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By using the extended hyperbolic function approach, we have studied a quintic discrete nonlinear Schrédinger

equation and obtained new exact localized solutions, including the discrete bright soliton solution, dark soliton solution,

alternating phase bright soliton solution and alternating phase dark soliton solution, if a special constraint is imposed

on the coefficients of the equation.
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1. Introduction

Discrete solitons in nonlinear lattices have been
the focus of considerable attention in diverse branches
of science.[!l Discrete solitons are possible in several
physics fields, such as biological systems,?! atomic
chains, 3! solid state physics,[¥ electrical lattices[®! and
Bose-Einstein condensates.®! Recently, the existence
of discrete solitons in photonic structures (in arrays
of coupled nonlinear optical waveguides!”8! and in
the nonlinear photonic crystal structure[g]) was an-
nounced and has attracted considerable attention in
the scientific community. It is possible to make dis-
crete waveguides using photonic crystals. In this sit-
uation, “discrete solitons” appear naturally and have
interesting properties. Many scientists believe that
discrete solitons can play an important role in this
technology.

Here, we consider the physical system described
by the discrete nonlinear Schrédinger (DNLS) equa-
tion. Most relevant for realistic applications (particu-
larly to nonlinear optics) is the DNLS equation with
a cubic (Kerr) nonlinearity:

Aty

1? + a(¢n+1 — 2¢n + wn—l) + ﬁ‘qybn‘zwn - Oa (1)

where 1,, are complex variables defined for all inte-

ger values of the site index n. The DNLS equation

[10] t5 model

was used by Christodoulides and Joseph
the propagation of discrete self-trapped beams in an
array of weakly-coupled nonlinear optical waveguides.
There are discrete spatial solutions. Experimental re-
sults for optical waveguide arrays, confirming the va-
lidity of the model, have been reported by Eisenberg
et al.'Y) There are many works about the DNLS equa-
tion and some are its modifications. It is well known
that the standard DNLS equation is not completely
integrable.['?]

Recently, attention has been attracted to discrete
solitons in dissipative lattices. An important example
of this is the integrable discrete nonlinear Schrodinger

equation (Ablowitz—Ladik (AL) system),

dip,
1% + O‘(¢n+1 - 2¢n + ¢n_1)
+ Y[ Pnl*(Pns1 + Yno1) =0, (2)

which is proposed by using inverse scattering
method.[!3] The AL system has N-soliton solutions
and a rich mathematical structure. However, it is
not physically realistic, because it dose not contain
the Kerr-nonlinearity term. Thus the deformed DNLS

equation

08 4 (1 — 2t Y1) + Ol
+ F(¢n+17¢nv'¢n71) = 0) (3)
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where F(¥n11,%n, ¥n_1) is a polynomial of ), 1,
Y, Yn_1, was proposed in several works. For exam-

ple,
F(¢n+17'¢n7"/}n—1) = ’7‘¢n|2(¢n+1 +¢n—1) (4)

was considered by several authors.['*~17] One can see
that, for v = 0, Eq.(3) together with Eq.(4) reduces
to the standard DNLS equation (1), while for 8 — 0
it gives the AL system. Kivshar and Salerno ex-
plained the physical meaning of Eq.(3) with Eq.(4).[%!
They proposed that an application of Eq.(3) with
Eq.(4) may be found in nonlinear optics, where the
DNLS equation describes the interactions of partial
TE(transverse electric) modes in an array of (focusing
or defocusing) waveguides.

