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The mean motion equation of turbulent fibre suspensions and the equation of probability distribution function for

mean fibre orientation are derived. The successive iteration for calculating the mean orientation distribution of fibres

and the mean and fluctuation-correlated quantities of suspensions is presented. The equations and their solutions are

applied to a turbulent pipe flow of fibre suspensions, and a corresponding experiment is performed. It is found that the

theoretical and experimental results are in good agreement with each other. The obtained results for turbulent pipe

flow of fibre suspensions show that the flow rate of fibre suspensions is large under the same pressure drop in comparison

with the rate of Newtonian flow in the absence of fibre suspensions. Fibres play an important role in reducing the flow

drag. The amount of reduction in drag augments with the increase of the concentration of the fibre mass. The relative

turbulent intensity and Reynolds stress in the fibre suspensions are smaller than those in the Newtonian flow under

the same condition, which illustrates that the fibres have an influence on suppressing the turbulence. The amount of

suppression is directly proportional to the concentration of the fibre mass.
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1. Introduction

It is found that fibre suspensions have more and
more applications in a variety of industries such as
the composite manufacturing, environmental, chemi-
cal, and textile engineering, and paper making. The
characteristics of the flow play an important role in
the quality of product

Different from spherical particles, the fibres with
non-isotropic shapes in suspensions have a great in-
fluence on the fluid even at very low concentrations.
The spatial and orientational distributions of fibres
depend on the motion of the fluid. Despite many
investigations into laminar fibre suspensions already
made, the behaviours of turbulent fibre suspensions
commonly used in engineering are still not well un-
derstood because of the difficulties in both turbulence
and motion of the fibres. There exists some literature

dealing with the turbulent fibre suspensions. Asghar-

ian and Yu!' investigated the glass fibre deposition
onto human lung trachea. Kagermann and Kohler [
studied the rotational and translational dispersion of
fibres in a turbulent flow by assuming the dimension
of fibres to be less than that of smallest eddies in
the flow. Krushkal and Gallily ¥ calculated the ori-
entation distribution function of fibres by use of the
Fokker—Planck equation in a turbulent flow. Olson

[45] obtained the translational and rota-

and Kerekes
tional dispersion coefficients on the assumption that
the relative velocity between particle and fluid could
be neglected. Lin et al studied the orientation dis-
tribution of fibres respectively in a mixing layer with
coherent structuresl’! and in a turbulent pipe flow.[”]
Gao and Lin[® derived the translational and rota-
tional dispersion coefficients of fibres with the balance
between the Stokes drag and virtual mass force taken

into consideration, and discussed the dispersion prop-
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erty of fibres, long and short. The above investiga-
tions, however, focused only on the orientation dis-
tribution of fibres in the turbulent flows, bud not on
the turbulent property of the fibre suspensions. Lin et
all”! investigated the effect of fibres on the turbulent
property of flow, but only one-way coupling approach
was used, that is, the effect of the fluid on the fibres
was neglected. In order to consider the interaction be-
tween fluid and fibre, the relevant equations should be
built up.

The flow is complicated when the interaction be-
tween fluid and fibre is present, and even more compli-
cated if it is turbulent. Consequently, the mean mo-
tion equation of turbulent fibre suspensions, including
the Reynolds stress and the effects of fibres, and the
equation of probability distribution function for mean
fibre orientation including the fluctuating correlation
have not been reported up to now. Therefore, the
aim of this study is to derive the above equations and
their solutions, and verify these equations and their
solutions by applying them to a turbulent pipe flow of

fibre suspensions.
2.Derivation of the basic equa-

tions

2.1. Instantaneous motion equation of fibre
suspensions

A fluid is assumed to be incompressible, the in-

stantaneous continuity and motion equations of fibre

suspensions, respectively, arell0
8Ui
S =0, 1)
ou; L ou; 1 Op 8%u; py O
T S Lol R
ot ! 0z p Ox; 0%x; p Ox;

