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The interaction of a mesoscopic Josephson junction (MJJ) with the excited even and odd coherent states is

investigated. Some properties of the supercurrent in the MJJ in the presence of nonclassical light fields, such as collapse

and revival phenomenon, the current—voltage step, dc component fluctuation and quantum coherence of supercurrent,

are studied. It is shown that the expectation values and the fluctuation of supercurrent can exhibit dc components. It

is also shown that the static supercurrent flows, dc components of the supercurrent fluctuation and correlation function

of the dc supercurrent components, are related to the phase of the light field.
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1. Introduction

In recent years the mesoscopic Josephson junc-
tion (MJJ) has been widely studied.['=3] There have
been many new quantum phenomena observed in
the system, such as Coulomb blockade of Cooper
pair tunnelling, Bloch oscillations and Zener tun-
nelling. Recently, the interaction of a quantized elec-
tromagnetic field (QEMF) with the MJJ has been
investigated.[*°] The quantum effects of some non-
classical states, such as even and odd coherent states,
squeezed states, etc, on the MJJ have been studied
extensively. In Ref.[10], the interaction of MJJ with
the second-order excited even coherent state is investi-
gated and the current—voltage step (CVS) of the MJJ
is given. The aim of this paper is to study the interac-
tion of the MJJ with the excited even coherent states

(EECS) and the excited odd states (EOCS).

The paper is organized as follows. In Section
2, the collapse and revival (CR) phenomenon is dis-
cussed. In Section 3, the CVS of the supercurrent in
the MJJ is given. The dc components of the super-
current fluctuation are investigated in Section 4. In
Section 5, the correlation function of the dc supercur-
rent component is studied. Section 6 contains a brief

discussion and conclusions.

2.Collapse and revival of super-

current

In this paper a MJJ with a capacitance C witch
operates in a circular superconducting devicel*?! is
It is described by the following Hamil-

tonian (A =c=1):

considered.

H= —EEC <89 + 12)2 + Ej (1 —cos6) (1)
2 2C ’
where @ is the external charge which can be controlled
by the external quantized electromagnetic fields, F. =
(2€)2/C is the charging energy associated with the
Cooper pair charge 2e, Ey = I../2e is the Josephson
coupling constant, 6 is the phase difference of the su-
perconducting order parameters in the two electrodes.
From the Hamiltonian (1), we take the Josephson-

current operator T in the Heisenberg picture
T=1I.,sinb(t). (2)

We now impose the classical static electromotive force
(voltage) V; and the quantum time-varying electromo-
tive force on the MJJ through applying the classical
magnetic flux ¢o = Vpt and the ac quantum single-
mode magnetic field of angular frequency wq, respec-

tively. For nonclassical fields, magnetic flux ¢ and
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external voltage Vgumr are a pair of quantum mechan-
ical conjugate variables [¢, Vemr| = iwi, and can be

written as (in the Heisenberg picture)
1
= — [exp (iwrt) a™ + exp (—iwit) al , 3
¢>(t) ﬁ[P(l) p( 1)] (3)

* — exp (—iw;t) a] ,

(4)

where a and a* are the annihilation and creation op-

i .
VEMF(t) = ﬁwl [exp (iwrt) a

erators of the quantized electromagnetic field, respec-
tively.

For simplicity, we consider the case w; > /E.Ej,
where /E_Ej is the angular frequency of the MJJ
when it is approximated to a harmonic oscillator. In
this case the Hamiltonian of the MJJ itself produces
an evolution which is much slower than the Hamilto-
nian describing the effect of external fields, and the

phase evolves approximately in the following form:

D(&exp(iw1t)), (5)

€ = \/2e, e is the charge of the elec-
tron and D) is the displacement operator defined by

— z%a). (6)

Then the expectation value of the supercurrent can

exp(if(t)) = exp(iwot)

where wy = 2eVj,

Dy = exp(za™

be given by tracing the current operator T over the
density operator of the external QEMF,

(f) = I In{exp(iwot) Tr[pD(Eexp(iwit))] }- (7)
‘We now consider the excited even and odd coher-
ent states to act with MJJ. The EECS |a, m), and

W, = (e, m|D[£exp(iw1t)]|a m)e

e B ()

1=0 k=0

W, = o{a, m|D[€exp(iw1t)]|er, m)o

e SR

1=0 k=0
where

N+ :Ne,mNea (20)
N_ =N, N, (21)

cos 2u,

= ()t e

>0nDMAy+Aﬂ+

EOCS |a,m), are defined by!!!]

