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A general theoretical model for passively mode-locked lasers is presented, in which both the self-frequency shift and

either a fast or a slow saturable absorber response are taken into account. An exact soliton-like solution and condition

for its existence are obtained under a definite compatible condition. The stability of the solution is analyzed by using a

variational method, and a parameter region, in which the solution is linearly stable, is acquired theoretically. To verify

the theoretical predictions, a typical example is given for stable pulse propagation over a long distance. The numerical

results show that the soliton-like solution is stable under some perturbations within the linearly stable region and an

arbitrary Gaussian pulse converges to the exact soliton-like solution after evolution in a distance.
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1. Introduction

In the past decades, several passively mode-
locking techniques have been developed for solid-state
lasers whereby fast saturable absorber-like action is
achieved in solids. Most of these novel optical mod-
ulators rely on the non-resonant Kerr effect. In con-
trast to the absorption in bleachable dyes, the non-
resonant Kerr effect is extremely fast and wavelength-
independent, and allows the generation of a contin-
uous train of mode-locked pulses from a cw-pumped
laser. But the Kerr nonlinearity is usually not strong
enough for the cw mode-locking process to self-start.
In order to initiate Kerr-lens mode-locking (KLM), a
strong fluctuation is usually introduced by either per-

(1-3] or adding another nonlinear de-

turbing the cavity
vice to the system.!*=7] Among these, directly employ-
ing a semiconductor saturable absorber (SESAM) in
the resonator has been recognized as a practical way to
obtain stable femtosecond pulses in cw-pumped self-
starting lasers.[®7 The use of semiconductors as sat-
urable absorbers is attractive because they are inex-

pensive and compact; the important operation param-

eters can be designed generally.!8! Besides, the semi-
conductor saturable absorber can produce a strong

nonlinearity to start the mode-locking operation.

The promise of compact, reliable laser sources
with output pulses in the femtosecond regime has mo-
tivated research efforts in the world. As a result,
over a hundred articles are published every year about
experimental’ 11! studies and theoretical('2~1¢! anal-
ysis of passively mode-locked lasers. Among them,
most of the theoretical papers are generally based on
two approaches. In the first approach, which is com-
putational, one simulates the entire evolution of light
pulse within the laser, starting by noise. In the sec-
ond one, which is analytical and was first introduced
by Haus,['¥ one adopts a simplified method in which
the pulse change during a signal passing through the
laser is assumed to be small in order to obtain a sim-
ple equation. On this assumption, Li et all%l and
Akhmediev et all'l described the evolution of laser
pulses with a higher-order nonlinear Schodinger equa-
tion and a modified complex Ginzberg-Landau equa-
tion, respectively. Li et al took into account the self-

frequency shift, which arises from the stimulated Ra-
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man scattering, but Akhmediev et al introduced the
saturable absorption effect into the latter model. They
also found the exact solutions of the models and anal-
ysed their stability numerically. In KLM systems, the
nonlinear phase response is used to realize the mode-
locking operation, in which an artificial fast absorber
action is caused by Kerr-self-focusing. In this system,
the total gain (or loss) always depends on the pulse
energy, and an SESAM is often introduced to start
mode-locking. If the recovery time of the SESAM is
long compared with the pulse width, it acts as a slow
variation of loss in the mode-locking mechanism.

In this paper, we present a general model for
passively mode-locked lasers, in which both the self-
frequency shift and either a fast or a slow saturable
absorber response are taken into account. We also ob-
tain an exact soliton-like solution and condition for its
existence. By using a variational method and numeri-
cal simulation, the stability of the solution is analyzed.
The results indicate that the soliton-like pulses can be
stable in a definite parameter region, and an arbitrary
initial Gaussian pulse can converge to the exact solu-
tion after evolution in a distance. The paper is orga-
nized as follows. In Section 2 we present the model
and the exact soliton-like solution. In Section 3 the
variational method is introduced. In Section 4 shown
as a typical example are the linear stability analysis of
the soliton-like solution and the evolution under the
perturbations in amplitude and chirp. We conclude

