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An effective nonlinear alternative-current (AC) response to granular nonlinear-composite with spherical inclusions

embedded in a host medium under the action of an external AC field is investigated by using a perturbation approach.

The local potentials of composite at higher harmonics are derived both in a region of local inclusion particles and in

a local host region under the action of a sinusoidal field Eqsinwt 4+ E3zsin3wt. An effective nonlinear-response to

composite and the relationship between the effective nonlinear-responses at the fundamental frequency and the third

harmonics are also studied for the spherical inclusions in a dilute limit.
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1. Introduction

Nonlinear composite has attracted much atten-
tion both in basic research and in industrial applica-

[1=5] The research on an effec-

tions in recent years.
tive response to nonlinear composite under the action
of an alternative-current (AC) external field has been
extensively carried out for decades because of its po-
tential applications in engineering. Different theories
have been developed for studying the effective non-
linear AC response to granular nonlinear-composite.
Levy et all® considered the second-harmonic gener-
ation and the induced third-harmonic generation in
a spherical nonlinear-composite. Hui et all% derived
the effective dielectric response to nonlinear media.
Gu and Wei et all""11] gave the effective nonlinear-
response to cubic weakly-nonlinear-composites un-
der the action of an external AC electric field with
Wei et all'? considered the

effective nonlinear-response to cylindrical nonlinear-

one fixed frequency.

composites in a sinusoidal electric field with a funda-
mental frequency w and the third harmonic frequency
3w.

If an external AC electric field with harmonic fre-

quencies is applied to a nonlinear composite in which
the constitutive relation is nonlinear, there will appear
many components at all harmonics in a local field. It
means that the effective response depends on the ex-
ternal field. In this paper, we deal with the effective
nonlinear-response to a granular nonlinear-composite
containing spherical particles with their radii being a,
randomly embedded in a host medium under the ac-

tion of a simple external sinusoidal electric field
E,(x,t) = E;sin(wt) + Essin(3wt), (1)

where

E1 =£€1%, E3 = €3Z2.

The constitutive relations between current den-
sity J and electric field E in the inclusion and host

regions are assumed to be
J* =0,E +xa |E’E,

in 2,, a=ih, (2)

where i and h denote the quantities in inclusion parti-
cle (i) and host (h) regions, respectively. (2, represents
the region occupied by the a-type of material. Assume

that the linear and nonlinear conductive coefficients,
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04 and 4, are real and independent of the frequency
of the applied field, which is valid for low-frequency
processes in a quasi-electrostatic field described by the
equation V x E = 0. The corresponding governing
equation satisfies V - J = 0. Boundary conditions of
the composite require the continuity of both the po-
tentials and the normal components of current density
at the interface between the inclusion and the host. At
infinity the potential must match that of the applied
field.

2.Perturbation method of nonlin-

ear AC process

The weakly-nonlinear composite with spherical
inclusions randomly embedded in a host medium is
discussed, in which the nonlinear terms in the consti-
tutive relations (2) are smaller than the linear terms.
For cubic nonlinearity of the constitutive relation of
composite, the sinusoidal AC electric field (1) induces
the components with harmonic frequencies. Electric

potentials at a point x are

P (x,t) =97 (z) sinwt + O5(x) sin 3wt
+ & () sinbwt + - - -,
a=1h. (3)
|

in  {2,,

The third-order conductivity yp in the host medium
is chosen as a perturbation parameter to develop
perturbation expansions for the electric fields and
potentials.['314] Expansions for the electric potentials

in different regions of composite are

o3 (z) =8, (@) + xn ;% (2) + X5 P2%(2) + -+,
s=1,3,5-. (4)

in 2,, a=1ih,

Denoting
Xa

Xa = —Xh = ﬂaXh
Xh
and substituting the potentials (3) and (4) into the
current density (2), we obtain perturbation expansions

for J in the inclusion and host regions

T () =3 (@) + xnd % () + xq T2 (@) + -,

in 2,, a=1ih, s=1,3,5,---, (5)

where J"*(z) is a function of potentials #**(z). Since
the perturbation current densities for the basic sinu-
soidal component and the third component are used
frequently in the following discussion, we give their

expressions here:
J1% () = —0,V 91" (x), (6)

T3% () = ~0.V &% (), (7)

Ta) == 0V 8% (@) — | Voo @) { 1 [V o @) - S0 (e) - Vi (@)

+3lver@l f+vapre] -

Ve @l + (o @ var@))], ®

T (@) = = 0aV O (@) - 6 [V @) - Vo @) + (V@) V()