=N at ™ o), (8)
=N, 1™, (9)

o,m

o, m)e
o, m)o
m' 2
Nemzi Lm - 2yelel

" =Teosn]ap Lm(=laf)e
+ Lin(laf?)e 1], (10)

m! 2
= [L(—]af?)el®
' 2sinh|a\2[ (=lae

— L (la?)e71F], (11)

No

where m is a non-negative integer and L,,(x) is the

Laguerre polynomial of order m:

m
m)

Z (12 : (12)

=

|a)e and |a), are, respectively, the even coherent state
and odd coherent state defined by Hillery!!?!

where |a) is the usual coherent state

|a) = exp(aa™ — a*a)|0),
a = |alel?. (17)

From Egs.(7)—(9), we have for EECS and EOCS

e 20 (B + Bg)]}, (18)

)(m_l)![(Al + Az) — e 2o (B, +Bz)]}, (19)

l
Az = < >(1)ka’12’”(2u)2’“+1 sin 2u,
2% +1
(22)
B1 — < l >a12k(2v)2k
12k ) 2

l
By = < >a12_2k_1(2v)2k+1 sinh2v.  (23)
2k+1

cosh 2v,
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Here 0.8 (a)
0.4
u = &|afsin(wit — @), 0.0
~0.4 1
v = | cos(wit — @), (24)
-0.8 y
0 1 2 3 4
1.01
(®)
5 9 _. 0.5
ay = |Oé| 75 ) ::; 0.0
< O
ay = —|a]* - €. (25) 0.5/
10 1 2 3 4
Combining Eq.(7) with Egs.(18) and (19), the expec- 1‘09
tation values of supercurrent can be written as 0.5 (c)
A 0.0
(I(t))e = Iy W, sin wpt, (26a) _05
(I(t))o = LW, sin wyt, (26b) 108 T > 3 3
t
for EECS or EOCS, respectively.
Fig.1. Time evolution of supercurrent Xc(t)(=

Now we are going to investigate CR of the super-
currents in the MJJ. In Ref.[6] the case of EECS for
m = 0 was considered in which we have found that the
supercurrent can exhibit the CR phenomenon (when
1.83) and the CR is very sen-
sitive to |a|. From Eq.(26a), we plot the time evolu-
tion of CR in the MJJ when w, = 12w;, m = 2 for
EECS in Fig.1. We can see that the CR is also sen-

sitive to |a|.

wo = 12wy and |a| =

We notice that, when |a| is relatively
small, the supercurrent exhibits incomplete collapse
and complete revivals (Fig.1(a)); as || increases, the
CR becomes more and more pronounced, and when |/
is around 0.98, the supercurrent exhibits almost com-
plete CR (Fig.1(b)); and after || increases above this
value, the CR gradually disappears and the oscilla-
tion of the supercurrent becomes irregular (Fig.1(c)).
By calculation we find that, when m = 1 and 3, the
dynamical behaviours of the supercurrent are simi-
lar to that at m = 2. However, for m = 1 and 3,
the supercurrents exhibit almost complete CR when
1.36 and 0.69, respectively. The

dynamical behaviours of the supercurrent for EOCS

wo = 12wy, |a| =

when w, = 12wy, m = 2 is shown in Fig.2. We see
from Fig.2 that, similarly to the case of the EECS, the
supercurrents can exhibit almost complete CR phe-
nomenon under an appropriate value of |«|. From nu-
merical calculation, one can find that, for m = 1,2
and 3, the supercurrents for EOCS exhibit almost
complete CR when w, = 12wy, |a| = 1.38, 1.04 and
0.79, respectively. From the above discussion we can
conclude that the CR behaviours of supercurrent for
EECS and EOCS are dependent on not only the aver-
age photon number (|a|? or |a| ) but also the degree

of excitation (m).

(I(t))e/Icr) for EECS with ¢ = 0, wo /w1 = 12, m = 2,
(a) la| =0.3; (b) |a| =0.98; (c) || = 2.

0.6} (a)

0.3
0.0
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0
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Fig.2. Time evolution of supercurrent X,(t)(=
(I(t))o/Icr) for EOCS with ¢ = 0, wo /w1 = 12, m = 2,
(a) |a| =0.3; (b) |a] =1.04; (c) |a| = 2.

