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We investigate the evolution of a quantum system described by the Jaynes—Cummings model with an arbitrary

form of intensity-dependent coupling by displaying the linear entropies of the atom, field and atom-field system in the

large detuning approximation. The cavity field is assumed to be coupled to a reservoir with a phase-damping coupling.

The effects of cavity phase damping on the entanglement and coherence loss of such a system are studied.
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1. Introduction

The usual Jaynes—Cummings model (JCM) with
intensity-dependent coupling was proposed by Buck
and Sukumar!! to reflect the dependence of the in-
teraction between an atom and a single-mode opti-
cal field. 2

to include an arbitrary form of intensity-dependent

The model was generalized by Buzek!

Collapses and revivals of the atomic
5]

coupling.
inversion,®! the light squeezing,[*! phase properties,!
field entropy/® and entanglement between the atom
and the field!” in the model have been studied by
some authors. These works ignored the damping of
the cavity field. The damping is important, however,
because realistic cavities have finite () and measuring
processes will cause photons to leak. Recent stud-
ies have shown that amplitude damping of the cavity
field affects markedly the behaviour of the atom—field
system.[8=19 Li and Fang handled the dynamics of
the usual JCM with intensity-dependent coupling in
the dispersive approximation in the presence of energy
dissipation of the cavity by calculating the field linear
entropy.!1% But the atomic linear entropy in that situ-
ation is difficult to work out. Another model describ-

ing a system interacting with an environment is the

phase-damping model.'2=13] One advantage of this
model is that its mathematical treatment is straight-
forward while capable of revealing the decoherence
process. In this paper, we will investigate the dynam-
ical properties of the JCM with an arbitrary form of
intensity-dependent coupling by considering the time
evolution of its linear entropy in a phase-damped cav-
ity.

2.Effective Hamiltonian

We take the Hamiltonian for the JCM with an
arbitrary form of intensity-dependent coupling in the

dipole and rotating-wave approximations to be (A =

1)[2]

H=wa"a+ %wegaz +gloraf(N)+ f(N)ato_], (1)

where o,, o4 are the atomic pseudospin operators,
a(a™) is the creation (annihilation) operator of the
single-mode optical field, N = aTa is the photon num-
ber operator, f(IN) is an arbitrary function of N, and
w and wey are the frequencies of the field and the atom,
respectively. The constant g is assumed to be real.
Eq.(1) describes, respectively, the JCM and the usual
JCM with intensity-dependent coupling for f(N) =1
and f(N) = v/N. In an invariant subspace spanned
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by |e) ® |n) and |g) ® |[n + 1), the eigenvalues of H are

1 1
E:I:: <n+§>w:|:§An, (2&)

where
A =[0"+4g°(n+ 1) (n+1)]'/?,  (2b)

with § = wey — w (e and g denote the excited and
ground levels, respectively) being the detuning of the

field. The corresponding eigenstates are

[+,n) = sinby, |e,n) +cosbn g,n+1),  (3a)
|—,n) =cosB, |e,n) —sinb, |g,n + 1), (3b)
with
sin 6 :2g[ (n+1)f*(n+1) ]1/2
" (An =0 +4g*(n+ 1)f*(n+1)] ~
(4a)
cos b, =(A, —90)
{ ) }1/2
% .
(A, —0)2+4¢%(n+ 1)f2(n+1)
(4b)

Following Peixoto et al,® in the large-detuning ap-

proximation

)

g >+ NP+, (5)
we arrive at the effective Hamiltonian

1
H. =waTa+ E(w +0)o.

+ 2(ata+1)f*(ata+1)le) (el

—a*af?(a*a)lg) (g]], (6)
with 2 = ¢2/6.
3. Density operator and linear en-

tropy

In the interaction picture, the master equation for
the density operator of the atom—field system can be

written as

P _ _ol(ata+ 1) /2@ at 1) |e) (e

dt
— (a*a)f*(a*a)|g) (gl p(t)]
+ A2aTap(t)ata — p(t)aTaata
—ataaTap(t)). (7)

The last term in Eq.(7) describes the phase damping
of the cavity field, and A is related to temperature by

A = NkgT()N is the constant of decay, and kg is the
Boltzmann constant).[!3]

If we introduce superoperators M and P such
that

MO = a*aO, PO = Oa™a,

where O is an arbitrary operator, then the Liouvil-
lians corresponding to the matrix elements pgq, pee,

Peg and py. take the following forms:

Lee=—iQ[M+ )P M +1) = (P+1)f*(P +1)]

—AM? +P? - 2MP), (8a)
Lgg :iQ[MfQ(M) - PfZ(P)]

— AM? +P? - 2MP), (8b)
Log =—iQ2[(M+1)fAM+1) + PfAP))

—AM? +P? - 2MP), (8c)
Lge =iRMA(M) + (P +1)f2(P +1)]

— A(M? +P? - 2MP). (8d)

