 — 1))’
+ 2agassinh(k)r® + 4ayagay cosh(k)sinh(k) a(2r? cosh(k) — 2r2 + 1 — cosh®(k))
ay =+ )
+ 4agaga;rsinh(k) 4 2cayr cosh(k) \/a(cosh(k) — 1)(cosh(k) +1)(r* — 1)
bl = 0,

— 4aay cosh(k)rsinh(k) = 0,

— 2ajsinh(k) + 4a3agsinh(k)r cosh(k)

— cayr? — 4atagrsinh(k) + 2aa;r?sinh(k)
— 2a2ayr?sinh(k) + ca; + 2a3a;sinh(k)

+ 4aya2sinh(k) cosh(k) — cay cosh®(k) = 0,

cazr? — 2aagsinh(k)r? cosh(k) — cay

+ 4ayapagsinh(k)r cosh(k) + cag cosh? (k)
+ Zafagsinh(k) cosh(k)

— 2a3 cosh(k)sinh(k) + 4a; agazsinh(k)r

+ 2a2agsinh(k)r? cosh(k) + 4atassinh(k) = 0. (23)

We solve the above system, and obtain the solu-

a; =0, ¢ =2atanh(2k), r =0, a9 =0,

= ++/atanh(2k);
VA GG —1)(e*—1)  da(ef—1)
' (F+1) 7 (e +1)
-
ap=0,r=r by == EFSI
o — i\/—_a(ek -1) . da(ek — 1)
' (F+1) (F+1)
_ _ _ Vet -1)
’I"—O,ao—o,b]_—j: (ek+1)

where k is an arbitrary constant. Then, the closed

form solutions of (20) are:

tions
¢ = 2asinh(k), r = 0, ag =0 Un1 1 = +1/a(1 — cosh®(k))sech(kn +2asinh(k)t +§),
) ) ) (24)
= +1/a(1 — cosh®(k)), by = 0; which is a new bell-type solitary solution;
|
ry/a(cosh(k) — 1)
Un2,2! =
(cosh(k) +1)(r2 —1)
- a(2r? cosh(k) — 2r2 + 1 — cosh(k)?) (25)
2tsinh(k)a(2r? — cosh(k) — 1) ’
h(k) +1 h(k)+1)(r2 -1 h(k )
/aleosh(R) + T)(eosh(R) + D = )(r + cosh(ln + 22 2o =D )
which is a new travelling wave solution;
Un3,3 = £v/atanh(2k)tanh(kn + 2tatanh(2k) + §), (26)
which is a new kink-type solitary solution;
dta(er — 1)
2T T)(e* —1) (a)(e® — 1)sinh(kn + D) +9)
Ungar =+ - + .2
(e + 1)(r + cosh(kn + dtafe” — 1) +48) (e +1)(r + cosh(kn + w 8))
(ek +1) (ek +1)
which is a new travelling wave solution; and
4ta(er — 1)
k —1)tanh(kn + ————= + )
[ k 1 4t k 1 (a)(e k
Ups 5 = iwsech(kn + dtale” —1) +0)+ (" +1) , (28)
’ (e +1) (& +1) @ +1)

which is a new travelling wave solutions.
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4. Summary

In this paper,we have successfully used the hyper-
bolic function approach to construct solutions for dis-
crete nonlinear (2+1)-dimension Toda lattice equation
and discrete mKdV lattice equation, obtained new
bell-type solitary solution, kink-type solitary solution
and abundant new travelling wave solutions. Not only

has it obtained many kinds of solutions, but also the

procedure is readily computable. Therefore, in view of
the importance of the DDEs, the proposed method is
worthy of further study and it may help us to find new
and interesting solutions for a given nonlinear discrete

system.
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