the paper in Section 5.
2.Model and solutions

When the bandwidth-limited gain, self-frequency
shift, and saturable absorber response are all taken
into account, a so-called distributed system can be
used when the field changes only slightly on each
round trip. The resulting model, which describes the

passively mode-locked lasers, can by written as/!5:16]
iU, + %Utt +|U]*U =iR(U,U*), (1)
where
R(U,U*) =0U + ioU; + €Uy + x|U|*U + AUpy
+ u(|UPU)e + vU(U|?)e + U /t U|*dt,

bg(bg, + 66/80) — 12>\lb3 — Qﬂo)\rb'r

and U(z,t) is the normalized envelope of the optical
field; z is the cavity round-trip number treated as a
continuous variable; ¢ is the retarded time. The model
parameters §, o, €, x and « are real constants, A, u
and v can be complex. The parameter § is the to-
tal gain (or loss) in the cavity; o and the imaginary
part A; of A result from the difference between the
pulse carrier frequency and the gain-centre frequency,
which are ignored in Ref.[17]; € describes spectral fil-
tering; x denotes the fast saturable absorption; the
real part A\, of A\ represents the net third-order dis-
persion (TOD); the real part p, of p is the nonlinear
dispersion; the imaginary part u; of u describes the
combined effect of nonlinear gain; the parameter v is
the nonlinear gradient term which results from stimu-
lated Raman scattering. In fact, the imaginary part v;
of v is usually responsible for the soliton self-frequency
shift and the real part v, of v could be zero.['8] The
term with a (=8o/FE4) is responsible for the slow part
of loss variation, which is introduced by the saturable
absorber. Here §q is the loss introduced by the sat-
urable absorber in equilibrium, E 4 is the saturation
energy of the absorber.[¢!

When the limiting case, in which the pulse ampli-
tude is well below the saturation level, is considered,
we find that Eq.(1) has a solution in the following

form:

U(z,t) =Ap{sech[no(t — poz)}}1+iﬁo
x expli(£20t — Ko2)], (2)

where Ag, 19, Bo, 20, po and K are the parameters
describing the amplitude, inverse pulse width, chirp,
frequency shift, inverse group velocity and phase of
the soliton-like solution, respectively. By substituting
the solution (2) into Eq.(1), we can write the ampli-
tude Ag, the inverse pulse width 79 and the frequency
shift 2 of the soliton-like solution as

6Mnbs — Bodiby | M2
A0=7l0<%> » (3)

nZ(mmm—a%mmm—m&m»”Q "
0 bibs(Aibs + 260A,) ’

$2

~ 6(bs — Botr) (3Bori — Arbs) + 20, (3Nibs + Borrbs)’
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and the chirp parameter 3y together with model pa- \\\ / B=-0.278 2
rameters J, o, €, x, o, A, 4 and v satisfy the compat- 0 \ B=-0.907 7 S
ibility conditions as follows: 7 A2
-500 A 6
A (6b2b3 — Bob1b g
A = (6babs — Boby 7)’ (6) 5 10004 4
6b1 b3 + Bobabr e ,
A2
6=— La + .Q()blo + 77(2) [ﬂg(l + GAT .Qo) —1500 - 0 0358 ¢~ \“\, , 0474
Mo £ fossa0ddy %
_ — 3\ 030 036 042 048
bale — 33, %)), ™ oo | | |
0 n2 (2bs (= — 3):120) -1.0 -0.5 0.0 0.5 1.0
X—Nzo+2A(2) 5(€ — 9As {4 P
—3B0(1 + 6X,.9%)], (8)

whereas the inverse group velocity pg and phase pa-
rameter K can be determined by the following equa-

tions directly:

A2
Po :%a + 20(1 + 37, 52)
770b4
+m5(280A; — Arbs), (9)
1 1
Ky 25902 + A0 — 577(2)[173(1 + 6X-82)
=+ 4ﬂ0(6 — 3)\1.90)], (10)

with the notation

by = 3pr — ﬂolii + 2vy,
bz = 3ui + Bopr + 2v4,

by =1- [,

by =1+ (2,

bs =2 — f3g,

b = 2+ 32,

by =11 — 3,

bs =5+ 202,

by = —0 — 28 + 3\ 22,

bio =0+ e — \$23. (11)