The master equation (7) can be solved to obtain
pij(t) = e“i'p;;(0) (i,5 = e,g). (9)

We suppose that the atom is initially in a superposi-

tion of the excited and the ground state
‘ WA(O» = Ce |€> + Cg |g> ’ (10)

and the field in a coherent state
n=0

an

\/m?

number (we will take it to be real for simplicity). Sup-

where F,, = exp(— |a|2/2) and « is a complex

pose that at the moment the interaction between the
atom and the field starts, the state of the atom—field
system is the direct product of Egs.(10) and (11), then

we have

pec(0) = [Ce* Y FunFy|m)(nl,  (12a)
m,n=0

Pag(0) = |Cyl* Y FuFy|m)(nl,  (12b)
m,n=0

peg(0) = C.Cy Y FuFj|m)(n|,  (12c)

m,n=0

Pge(0) = CyCC Z FnFy im) (n|.

m,n=0

(12d)

Substituting Eqgs.(8) and (12) into Eq.(9), we obtain
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pec(t) =|Cel” Y FuFrexp {=i0t [(m+1)f>(m+1) = (n+1)f*(n+1)] = At(m —n)*} |m) (n], (13a)
m,n=0

pag(t) =|Cyl* > FFlexp {it [mf*(m) — nf*(n)] — At(m —n)*} |m) (n], (13b)
m,n=0

Peg(t) = C.C; Z F, Frexp {—i(lt [(m +1)fA(m+1)+ an(n)] — At(m — n)2} |m) (n|, (13c)
m,n=0

pge(t) = C,C* Z FpFrexp {i2t [(n+1)f*(n+ 1) + mf*(m)] — At(m —n)?*} |m) (n|. (13d)
m,n=0

The reduced atomic density operator can be obtained from Egs.(13) by

pa(t) =Trp [p(t)]

= |C’e|2 le) (e| + |Cg|2 9) (g] + {CeC; Z |Fn|2 o =12 {(n+1) 2 (1) +nf ()] le) (g| + h.c.} ) (14)

n=0

The reduced field density operator is
PE(t) = pee(t) + pgg(t).
The linear entropies of the system, of the atom and of the field are, respectively,

S(t) =1 = TP = 1 = 30| Fy B e 200",

m,n

Sa(t) =1 — Tr[p%] = 2|C.C,|? {1 - Z |Fp Fy |2 12t m+1) 52 m+1)+Mf2(m)(n+1)f2(n+1)nf2(n)]} ’

Sp(t) =1 — Tr[p%] _1_Z|F F,|? e~ 2At(m= n)?

(15)

(16)

(17)

m,n

(m+1)f2(m+1) + mf?(m) -

X {1 —4|C.C, | sin? [

4. Results and discussions

Numerical calculations can be performed based
on Eqs.(16)—(18

general results.

), but let us first have a look at some

We conclude from Eq.(16) that the
time evolution of the entropy of the total system does
N), and it
The
linear entropy of the atom and that of the field, how-

not depend on the form of the function f(

is independent of the initial atomic state also.

ever, are determined by both how the atom—field cou-
pling relates to the field intensity and what the initial
atomic state is. If the atom is initially in the excited or
ground state, the atomic linear entropy is always zero,
and the field linear entropy and the linear entropy of
the atom—field system are equal. This is because, in
the large detuning approximation, the atom dose not
transit between the two atomic levels, and remain on
the excited level or on the ground level, which is a pure

atomic state. In this case, the atom and the field are

. (n+1)f2(n+1)—nf2(n)} Qt}. (18)

not entangled, and the field loses coherence monoton-
ically. For the initial atomic state (|e) + |g))/V/2, we
display in Fig.1 the evolutions of S(t), Sa(t), Sr(t)
N)=1,
N3/2 respec-

with the scaled time £2¢ in the special cases f(
f(N)=N'2, f(N) =N, and f(N) =
tively, for the same parameters o = 1, A\/f2 = 0.1.
We see that the atom—field system has the same time-
evolution curve of S(t) for all the cases and the field
linear entropy has damped oscillations. The atomic
linear entropy turns back to zero periodically with a
period 7/82, n/282, /2, w/81 in Figs.1(a)—(d), re-
The atom is disentangled from the field
at times when S4(¢t) = 0. In the case of amplitude

spectively.