+v¢ga(m){%v¢9a(m)|2+g|v¢ga(m)2”. (9)

The governing equation
V-J(x,t)=0

will be satisfied if each term in Eq.(5) satisfies its cor-
responding governing equation. Therefore we obtain

a set of equations
VT (@) =0,

a=1ih,

s=1,3,5,---, k=0,1,2,---. (10)

The corresponding boundary conditions of each
term in perturbation potentials and current densities

are, respectively, as follows:

At the interface between inclusion and host, 92,

o (@) = 0" (2), n-JV(x) =0T (),

on 82, s=1,3,5,---, k=0,1,2,---. (11)
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At infinity (15). At the fundamental frequency and the third har-
monic frequency, the zero-order potentials are
o Pt | ) —en it k=0, (12)
ox T 0, if k0, % (r,0) = —Age1rPi(cosb), (r<a), (16)
9 phkh ey if k=0 M (r. 0) = —(r + Br=2)e Py (cos ), (r>a), (17)
23 e = ’ - 13 .
e T 0 it kre. 0 a0 = —AcrR(osd), (r<a)  (19)

. . . . . @gh(r, 0)=—(r+ Br_2)53P1(cos 0), (r>a), (19)
3. Potential distributions in non-
where Pj(cosf) = cosf is the first-order Legendre

linear CompOSIte function and the coefficients are
From Eqs.(6), (7) and (10), we obtain the govern- A 30y, )
ing equations of the zero-order potentials at frequen- 0= o; + 20y’ (20)
cies w and 3w: o — o
) S a®By. (21)
o;Vied =0, s=1,3, in 2 (14) oi + 20n
With the zero-order potentials at the fundamen-
o V2o =0, s=1,3, in 2. (15)

tal frequency and the third harmonics, the governing
With boundary conditions (11), (12) and (13), the  equations of the first-order potentials both at the fun-
zero-order potentials in the inclusion and host regions  damental frequency and at the third harmonics take

can be derived from the governing equations (14) and  the forms

sV () = 0,7 [Vate@){ ] Vot @) - 3V (@) V@)
+ % |V 89 ()| } + ngga(m){ - i |V 807 ()| + (V90 () - Vqsga(:c))H (22)
and
Ga V2O (3) = — B,V - {V@?O‘(m){ L var@)F (v () V@g“(w))}
+ V3l { V80 ()| +Z|V¢§"(w)2}], (23)

which are Poisson equations. Solutions of the first-order potentials at the fundamental frequency and the third

harmonics in the inclusion and host regions are
®li(r,0) =(Bi,7Py(cos ) + Bi,r3Py(cos 8))(e3 — e2e5 + 2e162), r < a, (24)
O1%(r,0) =(e7 — efes + 2e123) (B % + Biyr ° + Biyr ®)Pi(cos6)
+ (O ™2+ Olyr™ 4 Clyr ™ 4 C1yr %) Ps(cos )], r > a, (25)
P (r,0) =(Ti,rPy(cos0) + Ti,73 Ps(cos 0))(e3 — 6265 — 3¢3), r < a, (26)
and
B (r,0) =(e8 — 623 — 3e3)[(Tdyr 2 + Tayr° + Thr8)Py(cos 0)

+ (D},}l1 -2 4 D32r_4 + D1§3r_5 + D1§47“_8)P3(cos 0)], r>a, (27)
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where
5cos 360 + 3cos b

8
is the third-order Legendre function and coefficients

Ps(cos ) =

are as follows:

_6/5B§ —9/10B + 27/10By — 3/4 + 3/4A30;

Bl =
1 oi + 20n
. a2 27 54
Bl,=——  (-=B}+ B3
13 3Ui—|—4ah< 1070 " 55 °>’
a’ 3
Bt = — _1Z(3A3 -1
11 Ui+20'h |:4(ﬂ 0 )
27 ) 3
+EBo+blBo+szO ,
120, + 15 201, — 50;
(where by = 120 + 1oon and by = £0h — 901
100y, 100y,
6a°
Bh, =— —RB?
12 5Uh 0>
9
a
Bh — B3
13 20'11 0
9¢q3
ch =— —
11 100'h 0,
on @ (b3 By + by B2 + bs B3
12_3Ui+40h 300 4D 50,
9(30; + 4 9(60; + 5
(where by = 5% tdon) o o O(60i+Bon) g
100‘h 100’h
9(—150; + 4oy,)
b5 = )a
22007,
9a5
Ch — _ _B2
13 50 0>
9a°
Ch _ 3
M 40, Y
i _ —2/5B3 +3/10B5 — 9/10B, + 1/4 — 1/4A353;
s oi + 20y
1 i
= gBlla
: a2 9 18
Ti,=—— | —-B2 - —B}
33 3Ui+4ah<10 0 55 0>
1 i
== §B137