The existence of localized solutions is well known
for spatially discrete systems(including quintic and
higher-order nonlinearities).[18_20] However, to our
knowledge, no one has found exact soliton-like solu-
tions of Eq.(3)-type discrete systems except Maruno
et al.l?!l Concrete forms of localized solutions are, def-
initely, useful for analysing real physics. Here, we
consider a model of the propagation of discrete self-
trapped beams in an array of weakly-coupled nonlin-
ear optical waveguides, the quintic discrete nonlinear

Schrodinger (QDNLS) equation

1% + a(,l/}'ﬂ--i-l - 2¢n + 1/}n—1) + ﬁ|d}n|2¢n
+ 7|1/)n|2(1/)n+1 + ¢n—1)
+ 5|¢n‘4(¢n+1 + 1/)7171) =0. (5)

In physics problems, the quintic nonlinearity can be
equal to or even more important than the cubic onel??]
as it is responsible for the stability of localized solu-
tions. Maruno et al obtained two exact solutions of
Eq.(5) by using standard Hirota method.[*!]

In recent decades, many powerful methods have
been proposed, such as, inverse scattering method, 2]
Painlevé truncation expansion,!?*! homogeneous bal-
ance method,?’l tanh method, 2627 Jacobian el-
liptic function method,?*?°! mapping deformation
method,?°=32] and so on. However, to our knowl-
edge,only a few works have been done to investigate
exact solutions of a nonlinear differential-difference
equation(NDDE),®3 because to extend the above
methods to a NDDE is rather difficult. More recently,
Baldwin et all®¥ presented an algorithm to find ex-
act travelling wave solutions of NDDE in terms of

tanh function and found kink-type solutions in many

spatially discrete nonlinear models such as Ablowitz—
Ladik lattice, Toda lattice, Volterra lattice, discrete
mKdV lattice, Hybrid lattice. However, this method
is unable to find solutions other than polynomials in
tanh. Can we find bell-type or other types of exci-
tations for NDDE? We will further extend this hy-
perbolic function approach. We not only have found
the kink-shaped soliton solutions of NDDE, but also
found the bell-shaped soliton solutions of NDDE. In
this paper, we investigate the QDNLS equation us-
ing this extended hyperbolic function approach. We
not only obtain bright and dark soliton solutions of
QDNLS equation (5), but also find new soliton so-
lutions: namely, alternating phase bright and dark
solitons.

The rest of this paper is organized as follows. In
Section 2, we describe this extended hyperbolic func-
tion approach in detail. In Section 3, applying this
extended approach, with the help of Maple, study and
analyse Eq.(5). The last section is a short summary
and discussion.

2.The extended hyperbolic func-

tion approach for NDDE
Given a system of M polynomial NDDE,

A(un+p1 (:E), ©t Undpy, (.CC), u{n.-‘rpl (Q?), )
Uy (@), 00, (@), ), (2) =0, (6)

where the dependent variable v has M components u;,
the continuous variable z has N components z;, the
discrete variable n has @ components n;, the k£ shift
vectors are P;, and u(")(z) denotes the collection of
mixed derivative of order 7.

Step 1 Transform the NDDE into NDDE in T'.
We introduce the hyperbolic tangent

T, = tanh(&n)a (7)
where
Q N
fnzzdini+zcjxj+§a (8)
i=1 j=1

where the coefficients ci,¢a, -, cn,dq,da,---,dg and
the phase ( are constants to be determined later. Re-

peatedly applying the chain rule

d  0¢,dT, d o d
S © (-T2 (9
dw; ~ 0wy ey ar, ~ 0Ty O

transforms Eq.(6) into
A(UW+P1 (Tn)’ e 7Un+pk (Tn)7 U'rlz+p1 (Tn)7 I
Urlz+pk (Tn): Ur(L:Bpl (Tn)’ T ’UT(QM (T")) =0. (10)
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It is important to note that for any s(s =
1,---,k),Upqp, is a function of T, and not T},4,,_. Us-
ing the identity

tanh(z) + tanh(y)
1 + tanh(z) tanh(y)’

tanh(z +y) = (11)

we can write

T, + tanh(p,)

