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The N-dimensional Schrodinger equation for the harmonic oscillator is reduced to a first-order differential equation

in terms of the Laplace transformation and the exact bound state solutions are derived. It is shown that this method

of solving Schrédinger equation may serve as a substitute for the standard functional, analytical approach also in lower

dimensions.
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It goes without saying that the exact bound
state solutions of the Schrodinger equation with phys-
ical potentials play an important role in quantum
mechanics. Discussions about the method to solve
the Schrodinger equation have aroused much inter-
est. All kinds of methods, such as the factorization, !
the path integral,?! the algebraic method,®! the 1/N
expansion,¥ the analytic continuation,® the eigen-
value moment method, [/ the power series expansion!”
and the supersymmetric quantum mechanics(® meth-
ods, can be enumerated amongst others of the solution
of the wave equations. Laplace transformation, which
is integral transformation, is comprehensively useful in
physics and engineering.®! It reduces a second-order
differential equation to a first-order differential equa-
tion. In quantum mechanics, such techniques were
used by Schrodinger in his first paper on the quantum
mechanical hydrogen atom!'° and then by Swainson
and Drake on the recurrence relations of radial wave-
functions for the hydrogen atom.'!) Recently, the ex-
act bound state solutions of the Schrédinger equation
with the Morse potential were also obtained by the
author.'?!

In modern theory, higher spatial dimensions are
of interest. Recently, the N-dimensional Schrodinger
equations with central potentials have been discussed
by many authors.[13-16] In this article we employ the
Laplace transformation to solve the Schrédinger equa-

tion of the N-dimensional harmonic oscillator and the
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exact bound state solutions are obtained.
For a particle in an N-dimensional Euclidian
space, the time independent radial Schrodinger equa-

tion is shown as[13—16]

> N-1d L(L+N-2)

dr2 r dr r2
2m 2m

For an isotropic harmonic oscillator of angular fre-

quency w the potential function is given by

Vir)= %mw2r2. (2)

Substitution of Eq.(2) into Eq.(1) yields
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If we put
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Eq.(3) turns into
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In order to eliminate the polynomial L(L+ N —2)/4y,
we assume
(L+N—2)

Rly)=y~ = f(v) (8)
and then insert it into Eq.(7) to obtain

a2 N oNd o,
{yd—yQ—<L+?—2>d—y—a y+[3]f(y)=0- (9)

The Laplace transformation

Llg(t)] = / T gwe Pt = 6(p)"”

leads to an equation
W) P+ | (245 o] Fo) =0, 10
dp 2

Equation (10) is a first-order differential equation and
therefore we may directly make use of the integral to

get the expression

B2—(L+N/2)a
o 2a

Fp) = C"(p )43/ (222

L ()

where C”is a constant. Noting that

BZ2—(L+N/2)a
p — o 2a
P+

is a multi-valued function and the wavefunctions are

required to be single-valued, we must take

B% —(L+ N/2)a

2a -

n=0,1,2,3,... (12)

Applying a simple series expansion to Eq.(12), we ob-
tain

- 2a Jn'

where C’ is a constant. In terms of a simple exten-

(p+ o) EEN/240) - (13)

sion of the inverse Laplace transformation!®! we can

immediately deduce that

fy) =Cy+HN2 e
—1)inIl(L + N/2)

n ( ;
Xz; (=)L + Nja 1) 2w’ (14)

i=

where C is a constant. Comparing Eq.(14) with the

series expansion of confluent hypergeometric functions

n

B ynl(y)
-n,v,z _Z’I’L—j 'F’y-l—j)z’ (15)

J=

we obtain

C’yL/2e

fly) = TYE(—n, L+ N/2,2ay). (16)

Noting Egs.(4) and (8), we finally get the following

radial wavefunctions:

R, 1 = Crlexp Mg —TL,L—FN/Q,%TZ )
' 2h h
(17)

The normalization condition of radial wavefunctions

| RisoR
0

and the integral formula of confluent hypergeometric

VL(T‘)T‘N_Id’I‘ =1 (18)

functions

r'(A+1)°n!

F()\ +n+1) (19)

/ e_zz’\F( n, A+ 1, z) dz
0

lead to the following expression:

o= [PLE NP ()T

In terms of Egs.(6) and (12

spectrum is shown as

), the bound state energy

E.r.=2n+L+ N/2)hw. (21)

In general, the exact solutions of the Schrodinger
equation of the N-dimensional harmonic oscillator are
obtained in detail via the Laplace transformation. It is
shown that this procedure is easier than previous ones
and serves as a substitute for the standard functional

analytical approach.
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