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The aim of this paper is to show that first integrals of discrete equation of motion for Hamiltonian systems can be

determined explicitly by investigating the invariance properties of the discrete Lagrangian in phase space. The result

obtained is a discrete analog of the theorem of Noether in the calculus of variations.
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1. Introduction

Discrete mechanics has become a field of intense
research activity in recent years. The increasing inter-
est in this subject is mainly due to its dual-character.
On the one hand, discrete mechanics allows for the
construction of integration schemes, the so-called me-
chanical integrators (i.e., an algorithm that concerns
one or more of the fundamental properties of being
symplectic, preserving energy, or preserving the mo-
mentum map), that turn out to be numerically com-
petitive in many situations. On the other hand, many
of the geometric properties of mechanical systems in
the continuous case admit an appropriate counterpart
in the discrete setting, which is a rich area to be ex-
plored. Both aspects of discrete mechanics interact
mutually, since the geometric properties of the dis-
crete model play a key role in the explanation of the
good behaviour of the integrators derived from the

model in a number of situations.

There are several numerical integration
methods!!! that preserve some of the invariants in an
autonomous mechanical system. In Ref.[2], Lee stud-
ies the possibility that time can be regarded as a bona
fide dynamical variable giving a discrete time formu-
lation of mechanics (see also Refs.[3,4]). In Ref.[5],
Marsden and West derived the variational integrators

for various mechanical systems based on the ideas of

Veselov.[6—8 Guo =11 proposed the difference varia-
tional approach with variable step-length for discrete
mechanics and field theory. These integration meth-
ods usually have better long-term simulation prop-
erties and computational efficiency than the conven-

tional ones.

It is widely accepted that in the course of compu-
tation the discrete systems should be regarded as the
discrete counterparts of the corresponding continuous
systems. However, in order to discretize continuous
systems, a working line is needed. In Ref.[12], Feng
wrote “It is natural to look forward to those discrete
systems which preserve as much as possible the in-
trinsic properties of the continuous system.” In fact,
this statement should be regarded as a criterion, the
structure-preserving criterion, for constructing mostly
quarried ones in all kinds of structure-preserving al-
gorithms.

In view of these facts, the above-mentioned al-
gorithms are mainly based upon preserving the sym-
plectic, the energy map, or the momentum map. In
Refs.[13,14], we have studied the properties of preser-
vation of Noether symmetries for discrete mechanics
in the Lagrangian formalism and expanded the idea
of structure preservation. As in the standard mechan-
ics, some of the problems are easier from a Lagrangian
perspective and others are easier from a Hamiltonian

perspective. In this paper, we make further study of
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this problem from the Hamiltonian perspective.

This paper is organized as follows. In Section 2,
we review the discrete version of Lagrange’s identity
for difference operators and their adjoints. In Section
3, the discrete variational equation in Hamiltonian for-
malism is given. A discrete version of Noether’s the-
orem for Hamiltonian systems is presented in Section
4. Finally, an example is given to illustrate the appli-

cation of the results.
2.Preliminary remarks on differ-

ence operators

An essential role in obtaining a discrete varia-
tional formalism is played by the discrete version of
Lagrange’s identity for operators and their adjoints.
The monograph by Miller!*® discusses adjoint differ-
ence operators in detail, so we will review in this sec-
tion only the essential definitions and results which are
required for our investigations on the one-dimensional
problem.

We consider a pth-order linear difference operator

O defined by
O =ag(k)R° + ay(k)R' +--- +a,(k)RF, (1)
where R is the lag operator defined by
Riry =rp_q. (2)

The coefficients a;(k),0 < ¢ < p, are assumed to be
defined on I, where m € I={integers}. It is also

assumed that

ag(k)ap(k) # 0,

in order that O be of order p. The adjoint operator

ke IP-‘rm’ (3)

O* is defined in analogy with the theory of ordinary
linear differential operators.

Definition 1 If O is given by Eq.(1), then the
adjoint O* of the operator O is

O* = a} (k)R + a}(k)R* +--- + a,(k)RY, (4)
where af (k) =ap_i(k+p—1), 0<i<p, k€ Lyim.