1
X aijkltfkl—g(fijakl)t?kl , (2)

where u; is the velocity, p the pressure, v the kinemat-
ical viscosity of the suspending fluid, ¢;; the tensor of
strain rate, ¢;; = (Ou;/0x; + Ou;/0x;) /2, uy the ap-
parent viscosity of the suspensions. The complexity
of fibre suspensions results from the effects of particle-
particle(*112] and particle-solvent[!! in the third term

on the right-hand side of Eq.(2).
[14]

For a semi-dilute
suspension, u¢ is given by
_ L3

T 3T (1/c) + 1glg(1/c) + A(C)]
where n is the number of fibres per unit volume,
L and d the length and the diameter of the fibres,

(3)

respectively, p the dynamical viscosity of the sus-
pending fluid, ¢ the volume fraction of the fibres,
c = (m/4)nLd?, A(c) is a constant and equals —0.663
in general.

The second- and fourth-orientation tensors of the

fibre, ax; and a;jx1, in Eq.(2) are defined respectively
byl15:16]

aij = }{Pipﬂ/’ (p) dp, (4)

ikl = ?{pipjpkpld} (p) dp, (5)

where p; is a unit vector parallel to the fibre’s axis of
symmetry, ¥ (p) the probability distribution function

for fibre orientation at any position in the flow.

2.2. Instantaneous equation of probability dis-

tribution function for fibre orientation

1 (p) is the probability distribution function for
fibre orientation, then v (p)dp is the probability
that the fibre orientation is located between p and
(p+ dp). ¥ (p) satisfies the following condition of con-
servation:

oY o

ot

oy 9 (vp,)
Oz 9p;

, (6)

where p; is the angular velocity of fibre. Neglecting
the orientation dispersion resulting from the hydrody-

namic interaction between the fibres, p; is given by!1”

where w;; is the vorticity tensor, w;; = (Ou;/0x; —
Ou;/0dx;)/2, and the parameterA = (r2 — 1)/(1“2 + 1)
with r being the aspect ratio of fibre.

2.3. Mean motion equation of turbulent fibre

suspensions

Expressing the instantaneous quantities of veloc-
ity, pressure, tensor of strain rate and orientation ten-
sor in Eq.(2) respectively as the sum of the mean and

fluctuating quantities yields

— ’
U; = Ui + Uy,

/. — I

€ij = &ij T Eij5 Qi = Qij + Ay

— '
Qijki = Qijkl + Qi - (8)

! ! :
Because a;;;; and a;; are the variables depend-

ing on the rotation angle of the fibre, while 6’1-1- is the

variable depending on the specific position of the fi-

: ! ! ! !
bre. The correlations of @ 1€k and aj,e},; are equal
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to zero. Substituting Eq.(8) into Eq.(2) and taking

the average over the terms in the equation, we have

ou; L o1u; 1 op 32’L_Li 8“;“;
i a - _
ot Tox;  pox; 0%x; O
0 1
+ lipf 9 <a1]kl€kl — _Iz]aklskl>

(9)

This is the mean motion equation of turbulent fibre

suspensions.

2.4. Equation of probability distribution func-
tion for mean fibre orientation
Expressing the instantaneous quantities of veloc-
ity, probability distribution function, and angular ve-
locity for fibre in Eq.(6) respectively as the sum of the
mean and fluctuating quantities, we have
V=949, p

u; = U; + ul, = p; + ;- (10)

Substituting Eq.(10) into Eq.(6) and taking the
average over the terms in the equation, then combin-

ing the continuity equation (1), we have

o  op  O(dp) _ 0uy' 0(v'5))
ot JB:UJ op; Oz Op;

, (11)

where the term —W is the correlation of the fluctu-
ating velocity with the fluctuating probability distri-
bution function, and the term 1/}’—;0; is the correlation
of the fluctuating rotation angular velocity with the
These

two terms can be expressed by the mean quantities

fluctuating probability distribution function.