For different values of «, the dependences of A2 and
na on the chirp parameter B, are both shown in
Fig.1, in which other parameter values are 0=0.0592,
€=0.4749, \,.=-0.03147, u,=-0.04173, v;=—0.02609,
and p;=v,=0. Curves 1, 3, 4 and 2, 5, 6 denote A2
and n3 for «=0.1, 0.01, 0.001 respectively. They in-
dicate the regions where the solution of Eq.(1) in the
form (2) exists. We can see that, the regions for so-
lution existence are By € [-0.907, —0.278] U [0.384,
0.44] for a=0.001 and the regions will be extended

with the increasing of parameter a.

Fig.1. Some regions of the chirp parameter Sy where

the soliton-like solution (2) exists.

3. Variational method

To study the stability of the soliton-like solution,
we analyse it by evaluating the evolution of the so-
lution parameters. Or, rather, based on the solution
(2), we assume that the solution parameters are slowly
varying functions of a propagating distance z. In ad-
dition, considering the possible shift of the centre fre-
quency due to stimulated Raman scattering, we take

the generalized trying function as
U(z,t) = A(2)[sech(7)]" P exp(ig), (12)

where 7 = 5(2)[t—p(2)], and ¢ = 2(2)[t—p(2)]— K (=)
A, n, B, 2, p and K are the amplitude, the inverse
pulse width, chirp, frequency shift, inverse group ve-
locity and phase of the soliton-like solution, respec-
tively, which are functions of the propagating distance
z. We use a variational method for solving Eq.(12)
to derive dynamic equations for the parameters A(z),
n(z), B(z), 22(z), p(z) and K (z). Firstly, we introduce

the Lagrangian!8!

L= /+Oo Lo(U,U*)dt, (13)

— 00

where the Lagrangian density is given by
1. . X
Lo(U,U") = S(U"U. = UUZ) = |U* + U] (14)

It is easy to verify that Eq.(1) can be recovered by

dLy 9 (dLy\ @ (9Lg
U+~ at\au; )~ 9z \oU:

) —iR(U,U*). (15)

In the presence of the perturbation terms R(U,U*),
the Euler-Lagrange equation can be extended to the

following form:[19]

L 9 [ OL [t our U
a?@(ap)—l/ <RapRa—p>dt’

h (16)
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where P represents one of the six pulse parameters. Substituting A(z), n(z), 8(z), 2(z),

p(z) and K(z) for P

n (16), we can obtain the following set of evolution equations:

dA  Ada  Ap?

== 4+ 2 Q7N + B2\ A
P + 5 (88 — Te — &%) + 30R2(TX; + B°X\i + 68),.)]

FAG — 00— 22+ 0% + SA?’(X — w0, (17)
% :%A%;(X — i 02) + §n3(3ﬁ —de + 120,02 + 186X, 2 + 2% — 632\ 2), (18)
df 242003 ) o 4 ) )
- =""3 +15( +62)(7 +36%)m* \i +3n 21+ 8% (8N 2% —2:02 — 0)

4

+ 5 AN (2Bpn + 2Bvn — B i — By — 2va), (19)
d 2A2 2
df 3 (17ﬁX+ﬂNzQ+NrQ)+§n2(1+/82)(3ﬂ)‘i976/\r97ﬂ571)7 (20)

for the amplitude A(z), the inverse pulse width n(z), the frequency shift £2(z) and the chirp 3(z), respectively,

and the equations

% ani; — 3(1 + B8%)(28X; — 3X,) + A;(ﬁui — 3, — 2v;)
+ B0 + 2602 — 30 2%) + 2(1 + 3\, 2), (21)
% —_ O‘AQQ an 377 (58¢ + 2% — 128X\ — 385002 + 18X, 2 + 982\, 2)
+ %2(5 +38%) + %A2(712 +48x — TBui 2 — 31, 2 + 6v,.02)
~ ZEZ02(1 4 57)(1 4 Be — 39N+ 6A ) + A%(Bx — B2 — iy 2 — 1)
— %9(250 + 02+ 4B — 68127 + 40, 027), (22)