Clearly, O* is also of pth-order since, from Eq.(3),

ag(k)ay (k) = ap(k + plao(k) # 0,

Lagrange’s identity follows directly.
Theorem 1 Let O and O* be defined by Egs.(1)
. Then

kEelpim. (5)

and (4), and let z) and yi be in the domain I,,,

YO wy, — 21,0 yr1p = AB(xk,yr), k € Imyp, (6)

where

Zzyk jtitk—jai(k—j+1), (7)

=1 j=1

wlmyk

and A is the difference operator, Ary = rpy1 — rk-
We call Eq.(6) Lagrange’s identity and Eq.(7) the
Lagrange bilinear concomitant. Equation (6) will pro-
vide a mechanism analogous to the essential integra-
tion by parts in classical calculus of variations. That
is, it will provide a method by which the variational
derivatives can be isolated while at the same time cer-
tain boundary terms are generated. These variational
derivative and boundary terms will lead to a discrete

equation of motion and first integrals, respectively.
3. The fundamental variational
equation in Hamiltonian for-

malism

We begin by recalling the ordinary variational

m.['6:17 Suppose

principle in Hamiltonian formalis
Q@ denotes the configuration space with coordinates
qs, and T*Q the phase space with coordinates
g5 (), ps(t)], s=1,2,---,

H : T*Q — R. The corresponding action functional

is defined by
/ LPSQS -

where [gs(t), ps(t)] is a C? curve in phase space T*Q,
and ¢ = (q1,92," 1 qn); P = (P1,P2," " ", Pn)-

The variational principle in the Hamiltonian for-
ps(t)] for which the
action functional J is stationary under variations of
[qs(t), ps(t)] with fixed end points.

Let

n. Consider a Hamiltonian

I [gs(2), ps(t gp)ldt,  (8)

malism is to seek the curves [g,(t),

For simplicity, we will use Einstein convention and
omit the summation notation 3 in the following. Now
we calculate the variation of J at [gs(t), ps(t)] as fol-

lows:
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OH OH
5‘] :/ q.s(sps +ps(5q.s - 75% - 75])5 dt
tq ( dqs Ops )
OH 0H
= 555 363_.353__63_—53 dt
/[qp 3 (Ps94s) = Psda 9. apsp}
ta 6
:/ |: )5]73 (ps 8q )6q.s:| dt +ps(sqs 2] (10)
|
since 0gs(t1) = d¢s(t2) = 0 and the requirement of  where
0J = 0 yield the Hamilton equation for [g,(t),ps(t)]:
Tk = Gs.k + 0G5k, (16a)
. OH .
qs = J (11a) Dok = Ps,k + 0Ps k- (16b)
Ops
by = o (11b) We denote this variation by dLq(0¢s i, dps,k), then
T g

In a discrete case, the discrete Lagrangian
La(@r—1,Pk—1,qk, Pk, k) can be obtained by substitut-
il’lg 9s,k — 4s,k—1 for q.sa qs,k—1 for qs and Ps,k—1 for
ps respectively in a given Lagrangian L(t,qs, ps,gs)-
The problem in the discrete variational calculus is
to select from all finite sequence pairs (gs,ar,Ps, M),
(¢s,m41,Ps.041), (45N, Ps ) the one which ex-
tremizes the sum

N
J(@os Do) = D La(@r 1,961, Gk Pr: k). (12)
k=M
Certain boundary condition may be required, e.g.

=aQa 5
and qs,N s,e (13)

Ps,N = bs,e;

qs,M—1 = Qsb,

Ps,M—1 = bs,b;

in a fixed endpoint problem.

Proceeding in the way similar to that in the
continuous case, we embed the sequence in a one-
parameter family of sequences and calculate the
derivative of J, or which is just the same, of Lq along
this family. More precisely, we define the variations

dqs, 1 and Idp;s , respectively by

k=MM+1,---
k=MM+1,--

,N —1, (14a)
,N — 1, (14b)

6qs,k = EUs k,

5ps,k = EVs,k,

where € is a parameter, u, ) and v, j are sequences
of real numbers. The resulting variation of L4 thus

defined is the linear part in € of the increment

Ld(qkflaﬁkflatﬁmﬁka k)a

(15)

La(@h—1>Pre1>Thr Prs k) —

OLa(qr—1,Pr—1, Tk, Pk, k)

86 |€:07
(17)

and it is not difficult to show, by the chain rule and
the fact that the operators R and § commute, that

6La(0qs,k,0ps 1) =

6Lq(0s,k,0Ps k)
=D3La,s(qr—1,Pr—1,qk, Pr> k)05 1

+ D1La,s(qk—1,Pk—1,qr, Prs k) ROGs 1.