—— 9y 5¥
fz/J’u;.:a,pz% and — 1/1’pj = ad,pa (12)

J
where oy, and oy, are the dispersion coefficients of
linear and angular displacements, respectively. Sub-
stituting Eq.(12) into Eq.(11), we have

op  op O(Wp) _ &P 0%
ot .78 + 8pj = Qyg axj ta ¢pa 2 (13)

The angular velocity of the fibre’s rotation in
Eq.(13) can be derived from Eq.(7). Therefore, af-
ter expressing the instantaneous angular velocity of
rotation, vorticity tensor of the flow, and tensor of
rate of strain in Eq.(7) respectively as the sum of
the mean and fluctuation quantities, then substitut-

ing them into Eq.(7) and taking average, we have

D; = —Wijpj + AE;P; — ANERIPRDID;- (14)

Substituting Eq.(14) into Eq.(13), we have

o oY O[(—wjipi + Nejipi — Nerprpip;)]

ot T T Op;
1)
aﬂ)ma 2+ 1/)178 2' (15)

Because w;; = 0 and g;; = 0 for the incompressible
flow, we can expand Eq.(15) as
op o &
Y ] P Agj; Wi
ot ey, ~“itPig, T%iPig,

o0 _
- /\Tmpkpzpja—w_ — Aeprpi

82E 82¢
=05y 2 +oypo—s ek (16)
J

This is the equation of probability distribution func-
tion for mean fibre orientation.

a;; and @;;z; can be obtained by substituting P
into Egs.(4) and (5):

a5 = f pip; D (P)dp, (17)
@i = 7{ pip;pr1Y (p)dp. (18)

3. Successive iteration

The basic equations of turbulent fibre suspen-
sions consist of Egs.(9), (16), (17) and (18). By
solving these equations, we can obtain the probabil-
ity distribution function and the second- and fourth-
orientation tensors for mean fibre orientation, the ad-
ditional stress induced by the fibres, the mean veloc-
ity, the turbulent intensity and the Reynolds stress of
suspensions.

It is difficult, however, to solve the above coupled
equations in one or several time steps. For this reason
we present a successive iteration as follows:

(i) Take the velocity 4

of strain ﬁ’jo for the Newtonian fluid without fibre as

, vorticity w_ijo and rate
the zero-order approximation solutions.

(ii) Substitute the zero-order approximation so-
into Eq.(16), and obtain the

zero-order approximation solution ¥ of the probabil-

lutions Y, w_ijo, ?jo
ity distribution function for mean fibre orientation by
solving Eq.(16).

(iii) Substitute ¥° into Eqgs.(17) and (18), and ob-
tain the zero-order approximation solutions a_ijo and
Wo of the second- and fourth-orientation tensors for
mean fibre orientation.
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(iv) Substitute ﬂ-jo, aijklo and ﬁ-jo into Eq.(9),
and obtain the first-order approximation solution of
mean veloc1ty @}, turbulent intensity and Reynolds
stress u; L by solvmg Eq.(9) together with the clo-

sure model of turbulence.

(v) Calculate the w;;*, &;* by @}

Repeat this procedure from (i) to (V) up to the dif-
ference between the successive results being less than

a definite value.

4. Solution of turbulent fibre sus-
pensions in a pipe flow

4.1. Simplification of equations

The above equations and solutions are applied to

the turbulent fibre suspensions in a pipe flow as shown
in Fig.1, in which the radius and half-length of each
fibre are a and [, respectively. The flow is assumed to
be of axial symmetry and fully developed turbulence.
The angle included between the fibre’s axis and hor-
izontal is 0. In the polar coordinate (r,¢,z), Egs.(9)
and (16) can be simplified as

2a

Z6

(a) fiber. (b) pipe flow.

Fig.1. Schematic diagram of the fibre and pipe flow.