3.CVS of supercurrent

The dc component of the supercurrent can be ob-
tained by taking the time mean values of the expres-
sions (18) and (19) in the interval (0,t). It is easy to
find that when the dc voltage V, satisfies the following

condition:

wo —2nwy =0, ie., Vo =nwi/e (n=1,2,3,--),
(27)

the direct supercurrent is expressed as
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L (5] m m
1%, =2I,Nj'e €72 % K ) >(m—l)!(£|a|)2k(D+F+G—i—K)], (28)
1=0 k=0 l
2 s [%] m m
1%, =2I,N"le €/2)" [( >< >( z)!(g|a|)2k(D+FGK)]. (29)
1=0 k=0 ! !
Here It can be seen from Eqs.(27)—(29) that EECS and
l . . . —
D < )all_Qk(D1 + D), (30) EOCS have similar CVS. Obviously, when ¢
2% kr/n (n # 0,k = 0,£1,42,--), the dc component
disappears, i.e., [{¢ = I9 =0 ; and when |a| > 1,
k—1 . ’ )
Dy = Z(—1)2k+jcgk[c72n+2kf2j (2¢]al) it can be. found that I?ECS and EOCS have the same
= CVS. It is easy to verify that the formulae of CVS of
+ Jon_oni0;(2€]a])] sin(2ne) (31) the supercurrent in Ref.[10] are special cases of the
n— J ’
above results (28) and (29) when m = 2.
Dy = (=1)*C3iJ2n(2€ 0]} sin(2ng),  (32)

l
Feeglal( C
2k +1

X zk:(_l)2k+jcgk+l
=0
X [Jontor—2j+1(2¢]al)
—J2n—2k+25-1(26|a)] sin(2ng),
G — o2ef < 2lk >al2_2k(G1 +Gy), (34)

(33)

k—1
G1 =) Clyllantan—2i(2¢|al)
=0
+ Iop_ak25 (26| )] sin(2ne), (35)
Gy = ClyLon(2€lal)sin(2ng),  (36)

2 l
_ 672‘0“ £|Oé|< ) [—2k—1
% + 1 Z 2kt

X [T2nt2k—2;+1(2€|a|)
+I2n72k+2j71(2€|a‘)} Sin(2n¢)7 (37)

where J,,(z) and I,,(z) are Bessel and modified Bessel

function, respectively, and we have used the formulae

DWCEY
Z L,(z)e™. (38)

1z sin @

1z cos 6

4. The dc component of fluctua-

tion of the supercurrent

The fluctuation of the supercurrent is defined as
(AD?) = (I?) -

pressed as(10]

(f )2, which can be explicitly ex-

(AT)?) = IZ[(sin” §) — (sin 6)?]. (39)

From Eq.(5) we have the following relations:

o{a, m| sin 5|a,m>e
=c(a, m|D[€exp(iw1t)]|a, m)e sin wot, (40)
o{a, m|sin §|a, m)o
(

— (e, m|D[éexp(iwrt)lla, m)o sinwot,  (41)
where

o{a, m|D[€exp(iwit)]|a, m)e
and

o{a, m| D[€exp(iw;t)]|cr, m)o

have been given in Egs.(18) and (19), and we also have

(3]

N~

(e, sin? Bl m), = 1 —N;le—%ziZ{( " )

=0 k=0

k
[(L1 + L) + exp(—2|af?) (M, + M2)]} cos 2wot, (42)
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1=0 k=
x[(L1 + Ls) — exp(—2|a|?)(M; + Mg)]} cos 2wot. (43)
Here l
M, = ( >bl2‘2k‘1(4v)2’“+1 sinh4v,  (47)
I 2k+1
_ _qYkpl -2k (4, 2k
L= ( 2% > (=1)70 ™ (4u)™ cos 4u, (44) where u and v have been given in Eq.(24) and we have

let
= |a|? — 4¢%,by = —|a|?® — 4€2. (48)

l
_ kpl—2k—1(, \2k+1 :
Ly, = _< ok + 1 >(_1) by (4u) sin 4u, From Egs.(39)—(43), we obtain some special values of

dc voltage Vy at which the supercurrent fluctuation

(45)
has the following dc components:
M, = < l >b122k(4v)2kcosh4v, (46) (1) For wp — 2nwy = 0, e, Vo = nwi/e (n =
2k 172737' )
<(AT)2>S,CM = 213r o Ing € & sin 27’L¢
m [ ] 2
AL ()7 )on - reapF o4 P e | )
1=0 k=0 !
(AD)2)de, = 51;‘2 ~ IZNZ?e ¢ sin® 2n¢