for the inverse group velocity p(z) and the phase shift
K (z), respectively, which are dependent on the pa-
rameters A, n, 2 and B. It is easy to verify that
the parameters Ag, 79, 20 and Bq satisfy the condi-
tions (3)—(8) presenting the steady-state solution of
Eqgs.(17)-(20

ity dispersion and Kerr nonlinearity are taken into ac-

). When only the effects of group veloc-

count, namely § =oc =e¢=x=a == pu = v=0,
and in the absence of chirp, Eqs.(17)—(22
duced to

) can be re-

dA dn

dz T dz ’

dsn

_— = A =

o =0 A=,

dp dK 1, ., 9
— =N, — = 7).
dz T dz 2(77 +427)

Then Eq.(2) presents the exact soliton solution of the

standard nonlinear Schrodinger equation.

|
4. Linear stability analysis and re-

sults

In order to understand the stability of soliton-like
solution (2), setting A = Ag+AA, n = no+An, 2 =
20+AL and B = Po+ApB and linearizing Egs.(17)—
(20) around the steady-state solution (Ag, 1o, 20, Bo),
we derive the evolution equations for the small devia-

tions AA, An, Af2, and AS in the forms

dAA
W = CllAA + ClgAT] + ClgA.Q + Cl4A,8,
dA

dzn Co1AA + CoaAn + Coz A2 + CoyAB,
dAS?
P C31AA + C32An + C33A8 + C34,Af,
dAs

dz C41AA + C42A’I7 + C43A.Q + C44Aﬁ (23)

where the coefficients are given by
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20A% 16
Cll = _Az(X uz-Q)
Tlo
30(A 2A0
Ciz =— 9(5 — 2b
' 3 910 oy X 10)
+8A3(x — mif2)],
Oé,BoAO
Ci3 = A
o M3bs + 9 ol615 (34 — B3 i
_ Aong
Cra =—2"(3 — 2foe + 680 Xi 20 + 184, 2p),

9
8
Ca :§A0770(X — 1if2),

8
Coy = — §A3(X - ui'QO)a
4 4 4 4
Cas = = g Agmoni + 370 (Aibs + 3ArBo),

2
Cos = — =13 (3 + 4ﬁ05 — 1208082 + 18),.82),

9
4
C31 = — gOéAoﬁo - A0770( — Bob1),
4 8
C3z =§n0b4bg 15 %7]0( /BObl)
8
¥ 15Amob4(7+ 36),
Cz3 =— 577354(83/\1‘90)7
2abs A2 4
Czq = — 0 + — 2 [Bomd (15X; + B3Xi + 105o),)
3by 15
- 2A3(ﬂ0)u'z — Hr — Vr)]a
4
Cu =§Ao(1 — Box + BoSops + 2opr),

447
Cyo = 30 (1 — Box + BoLopi + 2optr),

Ca3 —Ao(ﬁoﬂz + 1) + 203b1(XiBo — 22.),

Cyy =~ gng[ﬁo(l + 6X,.02)
+ (64 455) (e — 3\ ).

In Eq.(23), there exist four unknown quantities that
determine the small deviations from the steady-state
solution. The complete stability analysis of the four
quantities is complicated both analytically and nu-
merically. Here we investigate an example, in which
B0=0.398, and other parameters of the equation are
The soliton-like
pulse is determined by Eqs.(3)—(11) depending on the

the same as those used previously.

chirp parameter 3g. We know that if the steady-state
solution (A, Mo, 20, Bo) is linearly stable, the real
parts of all eigenvalues for Eq.(23) are negative. The
maxima of the real parts of the four eigenvalues for

different chirps (¢ are shown in Fig.2. We can see

[0.398, 0.44] for a=0.001, they

are all negative and the steady-state solution (Ag, 7o,

that only when 3y €

20, Bo) may be linearly stable.

0.75 1
050 .