10p 10ru2  p;1 0 10, 10u, 1 10u, _ 10u,
0O=——+—— — 3 3\T a'rrrz +arrzr77*7 T arz Azr S ’
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0 10p 8%u, 10u, 1 8ru’ru’z
= —_— - — 17 u— —_ =
p Oz 0%r r Or r or
w10 [ dow o low 1. ( 10w 105
p r 8’,‘ {’r |:azr‘7'z 2 6 + aZT‘ZT 2 8 3 zr arz 2 8’," + azr 2 a/]ﬂ ) (19)
and
1w, o 19u, o 19a, ) 19u, oY
2ar Zop, 2 0r Mop, "2 ar Pap, ' "2 or "ap,
) lauz 81/)+1% o ) 18uz 31/}+18uz )
2 6 p'f’pzp'f’a 2 a Zpr’r‘a T 2 a pT‘prZa 2 6 prTpZapz
10u, 10u, (‘321/1 10y %Y %y
>‘¢< r prpz'i_iwpzpr) = < 7‘87‘>+a¢p3 B} + « 1/);08 2; (20)

where p, =sinf and p, = cosf.

4.2. Procedure of solving equations

The zero-order approximation solution for the
mean velocity of the flow is the mean velocity of the

turbulent Newtonian flow without fibre:

M u* (R—r)

=575 g +5.5,

(21)

where R is the radius of the pipe, u* the wall fric-
tion velocity and can be calculated by interpolating
2.5In(u*R/v) + 1.75, in which T,
is the mean velocity of the pipe flow. Substituting
Eq.(21) into Eq.(20), we can obtain 1, then @;; and
@ik can be calculated further by solving Egs.(17)
and (18).
Eq.(20) to obtain the first-order approximation solu-

from g, /u*

Finally ), a;; and @y are inserted into

tion for the mean velocity 4}, the turbulent intensity

and the Reynolds stress. In the process of deriving
the Reynolds stress from Eq.(20), the fluid fluctuat-
ing velocities u! and u/, are expanded into the sum of
the N simple sine and cosine waves with the Fourier

series:
(b, X ky,) cos(ky, - & — wpt)

+ (en X ky)sin(k, - © — wyt)], (22)

where N is a large number (N=100 in the paper),
b, and ¢,, are the vectors composed of Gaussian ran-
dom numbers, the frequency w,, is also Gaussian ran-
dom number whose standard deviation is the RMS
(root-mean-square) of the fluctuation velocity u rms

the wave number vector k., is an isotropic unit random

vector. Therefore, the dot product of the coefficient of
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primary function and the wave number vector is zero
((b, x k) - k,, = 0) under the condition of continuity

for the fluctuation velocity.
5. Experimental set-up and pro-

cedure

In order to verify the above equations and their
solutions, an experiment for the turbulent pipe flow
of fibre suspensions is performed. As shown in Fig.2,
the pure water in the tank 1 is pumped to another
overflow tank 3 located at a higher position by pump
2. For the sake of maintaining a constant pressure
head, the tank 3 is partitioned into two parts by a
steel plate. When the water level rises over the top
of one part, it will overflow from this part to another
part. The flow rate of water can be controlled by the
valve 4. The glass fibre suspensions are injected into a
pot by a high air pressure, and then flow into the pipe
smoothly. The concentration of the fibre mass can be
controlled by adjusting the air pressure. The test sec-
tion 5 is made of a Perspex pip. Before entering the
pipe, the fluid passes first through a settling chamber
with many screens. There is a disturbed ring 80cm
downstream from the settling chamber, which makes
the flow fully turbulent as early as possible. The inner
diameter of the pipe is 30mm. Due to the difference
in the refractive index between the test fluid (water
with n = 1.33) and the material of the pipe (Per-
spex with n = 1.49), both the change in geometrical
parameters of the control volume and the reduction
in the sensitivity and spatial resolution of the Laser
Doppler Anemometer (LDA) will occur. Therefore,
the test section is specially designed as shown in Fig.3,
in which the rectangular Perspex box filled with water
around the cylindrical pipe will minimize the refrac-

tion errors of the laser beams.

3 overflow tank

5 test section

s
6 reservoir |
|

Fig.2. Schematic diagram of experimental set-up.

Before experiment, the glass fibres are cut into
small pieces with a length of Imm, and then injected
into the pot 8. The fibres are mixed for 15 minutes in
the pot until forming a homogeneous distribution.