a? 11
Ty =——— |~ — =3A]
00+ 20y, {(4 1° °>

9
_E&_%m+mm}

Vol. 14
5 40; L — 2
(where b = S0 A% by = u)7
100’h 300’h
2a8
T;Z :5TB37
9
a
T =— —B3
33 6o 0
b 3a®
31 _10 N 0,
b :L(bB + bo B2 + by B?)
32 30’i+40'h80 9D 10L¢ )»
3(30; + 4 3(60; + 5
(where by = — 2% £4on) o 3(0ai+Son) g
100y, 100y,
3(150; — 4oy,)
bio = ————F""")

2200y,

3ab
h 2
D33 _5 BO?
Oh
9
h _ 3a 3

34__m 0

4. Effective conductivity

dilute

conductivity can be derived by using the gen-

In a limit, the effective nonlinear-

eral method previously proposed for DC nonlinear

[14]

response.!** Obviously, it is

1
7 [ @~ (B
+ xn |E(z, t)|* E(z,t))]dV
=J(t) — [owE(t) + xu |[EQ)]  E(t)],  (28)

where V' denotes the volume of composite, J(t) and
E(t) are the spatial averages of current density and
electric field, respectively. At low particle concentra-
tions, a reasonable assumption is that the average field
of the composite can be simply regarded as the exter-
nal field.[*®! Because the integration on the left-hand
side of Eq.(28) is zero in the host region, Eq.(28) is

simplified into the form

v /Qi [J(2,t) — (onE(z,t) + xu |E(z,t)|* E(,t))]dV

_ 3,4 12 = 1 - 1, 2 1, 2= — o= .
=J(t) — [{ahE1+Xh[Z|E1| E1—§(E1-E3)E1+§|E3‘ El—Z\E1| E3+(E1-E3)E3Hsmwt

] R T rera
+{ahE3+Xh[—Z|E1|2E1+(E1~E3)E1+5E1|2E3+Z|E3|2E3]}sin3wt+-~] (29)
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For the external AC electric field E;sin(wt) + E3sin(3wt), the current density includes many harmonic

components because of the cubic nonlinearity in the constitutive relation. Thus the effective AC response of

composite can be defined as follows:

J(t) =T, sinwt + Jsg, sin3wt + - -

:[U:),wEl + U;me?) + X:ﬁ,w |'E1|2 El + X:JZ(Z’M),W |E1‘2 E3 + X:J(3w)2,w |'E3|2 El

* = |12 f : * n * n * = 12 ¢
+X(3w)3,w |E3| E3 + - ] sinwt + [o-w,3wE1 + JSw,3wE3 +Xw3,3w |E1| El

+ XZJZ(&U),BW ‘E1|2 E3 + X:)(Sw)z,Bw ‘E3|2 El + X)(kSw)B,Bw |‘E'3|2 E3 + - ] sindwt+ -, (30)

* * * % %
where, o, ,,, 03, . X w1 Xa?(3w),wr Xe(3w)?,w and
Xéw)g ., are linear and nonlinear effective conductivi-

;

. * *
ties at the fundamental frequency, and o, 5, 03, 34,

* * * * M
Xw3,3w? Xw2(3w),3w7 Xw(3w)2,3w and X(3w)3,3w are linear

and nonlinear effective conductivities at the third har-

monic 3w. Electric fields at a position @ are generally
given by

E“(z,t) =E{(x)sinwt + E5(x) sin 3wt

+ EY(x)sinbwt + - - . (31)

Substituting Eq.(31) in an inclusion region into

the left-hand side of Eq.(29), effective responses at

the fundamental frequency and the third harmonics

can be obtained respectively.

For the fundamental frequency, -effective re-

SpOnSeS are
0o =0+ (01 — on) Ao fi,

i 3 3
Xodw =7 X0+ [Z(Xi — Xn) A

— xn(o; — U'h)Bin] fis

" 3 3
Xw?(3w),w = = ZXh + |:— Z(Xi - Xh)Ag

+ xn(oi — Uh)Biu] fis
" 3 3
Xe(3w)?w =5Xn + [g(Xi — xu)Aj
— 2xn (o5 — U'h)Bin} fis

X>(k3u))3,u) :07
where f; is the volume fraction of the inclusion parti-

cles.