damping of the field, the atomic coherence is affected
by the reservoir through the factor I'(t), the real part
of the argument of the exponential in p.4, and lost
completely as time increases. The atomic coherence,
however, is independent of the cavity decay parame-

ter A in Eq.(17) in the presence of phase damping of
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the field, and lost and regained periodically even as
t — 0o0. According to Eq.(14), only diagonal matrix
elements of pee, pPgg, Peg and pge in the photon num-
ber representation contribute to the reduced atomic
density operator, while phase damping has no effect
on these diagonal matrix elements from Eqgs.(13). This
explains why the atom is entangled with and disentan-
gled from the field as if phase dissipation of the cav-
ity did not exist. When the atom arrives at the zero
value of its linear entropy (disentanglement occurs),
the field linear entropy takes a local minimum, which
is just the value of the linear entropy of the atom—field
system at the same moment. The oscillations of Sg(t)
between local maxima and local minima are due to its
interaction with the atom, for Sg(t) would evolve as
S(t) without such interaction and oscillate as S4(t)

without damping. The phase damping causes the am-
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plitude suppression of the oscillations of Sg(t). At the
maxima, the field loses coherence, and partially gain
coherence at the minima. But the field loses coherence
more than it gains due to phase damping, and finally
completely loses coherence and falls into a statistically
mixed state. Both S(t) and Sp(t) approach the same
steady value S™#* as t — oo for a given amplitude of
the coherent field a. Apart from the initial moment,
neither the total system nor the field subsystem can
be in a pure state. The atom, however, returns to a
pure state regularly. These results are quite different
from those in the JCM with amplitude damping of the
cavity field.8] There, the field linear entropy returns
to zero periodically while the atom will never be in a
pure state as long as the interaction between the field

and the atom begins.
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Fig.1. Time evolutions of S(t) (dashed line), S4(t) (light solid line), and S (¢) (heavy solid line) for (a) f(N)=1,
(b) f(N) = N1/2, (c)f(N) = N, and (d) f(N) = N3/2. Parameters: a=1, A\/2=0.1, C. = Cy=1/v/2.

Let us concentrate on the case of f(N) = N'/2,
for it is the most frequently used intensity-dependent
coupling. If the initial field is very weak (a < 1), we
obtain the approximate expressions for S(t), Sa(t)
and Sp(t) as follows:

S(t) =2a%(1 —e™2M),
Sa(t) =8a%|C.C,|* sin?(202t),
Sp(t) =2a2%(1 — e 2M)

+8a2%[C.Cy|7 e M sin?(202t).  (19)

Both the field linear entropy and the atomic lin-
ear entropy reach their local maxima at times Ty =
(n+1/2)(7/282) (n = 0,1,2,...). For the case C. =
Cy = 1/\/5, these maxima are of the same value 2a2.
Fig.2(a) shows the evolutions of the linear entropies
based on Egs.(16)—(18) for a = 0.1, C, = C, = 1/v/2.
It is clear that Sg(t) oscillates harmonically and the
evolution of Sg(t) is the evolution of S plus damped

harmonic oscillations, consistent with Egs.(19). As «
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increases, the maxima of Sg(t) increase more rapidly
than those of S4(t), and the maxima of Sg(t) be-
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come larger then those of S4(t) for a large enough

(Fig.2(b)).
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Fig.2. Time evolutions of S(t) (dashed line), S4(t) (light solid line), and S (¢t) (heavy solid line) in the usual JCM
with intensity-dependent coupling for A/£2=0.1 and different a (Ce = Cy=1/+/2). (a) a = 0.1, (b) a=2.
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Fig.3. Asymptotic linear entropy of the atom—field
system and that of the atom as a function of «

(A\/02=0.1, C. = Cy=1/V/2, f(N) = N1/2).

From Fig.2, we also see other effects of the inten-
sity of the initial coherent field. The time for the S(t)
to get to its steady value shortens for large a, which
is a reflection of the argument that the intensity of
the coherent field is a measure of its “classicality”.
Eqgs.(19) tell us explicitly that the increasing rate of
the linear entropy of the atom—field system is propor-
tional to ? at the beginning of the interaction. Small
oscillations take place during each period of the above-
mentioned entanglement and disentanglement in both
S(t) and Sp(t). This phenomenon is the result of the
nonlinearity of the interaction between the atom and
the field. Figure 3 shows that the steady value of

S(t) and Sp(t) (both equal to S™?2*) rises with in-
creasing a. For large a(a > 4), the atom, except at
time tg = nw/202 (n = 0,1,2,...), is almost always
in mixed states with S (t # to) = 0.5, characteristic
of a statistical mixture. It is obvious from Fig.2 that
the entanglement of the atom with the field goes from
harmonic to inharmonic as the intensity of the field

grows.
5. Conclusion

We have studied the linear entropy properties of
the field, the atom and the combined system in a JCM
with intensity-dependent coupling in the presence of
phase damping of the cavity field. The following con-
clusions can be drawn from the above discussions. (1)
The time evolution of the linear entropy of the com-
bined system depends on the phase damping parame-
ter A, and it is not affected by the initial atomic state
and the form of intensity-dependent coupling. (2) The
atomic linear entropy evolves periodically with time,
and it is not influenced by phase damping of the cav-
ity field. (3) During its time evolution, the cavity field
will not turn back to a pure state; the coherence of the
field is lost and regained through its interaction with
the atom, and completely lost finally due to cavity
damping.
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