{igi[( )( l >(m—l)!(£lal)2’“(D+F—G—K)Hz, (50)

where D, F, G and K have been given in Egs.(30)—(37).
(2) For 2wy — 2nwy =0, i.e., Vo =nwi/2e (n=1,2,3,--)

~ 1
(AT, = 112 - 2N

SR o cnesen])

(AT, = 512 — IZNZte €

{ii[( (" m =i+ r-s -1 (52)

where
l
P= b2k (P + Py), 53
(, Ju=eer (53)
k—1 ]
Py =) (=1)**MC3, [antar—2; (4€] @) + Jan—2k42i(4€|a])] cos(2ng), (54)
=0
Py =(=1)kC}, 7o, (4¢|a]) cos(2ne), (55)

l k
R= —2£a|< - )b S (1), ook o1 (4€]al) — Jonosira1 (4€]a])] cos(2nd), (56)
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—2|a? l 1—2k
S=e b2 (51 + Sg), (57)
2k

k—1 )

§1= ) Coillansan—2j(4€]a]) + Tzn-okia; (4€|al)] cos(2n9), (58)
=0
Sy = Oy Lan(4€al) cos(2né), (59)
> ! b

e telelol (S Chullansne ] + Fa sy i€ eos(2ng), (60)

=0

where b; and by have been given in Eq.(48).

It can be seen from Eqs.(49)—(52) that for dif-
ferent CVSs the dc component fluctuations are quite
different, and they also depend on the phase of the
QEMEF. It is easy to verify also that the dc compo-
nent of fluctuation of the supercurrent in Ref.[10] are

special cases of our results (49)—(52) when m = 2.
5. Correlation function of dc su-

percurrent components

The general expression of the second-order

correlation function of the dc supercurrent component

s S () (7

X2:2N1—%2§i{<7><7>

e ><
> {(

Y, = 2<2N:1e &/

1s written as

@yt _ (L= & R | Dlagexp(icst][0)])
@ 2((Imlelot (| D[€exp(iwit)]|$)])?)e
(61)
where (---); denotes the average over time. For the
EECS and EOCS, respectively, we have
. 1-X
<gét2))>g,m = Tla (62)
. 1-X
(o3 = 52 (63)
where
(L1 + La) + e 21°F (A + MQ)]} cos2wot,  (64)

(L1 + Lo) — e~ 2P (ary + MQ)]} cos 2wyt (65)

DA+ As) + 2'0'2<Bl+Bz>1}), (66)

where Ay, As, By, Ba, L1, Ly, My and M, have been given in Eqs.(22), (23), (44), (45), (46) and (47).
From Eqs.(62)—(67), we find that the current fluctuations have the following dc components:

(1) For wy — 2nw; =0, i.e., Vo = nwy/e (n =1,2,3, -

l
m [3]
m
i =g P ()
1=0 k=0 !

2 ¢ 1 2 " m
- (R

where D, F, G and K have been given in Egs.(30)—(37).

.),

)= D(ElaD* (D + P+ G + K) sin2ng) } (68)

-2

—l)!(£|a|)2k(D+F—G—K)sin2n¢]} . (69)
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(2) For 2wy — 2nw, = 0, ie., Vp = nwy/2e (n =
1a 2a 3a s ')7

e,m = <g(t) >g,cm = 00. (70)

It is shown that in the time evolution the quan-
tum coherence of the Josephson current disappears at

the singular points.

6. Conclusion

In this paper the interaction of MJJ with the
excited even and odd coherent states as the external
QEMTF is studied. We have investigated the supercur-
rent in a MJJ and its quantum statistical properties.
It is shown that the CR effects of the supercurrent,

for EECS and EOCS, are very sensitive to the aver-
age photon number (|a|?) and the degree of excitation
(m). The influence of external QEMF on CVS struc-
tures of the MJJ is discussed. It is found that the ex-
pectation values and the fluctuation of supercurrent
can exhibit dc component and the conditions for the
existence of the dc component are quite different. It
is also shown that the static supercurrent flows, dc
components of the supercurrent fluctuation and cor-
relation function of the dc supercurrent components
are related to the phase of the light field. Moreover, it
is pointed out also that the results given in this paper
are a supplement of Ref.[10], i.e. the effects of a QEMF
acting on the MJJ discussed in Ref.[10] are only a spe-

cial case of our general conclusion when m = 2.
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