Ty, = 2+ A0 Ps) 12
tpe 1+ T, tanh(ps) (12)

where

Ps = Psd = psldl +ps2d2 +oe +pstQa (13)

and p,; is the jth component of shift vector P,.
Step 2 Determine the degree of the polynomial

solutions. Seeking solutions of the form
Un(Tp) = a0+ Y _ T (aiLn + biy/1 - T2),
i=1

where ag, a;,b; are constants to be determined and m
is fixed by balancing the highest-order derivative term
with the highest-order nonlinear term in Eq.(10):

Un—&-ps (T )

_a0+2 ren (@iTp, + by /1= T2, )

T,, + tanh(ps) ot
=ao+ Z [1 +T, tanh(gos)]

. Tn + tanh(py)
R T, tanh(y;)

eifi- (Epmely]

with ¢4 given in Eq.(13).

step 3 Solve the nonlinear parametrized
Substituting Eq.(14) with Eq.(15) into
Eq.(10), collecting all terms with the same order of
T, T;M and setting the coefficients of each or-

der of them to zero, yield a set of algebraic equations

system.

(AEs) in a;, b; and ¢;. From these relations ay, a;, b;, ¢;

can be determined.

3. Exact solutions of QDNLS

equation

In order to obtain some exact solutions of Eq.(5),

firstly we make the transformation
wn(na t) =

= pn + qt + 6. Then we have

e up(n, 1), (16)
where 6,,

"/)n+1 (TL, t) = eip+i0n Un+1 (’I’L, t)v (17)

Yn_1(n,t) = e~ iPtion,,

_1(n, ). (18)
Substituting Eqgs.(16)—(18) into Eq.(5) and setting the

real and imaginary parts of the resulting equation

equal to zero, one obtains

con(p)(a + yu? + dul ) (uni1 + Un_1)
— (g + 2a)u, + Bud =0, (19)

du,

Un cin(p) (04903 + 118 (1 — ) = O, (20)
where u, = un(n,t), Upt1 = Upt1(n,t), Up_1
= Up—1(n,t).

To look for the travelling wave solution of Eq.(5)
we suppose U, = U(T,),unt1 = Upit1(Th),tn—1 =
U,—1(Ty), where T, = tanh(&,,), &, = kn+ct +&. In
this case, p;, = 1 or —1, d; = k,c; = c. Balancing the
highest-order derivative term with that in Eq.(20), we

obtain m = 1. We also have

Un:ag—l—alTn—{—bl\/l—Tg, (21)

T,, + tanh(k)

Uns1 =ao0 + a1y p e h k)
T, + tanh(k) 17
bir|l - | —————~ 22
+ 1\/ {l—i—Tntanh(k‘)} - (22)
T, — tanh(k)
Un-1 =ao + a1 1 — T, tanh(k)
T,, — tanh(k) 2
+ bl\/l - [I—Tn‘wnh(k)} ;o (23)
dU,
O ea(I-T) ~ b T/T -T2 . ()

Substituting Eqs.(21)-(24) into Eqs.(19) and (20),
collecting all terms with the same order of T
T;M (i = 0,1,2,3,4) and setting the coeffi-
cients of each order of them to zero, yields a set of
algebraic equations in ag,aq,by,k,c,p,q . To avoid
tediousness, we omit the over-determined algebraic

equations. With the aid of Maple 6, we obtain four
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sets of solutions
p :O,C = O;aﬂ = O;al = 07

—By — 46a & B+/7? — 4ba
q= )
20
_ /A2 —
k =arc cosh (ﬂ( TEVY 45a)>’

40«

1
b =+ —
! 26\ 2cx

X \/’y(ﬁz —48a) F (B2 + 40a)\/~v? — 4éa
p:O,c:O,aO :Oabl :Oa
. _2a(B+vF V1? — 4da)
T

— [~2
k:arccosh(:l:\/ vE ; 45(1)’