+ DyLa,s(Gr—1,Pe—1,Tk, Prs k)ps i

+ Dy La,o(qr—1,Pk—1,qk, Prs B)ROps i, (18)

where D;Lq4 s denotes the partial derivative of Lq with
respect to the s-th component of i-th argument. A
procedure analogous to the integration by parts in
classical calculus of variations can be performed on
Eq.(18) using the results mentioned in Section 2. We
notice that 6 Lq(dgs i, 0ps k) in Eq.(18) can be written
as

0La(8gs,k,0ps i) = O(0¢s,k, 0Ds k), (19)

where O is the difference operator

O =[D3La(qx—1,Pk—1, G, Pr, k)
+ DaLa(Gr—1, Pr—1, Gk Pi> k)| R°
+ [D1La(Gk—1,Pr—1, Gk, Pr, k)
+ Dy La(qk—1,Pr—1,qr P k)|R'.  (20)

According to definition 1, the adjoint of O is given by

O* =[D1La(qk: Prs Qkt1,Pk+1,k + 1)
+ D2Ld(qk7ﬁka 6k+17pk+17 k + 1)]R0
+ [D3La(qr—1,Pr—1, Q> Prs k)

+ Dy La(Gr—1, Pr—1,Tx, Pr, k)| RY,  (21)
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therefore, by Lagrange’s identity (6) with y, r = 1 and
Zsk = (0gs k,0Ds k), Eq.(18) can be written as
O(04s 1, 6ps k)
:(5qs,ka 6ps,k)0*(]-) + AB [(5qs,k; 6ps,k)a 1] ) (22)

where

B [(5(].9,1@, 5p57k)7 1]
=—0qsk-1D1La,s(qk—1,Pr—1, Q> Prs k)
- 6ps,k—1D2Ld,s(q_k—lapk—1a(jkvﬁkak)' (23)

Thus, from Egs.(19), (21), (22), and (23) we conclude
that

6La(8gs,1,0ps 1)
=[D3Lq,s(qr—1,Pk—1,qk: Pk, k)
+ D1 La,s(qks Prs Ghr15 Prv1, k + 1)]0gs &
+ A[0qs k—1D1La,s(qr—1,Pk—1, Gk, Pk, k)]
+ [DaLa,s(qr—1,Pr—15qr, Pk, k)
+ Do La,s(qk, Prs Grt15 Pt 1, k + 1)]0ps 1
+ A[~6ps k—1D2La,s(qk—1,Pr—1, Tk, Pr> k)], (24)

which is the fundamental variational equation for Lg.

The expressions

¢x =D3La,s(qk—1,Pk—1,qk, Pk, k)
+ D1La,s (@, Pk Gk+1,Prt1,k + 1), (25a)

Yr =DsLa s(qk—1,Pk—1, Gk, Pk, k)
+ Dy La o (Grs Pr, Qut1, Pry1,k + 1), (25b)
k=M,M+1,---,N—1, are called the discrete deriva-

tive.
In order to obtain the discrete Hamilton equation,
which represents a necessary condition for J by

N

8J(8s ks 0Psk) = Y, OLa(0qsn,0psi),  (26)
k=M—1

using Egs.(24) and (25), we obtain
5J(5qs,k7 5ps,k)

N-1

= Z (¢s,k5qs,k + ¢s,k6ps,k)

=M
+ 6qs, m—1D1La s(Grvr—1, Prv—1, Gar, Paa, M)

+ 6ps,m—1D2La,s(qv—1,Pv—1,qm, Pra, M)

+6qs,ND1La,s(GN-1,PN-1,dN, PN, V)

+ 0ps,nD1La,s(qN—1,PN-1,qN, PN, N).  (27)
By using the condition (13), Eq.(27) becomes

N-1

8J(0qs,k,0Ps k) = Z (0s,10qs.k + Vs kOPs k). (28)

k=M

Let §J vanish for all dgs; and dps r, then it follows
that

D3Lq,s(qr—1,Pk—1,qk, Pks k)
+ D1Laq s (qk, Pr> Ght1,Prt1,k + 1) =0,

(k=M,---,N —1), (29a)
DyLq s(qr—1,Pr—1,qk, Pk, k)

+ D2 La,s(Qks Prs Qet1,Pry1,k + 1) = 0.
(k=M,--- N —1). (29b)

These equations represent the Hamilton canonical
equation for the discrete problem defined by Eq.(12).

4. First integrals

As in the continuous case, a systematic procedure
for the establishment of first integrals of the discrete
Hamilton canonical equation can be developed from a
direct study of the invariance properties of the discrete
Lagrangian Lq(@k—1,Pk—1,qk, Pk, k) in phase space.

We introduce the following infinitesimal transfor-

mation:
= e+ U (302)
Psk = Psk + €V, (30b)
where ¢ is a parameter, u,; = us(qx,Pr,k) and

Vs.k = Vs(Gk, Pk, k) are two sequences depending upon
k, g, and pp, k=M,---,N — 1.

Definition 2 If there exists a sequence g(qx, Dk,
k), k=M, --,N — 1 such that

8Lq [eus(qr, Prs k), €05k, Prs k)] = € Ag(qr, Prs k),
(31)
for each k, where L4 is given by Eq.(24), then the
discrete Lagrangian Lq(qg—1,Pk—1,dk, Pk, k) in phase
space is difference invariant with respect to the in-
finitesimal transformation (9).

