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Another simple and systematic decentralized feedback anticontrol algorithm of chaos in the sense of Devaney is

proposed for arbitrarily given discrete-time Takagi-Sugeno (TS) fuzzy systems. Based on a given discrete-time TS

fuzzy system, the new chaoti�cation algorithm uses the decentralized state feedback control and the over
ow nonlinear

function of the 2's complement arithmetic to construct a chaotic system. Based on the Shi{Chen theorem, we prove

mathematically that the constructed system is indeed chaotic in the sense of Devaney. In particular, an explicit formula

for the computation of chaoti�cation parameters is also obtained. A numerical example is used to visualize and illustrate

the theoretic results.
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1. Introduction

In addition to the rapid development of chaos

suppression and chaos synchronization in the last

decade,[1;2] chaoti�cation (also called \anticontrol of

chaos") by means of making an originally non-chaotic

dynamical system chaotic, or enhancing and retain-

ing existing chaos, has attracted some special atten-

tion from the engineering and physics communities

lately due to the great potential of chaos in nontra-

ditional applications.[2;3] In the pursuit of chaotify-

ing discrete dynamical systems, the �rst mathemati-

cally rigorous chaoti�cation method was developed by

Chen and Lai[4�6] from the engineering feedback con-

trol approach. Up to now, the chaoti�cation problem

of discrete dynamical systems can be divided into two

kinds. The �rst kind is to consider how to directly de-

sign a nonlinear state feedback controller such that the

controlled discrete dynamical systems become chaotic

such as in Refs.[3, 7{11]. The second kind is to con-

sider how to �rst design a linear state feedback con-

troller to ensure that all the Lyapunov exponents of

the controlled system become strictly positive so that

the system trajectory is expanding in all directions,

and then apply a nonlinear operation to fold the tra-

jectories back into a compact region whenever the ex-

pansion takes them beyond it. A combination of these

two expanding and folding e�ects is expected to create

complex chaotic dynamics within the bounded region

of system orbits, thereby leading to chaotic dynamics

such as in Refs.[4{6, 12{16].

The chaoti�cation problem of discrete-time

Takagi{Sugeno (TS) fuzzy systems has been studied

in Refs.[9{11, 13,16]. In the �rst kind, the authors of

Refs.[9, 10] and [11] have studied how to make a sta-

ble discrete-time TS fuzzy system chaotic in the sense

of Li{Yorke[17] and Devaney[18] respectively. In the

second kind, Li et al
[13] used the centralized control

and mod-operation to chaotify a TS fuzzy system and

applied the Marotto theorem[19] to prove their results.

Moreover, the authors of Refs.[20{22] have pointed out

that the Marotto theorem[19] su�ers a problem since

Marotto had used the following property A0 ) B0 in

his theorem:

A0: All eigenvalues of the real matrix A are larger

than 1 in absolute value;
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B0 :A satis�es kAxk2 � � kxk2 for some � > 1,

for all x 2 Rn.

Later, in Ref.[16], we used the decentralized feed-

back controller and simple sawtooth functions to chao-

tify a discrete-time TS fuzzy system and applied the

corrected Marotto theorem to mathematically prove

that the controlled system is chaotic in the sense of Li

and Yorke.[17]

In this paper, we are interested in the second kind

of chaoti�cation problem and use the mathematical

de�nition of chaos introduced by Devaney[18] as the

design criterion. More precisely, for an arbitrarily

given discrete-time TS fuzzy system regardless of its

stability, we propose another simple and systematic

chaoti�cation method belonging to the second kind

problem mentioned above, which uses the decentral-

ized state feedback control and the over
ow nonlinear

function of the 2's complement arithmetic[23] to con-

struct a chaotic system. In each dimension of the sys-

tem, the decentralized controller uses only one local

state variable. We apply the Shi{Chen theorem[24] to

mathematically prove that the proposed chaoti�cation

method can yield chaos in the sense of Devaney.[18] In

particular, an explicit formula for the computation of

chaoti�cation parameters is also obtained. Finally, a

numerical example is used to illustrate the theoretical

analysis and the controller design.

Throughout this paper, all vector inequalities

such as x � 0 are component-wise inequalities,b =

[1; 1; : : : ; 1]T. For a vector x 2 Rn, its in�nity-

norm is de�ned by kxk1 = max
1�i�n

jxij, and its cor-

responding induced norm is de�ned by kAk1 =

max
1�i�n

8<
:

nX
j=1

jaij j

9=
;.

