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Unified symmetry of holonomic mechanical systems’
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The definition and the criterion of a unified symmetry for a holonomic mechanical system are presented based on

the total time derivative along the trajectory of the system. A new conserved quantity, as well as the Noether conserved

quantity and the Hojman conserved quantity, deduced from the unified symmetry, is obtained. An example is given to

illustrate the application of the results.
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1. Introduction

The conservation laws for a dynamical system
play an important role in the fields of mathematics,
mechanics and physics. The symmetry method is a
modern method for finding conserved quantities of
constrained mechanical systems. There are mainly
three kinds of symmetries: namely, the Noether
symmetry,!~7 the Lie symmetry[®13] and the form

14—17)

invariance.! And there are mainly three kinds

of conserved quantities: i.e. the Noether conserved

1-7] the Hojman conserved quantity[!8:1]

quantity,!
and a new conserved quantity,2°=23] which can, re-
spectively, be deduced from the Noether symmetry,
the special Lie symmetry and the form invariance.

(24 of a La-

Mei et al gave a unified symmetry
grangian system which could lead to the three kinds
of conserved quantities mentioned above. In this pa-
per, on the basis of the total time derivative along the
trajectory of the system, we generalize Mei’s results to
a holonomic mechanical system and obtain the three

kinds of conserved quantities mentioned above.
2.Definition and criterion of uni-

fied symmetry

Consider a non-singular holonomic mechanical
system

d 0L 0L

dt 9g, g,

=Q, (s=1,2,---,n), (1)

where L = L(t, q, q) is the Lagrangian of the system,
and Qs = Qs(t, q, q) are the generalized non-potential
forces. From Eq.(1), we can find all of the generalized
accelerations as

(js:as(t;qaq) (821,2,---,7L). (2)

Definition? If a symmetry is a Noether one as
well as a Lie one and is also form invariant at one time,
the symmetry is called a unified symmetry.

For the holonomic mechanical system (1), the

Noether identity can be written in the form

— n —

d d
LE&) +XO(L) + Z Qs (&5 — d:s€0) + aGN —0 (3)

s=1

on the basis of the total time derivative along the tra-

jectory of the system, where

d . 0
XM —¢g, = —
foat'i";'f B4,
" /d . d 0
+ ; <a€s - ‘haéb) 8_q.5, (4)

d 0 "9 - 0
a—a‘i';qsa—qs-i-;asa—qs. (5)

& and &, are the infinitesimal generators of trans-

formations and Gn(t,q,q) is a gauge function. The
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determining equations of the Lie symmetry have the

form
dd dd
- = = (1)
dt dtfs qsdt dtg 50 X ( )
(s= 1,2,---,n). (6)

—1,2,---,n). (8
aqs aqs (S » = Y n) ( )
Using the definition and relations (3), (6) and (7),

we have:
Criterion If there exists such a gauge function
Gn(t, g, q) that the infinitesimal generators &y and &

satisfy the condition

d 2
(L,

[L o+X +ZQs —4s€0) + 7 G
+ Z {E,XV(L)] - XV ()Y

- . dd
+ Z {dt s T b g @

d 2

-zt - X)) =0 )

then the symmetry is a unified symmetry of the holo-

nomic mechanical system.
3. Conserved quantities deduced

from unified symmetry

The unified symmetry of the holonomic mechan-
ical system can lead to all of the Noether conserved
quantity, the Hojman conserved quantity and the new
conserved quantity under certain conditions.

Proposition 1 For the holonomic mechanical
system, the unified symmetry will lead to the Noether

conserved quantity

=16+ (60— du6n) + Gy = const. (10)

Proof Because the unified symmetry is certainly
a Noether symmetry, there exists such a gauge func-
tion Gy = Gn(t,q,q) that the Noether identity (3)
holds. According to Ref.[22], the system has the con-
served quantity (10).

Proposition 2 For the holonomic mechanical
system, under the special infinitesimal transforma-
tions in which time is not varied, if there exists such
a function p = u(t, g, q) that

" da, d

S lp=0 11
oq. T =0 (11)

s=1

then the unified symmetry will lead to the Hojman

conserved quantity

n

L=t > { )+ @%gﬂ — const. (12)

Proof Because the unified symmetry is certainly
a Lie symmetry, so we have the determining equations

of the special Lie symmetry (£, = 0)

a 8as " da, d
it kz B i’
(s =

~,n). (13)

D—-|Q_,\

Proposition 2 is easily verified by using relations (11)
and (13).

Proposition 3 For the holonomic mechanical
system, if there exists such a function Gr = Gr(t,q,q)
that

X (L)%Eo FXOO(L)
" d
(1) — =
+s§:1X ( ds€o0) + dtGF 0, (14)

then the unified symmetry will lead to the new con-

served quantity

" oaox@
L)éo + Z %m(f
s=1 S

=const. (15)

s — séo) + Gr

Proof Because the unified symmetry is certainly
a form invariance, so the criterion equations (7) hold.

Using relations (7) and (14), we can prove that propo-

sition 3 is true.[20]

4. An illustrative example
The Whittaker equation[23]
G =q, @2=q (16)

can be written in the form of a holonomic mechanical

system with

L=; (q1+qz)+ ~q,

2
@ —0, Q2 = 1. (17)
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Choose the infinitesimal generators as
§o=0, & =0, &=t (18)

After calculation, we have

XW(L) = ¢, XWXD(L)] =1,
XM(Q1) =0, XM(@) =0,
XWM(ay) =0, XWP(ay)=0. (19)

It is easy to verify that the generators (18) are unified-
symmetrical.

Substituting relations (17), (18) and (19) into the
Noether identity (3), we obtain the gauge function

GN=q1 —tq1 — g2, (20)
and proposition 1 gives
INn = ¢1 +tg2 — tq1 — g2 = const, (21)

which is a Noether conserved quantity deduced from
the unified symmetry (18).

Formula (11) becomes
d
—1 =0 22
g H=0 (22)

which has the solution

which is a Hojman conserved quantity deduced from

the unified symmetry (18).
Substituting relations (18) and (19) into Eq.(14),

we obtain
Gr = —t+(q1 — q1)exp ¢, (25)
and proposition 3 gives
Ir = (g1 — ¢1)exp t = const, (26)

which is a new conserved quantity deduced from the

unified symmetry (18).

It is obvious that both the Hojman conserved
quantity (24) and the new conserved quantity (26) are

non-Noether conserved quantities.

5. Conclusion

The unified symmetry shown in the paper is
a common symmetry of three kinds of symmetries.
Three main conserved quantities, i.e. the Noether con-
served quantity, the Hojman conserved quantity and
the new conserved quantity, are found by using the
unified symmetry for the holonomic mechanical sys-
tem. We expect to deduce more other kinds of non-
Noether conserved quantities from the unified symme-
try. Maybe the results can be generalized to a non-

holonomic mechanical system.

b= q1— g2 (23)
From relations (18) and (23), using proposition 2, we
obtain
Iy = —(q1 — Go) ™" = const, (24)
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