0.25

0.00

Maxima of eigenvalues

-0.251

0.36 0.39 0.42 0.45
Bo

Fig.2.
linearly stable regions of chirp parameter By for Eq.(3).

Maxima of the four eigenvalues of Eq.(23) and

Moreover, if the parameters in Eq.(1), including
4, are fixed, the pulse is unstable. Any increase in
amplitude of the pulse relative to the exact solution
can augment the total gain across the pulse, and then
the amplitude increases exponentially. Any decrease
in the pulse amplitude appearing in the opposite di-
rection can result in the pulse decay. For a proper
choice of parameters, the pulse can become stable if
the gain (or loss) § depends on the total energy of the
pulse Q, as § = g(Q) — dp, the gain term ¢(Q) de-
scribes a gain medium with a recovery time 7T7,, which
is much longer than the round-trip time of the cavity

and therefore the gain term does not depend explic-

itly on t. It can be described by the following rate
equation!'®
99(Q) _ 9(Q—-90 @
= - 24
o2 T, T L

where g¢ is the small signal gain, E, is the gain satu-
ration energy, and Tg = 1 is the round-trip time. The
dependence of § on the pulse energy Q serves as a feed-
back mechanism that stabilizes the pulse for some val-
ues of gg, Er, Ty, and §g. When B¢=0.398, the max-
ima of real parts of the four eigenvalues take the value
—0.00224. Then we have §=-0.00217, X\;=0.00653,
x=0.18319, and the other corresponding pulse param-
eters Ay =0.98226, ng =0.80348, 2o = —0.04953,
po =—0.02802, and Ky =-0.51751.

To verify the predictions, we simulate Eq.(2) nu-
merically by using the split-step Fourier method. The
initial conditions are the same as those for the soliton-
like solution under disturbances in amplitude and
chirp with go=1, T,=100, and E;, =100, which ensure
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that the pulse amplitude is well below the saturation
level. Firstly, the evolution of the initial pulse with
an amplitude Ay being 10% larger than the theoreti-
cal prediction, i.e. 1.08049, is shown in Fig.3. We can
see clearly that, after adjustment in a short distance,
the theoretically predicted pulse is formed. Secondly,
we seek for the evolution of an initial pulse with dif-
ferent initial chirps, which is shown in Fig.4. Finally,
the evolution under the perturbation of white noise,
whose maximal value is 0.26, is shown in Fig. 5. From
the evolution behaviours of the pulse, we can conclude
that the soliton-like solution is stable under finite ini-
tial perturbations when 3,=0.398. In addition, we in-
vestigate the evolution of an arbitrary Gaussian pulse
for £p=0.398, which is shown in Fig.6. We can see
that the Gaussian pulse converges to the soliton-like

solution after 1000 round trips.

Fig.3. Evolution of an initial pulse whose amplitude is 10%
larger than that of the exact solution, i.e. Ag=1.08049.

(2]
p—

= 1000
o 2 E 800
5 E 600
1 400 2
=200
™30 20 -10 9 0

Fig.5. Evolution of an initial pulse with the pertur-

bation of white noise, whose maximal value is 0.26.

Fig.6. Evolution of an arbitrary Gaussian pulse
E(0,t) = Agexp(—t?).

5. Conclusion

We have obtained analytically the soliton-like so-
lution for a general passively mode-locked laser model,
in which both the self-frequency shift and either a fast
or a slow saturable absorber response are taken into
account. The stability of the solution has also been in-
vestigated by using both a variational method and nu-
merical simulation. The numerical simulation results
match well with the theoretical predictions obtained
by use of the variational method. From the numerical
results, we can conclude that the soliton-like solution
is stable under a definite parameter condition. In ad-
dition, we also find that when started with an initial
arbitrary Gaussian pulse, the exact soliton-like solu-
tion can be converged under the feedback mechanism

introduced by the saturable absorber.

0.9
o 06
Is]
0.3
0.0’
t
Fig.4. Evolution of an initial pulse with the per-
turbation of chirp, the initial pulse is E(0,t) =
Agsech(not)expli( 20t + 0.5t2)].
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