2.Description of the problem and

the controller design

Consider a general discrete-time TS fuzzy

system[25] described by

Rule i: IF x1(k) is Mi1; � � �, and xn(k) is Min,

THEN

xk+1 = Aixk + uk; (1)

where xk = [xk(1), � � �, xk(n)]
T, uk = [uk(1), � � �,

uk(n)]
T, i = 1; 2; � � � ; r, r is the number of IF-THEN

rules, Mij are fuzzy sets, and the equation xk+1 =

Aixk + uk is the output from the ith IF-THEN rule.

Now, given a pair of (xk; uk), the �nal output of the

fuzzy system is inferred from

xk+1 =

rX
i=1

wi(k) fAixk + ukg

rX
i=1

wi(k)

; (2)

where wi(k) =

nY
j=1

Mij(xk(j)), Mij(xk(j)) is the de-

gree of membership of xk(j) in Mij , with8><
>:

rX
i=1

wi(k) > 0

wi(k) � 0; i = 1; 2; � � � ; r:

By using hi(k) = wi(k)=
Pr

i=1 wi(k) instead of wi(k),

Eq.(2) is rewritten as

xk+1 =

"
rX

i=1

hi(k)Ai

#
xk + uk: (3)

Note that 8><
>:

rX
i=1

hi(k) = 1

hi(k) � 0; i = 1; 2; � � � ; r;

(4)

in which hi(k) can be regarded as the normalized

weight of the IF-THEN rules.

The problem investigated is to chaotify the arbi-

trarily given discrete-time TS fuzzy systems (3) re-

gardless of their stability with kukk1 � umax, where

umax is an arbitrarily small control magnitude bound.

For this purpose, we use the decentralized control and

the over
ow nonlinear function of the 2's complement

arithmetic[23] to obtain the following closed-loop con-

trolled system:

xk+1 = �

 "
rX

i=1

hi(k)Ai

#
xk + uk

!
; (5)

uk = �xk; (6)

where �(y) = ['(y1); � � � ; '(yn)]
T, for any y =

[y1; � � � ; yn]
T 2 Rn; � > 0 is a constant to be de-

signed, and ' : R! R is the over
ow nonlinear func-

tion of the 2's complement arithmetic de�ned by (see

Fig.1)[23]

'(y) = y � 2m" for

(2m� 1)" � y � (2m+ 1)"; m = 0; �1; �2; � � �(7)

Here " > 0 is the maximum of the 2's complement

arithmetic and can be designed such that kukk1 =

k�xkk1 � �" � umax. Later, we will apply the Shi{

Chen theorem[24] to mathematically prove that the
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controlled system (5) with the decentralized controller

(6) is chaotic in the sense of Devaney.[18]

Fig.1. The over
ow nonlinearity.

Finally, it should be noted that in employing

the over
ow nonlinearity of the 2's complement arith-

metic, it is typical to identify (\paste") the extreme

value " to another extreme value �" in the range of

the map, thereby obtaining a continuous di�erentiable

map on a circle (the \circle map" from the unit cir-

cle to the unit circle).[3;12] Here and throughout, we

follow this convention.

3.Veri�cation of chaos in the

sense of Devaney

In this section, we apply the Shi{Chen theorem[24]

to prove that the controlled system (5) with the de-

centralized controller (6) is chaotic in the sense of De-

vaney.

3.1. Chaos in the sense of Devaney: the Shi{

Chen theorem[24]

Since Li and Yorke[17] �rst introduced a precise

mathematical de�nition of chaos, there have appeared

several di�erent de�nitions of chaos, some are stronger

and some are weaker, depending on the requirements

in di�erent problems. In 1987, Devaney[18] presented

an explicit de�nition of chaos for the following sys-

tems:

xn+1 = F (xn); n � 0 (8)

where F : V ! V is a map and V is a subset of Rm,

which is described as follows. A continuous map F is

said to be chaotic on V (in the sense of Devaney) if

(i) F is transitive;

(ii) the periodic points of F are dense in V ;

(iii) F has a sensitive dependence on initial con-

ditions.

By a relevant result given in Ref.[26], Properties

(i) and (ii) together imply Property (iii). So, Property

(iii) is redundant in the above de�nition.

Since results obtained in this paper are related to

a symbolic dynamical system, for convenience, some

results of symbolic dynamical system[18] are �rst re-

viewed.