\/—ﬂ—’y:!:\/’yz—45a
== 26 ;

p=m,c=0,a9 =0,a; =0,

_ By + 46a + B/~ — 4da
20 ’

k =arc cosh (ﬁ(7 SakVatlil 45a)>7

40«
1

TN
X \/7(ﬂ2 —48a) £ (B2 + 40a)\/v? — dda

p=7,Cc= O,CLO = Ovbl = 07
_ 2a(f+v /72— 40a)
1 v £ /2 — dda ’

v E /72— 45a>

k =arccosh | +
(=5

ay _i\/ﬂ_’}’:l:\2/5’72—45a‘ (25)

According to Eqgs.(16), (21) and (25), we obtain the
following soliton solutions of Eq.(5)

Bright soliton solution

1
+ -
262«

X \/7([32 —46a) F (% 4 40a)\/v2 — 4d
X sech [narc cosh <ﬂ(_’y £ 4512 — 45(1)) + fo]

wn,l =

—fBy —4da £ Br/7y2 — 46
><exp<i il @ 2(? 7 at+i90>.
(26)
Here & and 6y are arbitrary constants. «,v and §

must require y2 — 46a > 0.

Dark soliton solution

g =+ —B— £ /7% -4
w2 26

xtanh [narc cosh <:i:\/_fy + ;/2 — 45a> +§0}

2 _
22847 F vy 45a)t+100} . (@7)
—y £ /72 — 4éa

X exp {i

The solutions (26) and (27) have been obtained by
using standard Hirota method in Ref.[21]. The prop-
erties of the solutions (26) and (27) are shown in Figs.1
and 2.

0.8

0.6 1

0.2 1

004e o=’

Fig.1. The bright soliton solution %, 1 with a =
2,8=04,y=1,6 =-0.1,60 = 0,00 =0 at t = 0.

0.81 ’

0.4 4
= 0.0

~0.41 ’

-0.8 .

-10 -5 0 5 10
n
Fig.2. The dark soliton solution %, 2 with a =

—8,8=0.3,7y=1,8 =0.025,£ = 0,00 =0 at t = 0.
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Alternating phase bright soliton
(="
20V 2

X \/7(52 —4éa) £ (8% + 40a)\/v? — 4
X sech [narc cosh <I3(7i ‘4?;1_ 45a)> + EO]

By +4da £ Br/72 — 4
26

xexp{—l

¢n,3 =4

t—l—iﬁo}.

(28)

Alternating phase dark soliton

_ /~2

v £ /72 — 4da
—> +§0}

X tanh {narc cosh <:|: 3

—20(B8+v £ /7?2 —45(1)1:_{_(9 ] (29)
=RV LI VYo' °)

The solutions (28) and (29) are obtained for the

first time so far as we know. The properties of them

X exp [i

are shown in Figs.3 and 4.

0.8 °
0.6
0.4
0.24
>
00dc o °a° s S e oo
-0.21
-0.41

-0.6

_10 5 0 5 10

Fig.3. The alternating phase bright soliton solution 1), 3 with
a=2,=-04,vy=1,6=-0.1,{p = 0,00 =0 at t = 0.

0.8 T .
0.4-
S 007 .
-0.41
-0.81 . T
-10 -5 0 5 10
n

Fig.4. The alternating phase dark soliton solution
Yn,4 with a = —8,8 = —0.3,7 = 1,0 = 0.025,&p =
0,00 =0att=0.

4. Summary

By using the extended hyperbolic function ap-
proach, we have analysed the QDNLS equation. The
QDNLS equation is not completely integrable, how-
ever the QDNLS equation has a number of exact local-
ized solutions exists to the QDNLS equation provided
that coefficients are bound by special relations. The
set of localized solutions include bright soliton, dark
soliton, alternating phase bright soliton and alternat-
ing phase dark soliton. The alternating phase bright
soliton and alternating phase dark soliton solutions
of the QDNLS equation are firstly obtained. Clearly
these localized solutions represent only a small subset
of large variety of possible solutions admitted by the
QDNLS equation. we hope that they will useful in
further perturbative and numerical analysis of various
solutions to the QDNLS equation.
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