In the experiment, firstly, the tank 1 is filled with
1m? pure water, and meanwhile fibre suspensions with
a definite mass concentration are injected into the pot.
Secondly, the screw pump is switched on to pump the
water from the tank 1 to the tank 3, while keeping
the valve 4 closed. Thirdly, the parameters of LDA
are adjusted, and the laser beams are focused on the
test position. Finally, the valve 4 is switched on, and
the pipe flow forms. Before testing, we let the fibre
suspensions flow for a while to ensure that the pipe is
filled with the fibre suspensions and no bubbles exist
in the pipe. The experiments are performed with the
different mass concentrations of the fibres. The mea-
sured data are processed as the mean velocity, the

relative turbulent intensity and the Reynolds stress.

=

TN

pipe

g o rectangular perspex box

Fig.3. Test section.

6. Results and discussion

6.1. Probability distribution function for mean
fibre orientation
The orientation of fibres affects directly the tur-
It is diffi-

cult, however, to measure the orientation of fibres in

bulent property of the fibre suspensions.

a turbulent flow. Bernstein and Shapiro '8 studied
experimentally the orientation distribution of the fi-
bres in a turbulent pipe flow of fibre suspensions. The
experiment was performed in a pipe whose length and
diameter were 4.5m and 38mm, respectively. A mi-
crovideo system was used to record the orientation dis-
tribution of fibres in a region of 2mm around the pipe
center, and the data were analyzed statistically. The
probability distribution for angles € included between
the fibre’s axis and the horizontal was given. In the
present computation, the same parameters as those in
that experiment are used to calculate the probability

distribution function for fibre orientation in the same
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region. A comparison between the computational and
experimental results is given in Fig.4. Both results are

agreeable with each other.

From Fig.4 we can see that most of the angles
included between the fibre’s axis and horizontal are
small obviously, the maximum of 8 is about 10°. Be-
cause the rotation of the fibres results from the veloc-
ity gradient of the flow, and the velocity profile near
the centre is flat in the turbulent pipe flow, it causes

the fibre’s axis to tend to the horizontal.

30r
§ 20} .
RN
,.g ~
2 Q
o
& 10r .\S u-u
-~
\o—o\ \ _n
o—.\o&g
>.<9\
“0-0
0 " L L L 1 1 M i N
0 20 40 60 80
[4
Fig.4. Probability distribution for fibre orienta-
tion (Re=11000). —(Q—: computation; — W —:
experiment[ls] .

6.2. Distribution of mean velocity for fibre sus-

pensions

The distribution of mean velocities in the case of
different fibre mass concentrations is given in Fig.5,
in which the experimental results for the pure water

[19] are also involved. It can be seen

given by Nikuradse
that the computational results are in good agreement
with the experimental ones. The velocity profile tends
to be flat as the Re number increases, which conforms
to the available results. The velocity profile for the
fibre suspensions is not so flat as that for the pure
water. The pure water flow is similar to the turbulent
flow with the same Re number. It illustrates that the
fibres suppress the turbulence in the flow. The effect of
suppressions is directly proportional to the fibre mass
concentration. Figure 6 depicts the mean velocities for
the different fibre concentrations. We can see that the
mean velocity for the fibre suspensions is larger than
that for the pure water, which means that the rate of
flow increases. Because the increase in the rate of flow
results from the reduction in the drag under the same
pressure drop, the fibres play a role in reducing the

drag in the flow.

Vol. 14
10 - - ®
— -
o8l w% =4
8
5 06 /g/
: o
i; E\/g/
3 04F O/
0.2
0.0 1 1 A . A
0.0 0.2 0.4 0.6 0.8 1.0
r/R
Fig.5. Distribution of the mean velocities. computation
(Re=25900): —O—: no fibre, —O—: 2% fibre mass con-
centration, —A—: 5% fibre mass concentration, experiment
(Re=25900): M: no fibre, @®: 2% fibre mass concentra-

tion, A: 5% fibre mass concentration, experiment given by
Nikuradsel'®! (Re=11000): ®: no fibre.
1.4r Al
A
pr—HT"o—0—°
1.2} ——0—"
s = =ale
10 O
Q PR
~ -
o8 / /
T o0s6fo /2
0.4r
0.2
0.0 ) ) L A .
0.0 0.2 0.4 0.6 0.8 1.0
r/R
Fig.6. Distribution of mean velocities. computation

(Re=25900): —O—: no fibre, —O—: 2% fibre mass con-

centration, —A—: 5% fibre mass concentration.