LetX+

2
:= fs = (s0s1s2 : : :) : sj = 0 or 1g

and de�ne a distance between two points s =

(s0s1s2 : : :) and t = (t0t1t2 : : :) in
P+

2 by

�(s; t) =

1X
i=0

jsi � tij

2i
:

Lemma 1[24]
�P+

2 ; �
�
is a complete, compact,

totally disconnected, and perfect metric space.

The shift map � :
P+

2 !
P+

2 de�ned by

�(s0s1s2 : : :) = (s1s2 : : :) is continuous. The dynami-

cal system governed by � is called a symbolic dynam-

ical system and it has the following properties:

Lemma 2[18]

(i) Card Pern(�) = 2n,

(ii) Per(�) is dense in
P+

2 ,

(iii) there exists a dense orbit of � in
P+

2 ,

where Card Pern(�) denotes the number of periodic

points of period n for �.

It is clear that Property (iii) implies that � is

transitive. Hence, this symbolic dynamical system is

chaotic in the sense of Devaney.

The following criterion of chaos for system (8) was

established in Ref.[24], which plays an important role

in the rest of this paper.

Theorem (Shi{Chen[24]) Let (X; d) be a met-

ric space and V1, V2 be two disjoint compact subsets

of X. If the continuous map F : V1 [V2 ! X satis�es

(1) F (Vj) � V1 [ V2 for j = 1; 2;

(2) there exists a constant �0 > 1 such that

d(F (x); F (y)) � �0d(x; y);

8x; y 2 V1 and 8x; y 2 V2;

then there exists a Cantor set � 2 V1 [ V2 such that

F : � ! � is topologically conjugate to the symbolic

dynamical system � :
P+

2 !
P+

2 . Consequently, F is

chaotic on � in the sense of Devaney.

3.2. The proposed chaoti�cation algorithm

yielding Devaney chaos

Theorem 1 Suppose that hi(k); i = 1; � � � ; r,

are continuously di�erentiable in the neighbourhood

of the �xed point, x� = 0 of the controlled system (5)

with the decentralized controller (6). If

� > �� = max

�
(N + 1)(2 + �)

�
;
(2 + �)N

1� �

�
; (9)
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where N = max
1�i�r

f kAik1g and � 2 (0; 1), then the

controlled system (5) with the decentralized controller

(6) is chaotic in the sense of Devaney.

Proof The controlled system (5) with the decen-

tralized controller (6) is

xk+1 =�

 "
rX

i=1

hi(k)Ai

#
xk + uk

!

=�

 "
rX

i=1

hi(k)Ai

#
xk + �xk

!
� F (xk): (10)

Let

F (x) = [F1(x); F2(x); � � � ; Fn(x)]
T;"

rX
i=1

hi(k)Ai

#
x = f(x) = [f1(x); � � � ; fn(x)]

T;

X = Rn, d(�) = k�k1, and choose two disjoint closed

rectangular regions V1 = [����1"b; ���1"b] and V2 =

[(2��)��1"b; (2+�)��1"b]. Apparently, (Rn; k�k1) is

a complete metric space. Since







rX

i=1

hi(k)Ai







1

� N ,

we have

jfi(x)j � N kxk1 : (11)

Using Eqs.(11) and (9), we can obtain

�" � fj(x)� �" � ";

for any x 2 V1 with xj = ����1"; (12)

�" � fj(x) + �" � ";

for any x 2 V1 with xj = ���1"; (13)

" � fj(x) + (2� �)" � 3";

for any x 2 V2 with xj = (2� �)��1"; (14)

" � fj(x) + (2 + �)" � 3";

for any x 2 V2 with xj = (2 + �)��1": (15)

Further, it follows from the de�nition of the over
ow

nonlinear function of the 2's complement arithmetic

(7), (9) and (11){(15) that

for any x 2 V1 with xj = ����1",

Fj(x) ='(fj(x)� �")

=fj(x)� �" � ���1" �N � �" � ����1";

(16)

for any x 2 V1 with xj = ���1",

Fj(x) ='(fj(x) + �")

=f(x) + �" � ����1" �N + �" � (2 + �)��1";

(17)

for any x 2 V2 with xj = (2� �)��1",

Fj(x) ='(fj(x) + (2� �)")

=fj(x) + (2� �)"� 2"

�(2 + �)��1" �N � �" � ����1"; (18)

for any 8 2 V2 with xj = (2 + �)��1",

Fj(x) ='(fj(x) + (2 + �)")

=fj(x) + (2 + �)"� 2"

�� (2 + �)��1" �N + �" � (2 + �)��1": (19)