The following theorem, which is analogous to the
classical Noether theorem, is valid. Actually, the fol-
lowing theorem is more similar to a statement about
conservation laws, which in the continuous case fol-
lows as a corollary to the Noether theorem.

Theorem 2 If the discrete Lagrangian Lq(qk—1,
Pr—1, @k, Dk, k) in phase space is difference invariant
with respect to the infinitesimal transformation (30),

and if Eq.(29) holds, then

Us(qr—1, Pk—1,k — 1)D1La,s(Gr—1,Pk—1, Gk, Pk, k)
+ Vs (Gk—1,Pr—1,k — 1) Do L s(qr—1, Pi—1, Ti» P> k)
+ 9(qx, p, k) = const. (32)
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Proof From Egs.(31) and (24), one has

G5, 10Gs k + Vs kODs & + Al—eUs(Tr—1, Pr—1,k — 1)
X D1La,s(qk—1,Pr—1, Gk Pr, k)]
+ Al—evs(qr—1,Pr-1,k — 1)
X DaLas(qk—1,Pr—1, Tk Pk, k)]
=e Ag(qr, Pk k)-
Simplifying and using the hypothesis ¢, = 0 and

s, = 0, one obtains

Alug(Gr—1,Pr—1,k — 1)

X D1La,s(Gk—1, Pk—1, Gk Pk k)]
+ Alvg(Gr—1,Pr—1,k — 1)
DyLa s (Gk—1, Pk—1, qk> Pk F)]

+ Ag(Gw, Pr, k) = 0,

whence Eq.(32) holds. This completes the proof.
5. Example

To illustrate various aspects of the theory devel-
oped in preceding sections, we here give an example.
Example Considering a mechanical system of

two degrees of freedom with discrete Lagrangian

Lq =p1k-1(q1,k — q1,k—1) + P2, k—1(92,k — 92,6—1)

1
- 5(1’%,1971 +p§,k71) — 42,k—1, (33)

then the action sum is

M=

J = {P1,k1(ql,k —q1.6-1) + P2,k—1(02,k — G2,6—1)

k

N =

(P?,k—1 +P§,k—1) - Q2,k1}; (34)

and, from Eq.(29), the discrete Hamilton canonical

equations are the following difference equations:

P1,k — P1k—1 =0, (
q1,k+1 — 91,k = P1,k; (35b
P2k —DP2k—1 = —1,

q91,k+1 — 491,k = P1,k-
Direct verification shows that

La =p1k-1(q1,c — q1,—-1) + P2k—1(92,6 — Q2,6-1)

1
- 5(17%,1971 +P§,k71) —Q2.k-1,

is difference invariant ( with g = 0) with respect to

the following infinitesimal transformations:

Ak =qk e, (36a)
q;7k - q2,k7 (36b)
pik = P1k, (36¢)
Pak = G2,k (36d)
Hence, from Theorem 2, one has
us((‘jkflaﬁkflv k — 1)
X DlLd,s(qk—laﬁk—laqkapka k) = COIISt,
or
P1,k—1 = const. (37)

If we choose Lq in Eq.(33) as follows:

La =p1k-1/2(q1k — @1,k-1) + P2k—1/2(92,k — ¢2,k-1)
1

2 2
- §(P1,k—1/2 +P5k—1/2) — d2,k-1/2, (38)
where
Qik—1 1 Gik
i k—1/2 = - 9
Qi + Qi k+1 .
Qi k+1/2 = %a 1= 1727
‘ _ Pik—1+DPik
Pik—1/2 = 2 )
D2,k + D2,k+1
Pik—1/2 = - 5 =1,2,

and using Eq.(29), we can obtain the corresponding

discrete Hamilton canonical equations

Pi1k+1/2 —P1k—1/2 = 0,

(39a)
q1k+1 — q1e—1 = 2(P1,k+1/2 + P1,k—1/2), (39D)
P2kt1/2 — P2k-1/2 = —1, (39¢)

)

Q2,611 — G2,k—1 = 2(P2,k—1/2 + P2,kt1/2)- (39d

It is easy to verify that

Lq =P1,k71/2(<h,k - <11,k71) + p2,k71/2(Q2,k - Q2,k71)

1 5 2
- 5( 1,k—1/2 +p2,k71/2) —42,k—1/2

is difference invariant (with g = 0) with respect to the
infinitesimal transformation (36). By using Theorem

2, one has

P1,k+1/2 = const. (40)

Obviously, there is no relation between the discrete

first integral and the discrete form of the Lagrangian.
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