For the third harmonics, we have

*
Uw,Sw

:0’

O3w.3w =0 + (01 — o) Ao fi,

1 1
Xeo? 3w = — 2t { Z(Xi — xn)Ad

— xn(o; — C"h)T31,1:| fis

. 3 3
Xw2(30),30 =5 Xh + [i(Xi — xn) A}

+ 6xn(o; — Uh)T§1:| fis

X:)(3w)2,3w =0,
. 3

3
X(3w)s 30 =g X0+ |:Z(Xi — xn) A}

+ 3xn(o; — Uh)T§1] fi.

5. Discussion

It is noticed that there exist some differences be-
tween the effective nonlinear-response to nonlinear
composite in an external field containing the third har-
monics and the effective nonlinear-response to non-
linear composite in an external field E;sinwt. The
former contains the interaction-components of the ap-
plied field components E; and E3, so in this case the
effective nonlinear-response to nonlinear composite is
much more complicated than that in the simple exter-
nal field E; sin w t.[8:9:16]

Now we consider a specific case. When assump-
tion €3 = 0 is satisfied, the zero-order and first-order
potentials at the fundamental frequency and the third

harmonics are
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simple external field F; sinwt. So the result of Wei et
all'8] is just the one for a particular case of the present

®(r,0) = — Age1rPi(cos b <

(r,6) oerrPi(cos), (r<a), results.
(7‘, 0) = — (r+ Br—?)e; Pi(cos8), (r> a), .
1(T 6) =0, (r<a) 6. Conclusions
M(r,0) =0, (r>a), In this paper, an effective nonlinear response to
1(7.7 6) :(Binrp1 (cos6) + Bi13r3P3(cos 9))5-’;’ r<a, weakly-nonlinear composite with spherical particles
(7“ 6) = [(Bh ,~2 4 Bh .—5 . ph r8) Py (cos ) randomly embedded in a host medium is analysed
’ il _2 1112 4 ig s under the action of an AC external field E{sinwt +
+(C1yr ™" 4+ Orpr ™ + Crgr E3sin3wt, and effective conductivities at harmonics
+ 0%47“78)P3(C05 0), r=>a, are derived in a dilute limit. It is also deduced that
@3 (r,0) =(Ti,rPy(cosf) + Tisr3Ps(cos0))e3, r <a,  theresult of Wei et all1%] is the applicable one for our
‘I’;h(r, 9) :Ei[(T§1T72 + T?£12T75 + T§13,r‘78)P1 (cos 6) particular case. In application, our results are use-
N (Dh ~2 | pho—4 4 ph 5 ful to estimate electric responses to electrorheological
h317“ . 327 337 fluids.
+ D34r ™) Py(cos0)], > a. The present results manifest some simple rela-
The effective responses are tions between the effective nonlinear-responses at the
( VAo f (32) fundamental frequency and the third harmonics
05w =0u + (01 — o) Ao fi, 32
x = 1 * * *
T30 =0, (33) X:3,3w = gst,w’ Xw2(3w),3w = 2Xw37w’
N 3 3
Xw3,w :ZX}I + |:Z(X1 - Xh)Ag X?Sw)S,Su) :X:)3,u)7 X:f)2(3u)),w = 7X:)3,w7
( ar (34) Xo(@3w)2w =2Xot 0 X(3w)8,30 = ~3Xw? 30>
_ o — O .,
XA b o Xr)z(Sw),Z}w :2X>(k3w)3,3w'
XZ;Z(Sw),w 207 X:z(3w)2,w = 0’ X?Sw):‘,w = 07 (35)
ot . —0. o -0 (36) These relations can be used to estimate the effective
e T 1 JunBw 1’ nonlinear-responses at the third harmonics if the effec-
XZS,SW == Xn + |: — Z(Xi — xn)A} tive nonlinear-responses at the fundamental frequency
have been known. In addition, although our discus-
— xn(o; — Uh)Tgl} fis (37)  sion is restricted to the effective responses to nonlin-

X(30)2,30 = 0. (38)

Obviously, the effective responses given by the ex-

X:2(3w),3w :0’ X:)(Sw)z,Sw = 07

pressions (32)—(38) are exactly the same as those de-

rived by Wei et all'Sl for effective responses in the

ear composite in a simple external sinusoidal electric
field E;sinwt + E3sin3wt, the method can be eas-
ily extended to the effective responses to nonlinear
composite in an AC field with much more harmonic

frequencies.
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