The above relations (16){(19) and the continuity of F

on V1 and V2, imply that for each � > ��,

[�"b; "b] � F (Vi) � [����1"b; (2 + �)��1"b]

� V1 [ V2; i = 1; 2: (20)

On the other hand, it follows from Eq.(9) that for each

� > ��,

kf(x) + �xk1 < "; 8x 2 V1;

kf(x) + �x� 2" bk1 < "; 8x 2 V2:

Therefore, for all x; y 2 V1 and for all x; y 2 V2

kF (x)� F (y)k1

= k�(f(x) + �x)� �(f(y) + �y)k1

=







"

rX
i=1

hi(k)Ai + �In�n

#
(x� y)







1

�








"

rX
i=1

hi(k)Ai + �In�n

#�1






�1

1

kx� yk1 ; (21)

and 






"

rX
i=1

hi(k)Ai + �In�n

#�1






1

=(�)�1








 
(�)�1

 
rX

i=1

hi(k)Ai

!
+ I

!�1






1

�
1

�

�
1�





(�)�1
�

rP
i=1

hi(k)Ai

�




1

�

�
1

� �N
: (22)

Here � � N � �0 > 1 for � > ��. Since V1 and V2

are two disjoint compact subsets, for any � > ��, all

the conditions in Shi{Chen theorem[24] are satis�ed
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and consequently the theorem follows from Shi{Chen

theorem.[24] This completes the proof.

We can easily obtain the following Corollary 1

from Theorem 1.

Corollary 1 Suppose that hi(k); i = 1; � � � ; r,

are continuously di�erentiable in the neighbourhood

of the �xed point, x� = 0 of the controlled system (5)

with the decentralized controller (6). If

� > �� = min
�2(0;1)

max

�
(N + 1)(2 + �)

�
;
(2 + �)N

1� �

�
;

(23)

where N = max
1�i�r

f kAik1g, then the controlled sys-

tem (5) with the decentralized controller (6) is chaotic

in the sense of Devaney.

Remark 1 It is surprising to note that �� in

Theorem 1 and Corollary 1 is independent of ".

Remark 2 Obviously, � > N + ec > N + 1 for

some c > 0. Thus, all the Lyapunov exponents of

the controlled system (5) with the controller (6) are

strictly positive.[4]

4.A simulation example

Consider a nonchaotic discrete-time TS fuzzy

model, given by

Rule i: IF xk is Mi, THEN Xk+1 =

2
4 xk+1

yk+1

3
5 =

Ai

2
4 xk

yk

3
5+ uk, i = 1; 2,

where A1 =

2
4 d 0:1

�5 0

3
5,A2 =

2
4 �d 0:1

�5 0

3
5, xk 2

[�d; d], d > 0, and the ership functions

M1 = 0:5 (1� xk=d) ; M2 = 0:5 (1 + xk=d) :

The controlled TS fuzzy system is constructed as fol-

lows:

Xk+1 =�

 "
2X

i=1

hi(k)Ai

#
Xk + uk

!

=�

 "
2X

i=1

hi(k)Ai

#
Xk + �Xk

!
: (24)

Fig.2. Simulation results.
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The magnitude of the control input is arbitrarily cho-

sen to be �u = 8. We choose d = 0:7 and know that

the controlled TS fuzzy system (24) is chaotic if � >

28.0183 from Corollary 1 with N = max
1�i�r

f kAik1g =

5. In the simulation, we choose X0 = [0:2; 0:1]T ,

� = 30 and " = 0:25. The phase portrait and time

wave diagrams are shown in Fig.2(d) and Figs.2(a),

(b), (c), respectively. From Fig.2, we can see that

kukk1 � 8 and the controlled TS fuzzy system (20)

displays complex chaotic behaviours. The largest Lya-

punov exponent of this controlled system (15) is cal-

culated to be �max = 4:1805. These simulation results

verify the theoretical analysis in this paper.

5.Conclusions

In this paper, we have proposed another simple

and systematic chaoti�cation method to make arbi-

trarily given discrete TS fuzzy systems (regardless of

their stability) chaotic in the sense of Devaney, in

which we employ the decentralized control and the

over
ow nonlinear function of the 2's complement

arithmetic. By applying the Shi{Chen theorem, we

have proven mathematically that the proposed algo-

rithm for chaoti�cation leads to chaos in the math-

ematical sense of Devaney. In particular, an explicit

formula for the computation of control parameters has

also been given. The simulation results illustrate the

e�ectiveness of the proposed method.

|||||||||||||||||||||||||||
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