6.3. Turbulent intensity and Reynolds stress

The distribution of the streamwise relative tur-
bulent intensities along the radial direction is shown
in Fig.7, in which the experimental results given by
Laufer(2% are also included. It can be seen that the
streamwise relative turbulent intensity augments as
Re number increases. The streamwise relative turbu-
lent intensity for the pure water is larger than that
for the fibre suspensions. The turbulent intensity de-
creases with the increase of the fibre mass concentra-
tion. It is obvious that the fibres suppress the tur-
bulence. The fact that the streamwise relative turbu-
lent intensity varies with the fibre mass concentration
conforms to the feature of the mean velocity profile.
Figure 8 depicts the distribution of the radial relative
turbulent intensities along the radial direction. We

can see that the relative turbulent intensity for the
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radial component is smaller than that for the stream-
wise component. The effects of the fibres on the radial
and streamwise relative turbulent intensities are the
same. Figure 9 shows the distribution of the Reynolds
stresses along the radial direction. It can be seen that
the fibres suppress the Reynolds stress in the flow, and
effect of suppression is directly proportional to the fi-

bre mass concentration.

0.10r
0.08
=]
¢
: oo06f Qesg\ R
¥ Q\S\Q\H
3 004f - \S\H\O
3 N s
2 ie\g o H
i
0.02 .
0.00 L L L L )
0.0 0.2 0.4 0.6 0.8 1.0
r/R

Fig.7. Distribution of streamwise relative turbulent intensi-
ties along the radial direction. computation (Re=25900): —
O—: no fibre, —O—: 2% fibre mass concentration, —A—:
5% fibre mass concentration, experiment (Re=25900): H:
no fibre, @: 2% fibre mass concentration, A: 5% fibre mass
concentration, experiment given by Laufer[20] (Re=50000):
&. no fibre.

101
b
0.8F H\o
E\‘
~ L \. E *
*3 06 O\g \n
By TN -
3 P O\ 8]
< 0.4 A\Q\S\I\Q
0.2 3 &é\
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0.0 0.2 0.4 0.6 0.8 1.0
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Fig.8. Distribution of radial relative turbulent intensi-
ties along the radial direction. computation (Re=25900):
—0O—: no fibre, —O—:
tion, —A—: 5% fibre mass concentration, experiment
(Re=25900): M: no fibre, @:
tion, A: 5% fibre mass concentration, experiment given

by Laufer[2?] (Re=50000): #:

2% fibre mass concentra-

2% fibre mass concentra-

no fibre.

0.05
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»
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Fig.9. Distribution of Reynolds stresses along the ra-
dial direction. computation (Re=25900): —O—: no
fibre, —O—:
5% fibre mass concentration, experiment (Re=25900):
| B no fibre, @:
A: 5% fibre mass concentration, experiment given

by Laufer[2?] (Re=50000): #: no fibre.

2% fibre mass concentration, —A—:

2% fibre mass concentration,

7. Conclusion

Based on the instantaneous motion equation of
fibre suspensions and the equation of probability dis-
tribution function for fibre orientation, derived are the
equation of mean motion, which includes the Reynolds
stress and the effect of the fibres, and the equation of
probability distribution function for mean fibre ori-
entation, which includes the fluctuating correlation.
A successive iteration of solving the above equations
is presented. The equations and their solutions are
proved to be correct and feasible by applying them
to a turbulent pipe flow of fibre suspensions and by
comparing the computational results with the exper-
imental ones. The obtained results show that under
the same condition, the rate of flow for the fibre sus-
pensions is larger than that for the pure water, and the
relative turbulent intensity and the Reynolds stress for
the fibre suspensions, however, are smaller than those
for the pure water. Therefore, the fibres in the flow
play a role in suppressing the turbulence and reducing
the drag, such effects become more obvious with the

increase of the fibre mass concentration.
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