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Using Schrodinger—Maxwell formalism, we propose and analyse a continuous-wave four-wave mixing (FWM)

scheme for the generation of coherent light in a five-state double-A atomic system with or without spontaneously

generated coherence (SGC) based on electromagnetically induced transparency (EIT). We derive the corresponding

explicit analytical expressions for the generated FWM field under the steady-state condition. The influence of hyperfine
sublevel and SGC effect on the amplitude of the generated FWM field is predicted in detail via the derived analytical

expressions. We also give a brief discussion on the experimental realization of the proposed scheme.
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1. Introduction

Electromagnetically induced transparency (EIT)
is the optical transparency of a three-level medium
at a resonant transition induced by application of a
coherent electromagnetic field at an adjacent transi-
tion. The accompanying reduction of the group ve-
locity of light and large enhancement of the nonlin-
earity of the coherent atomic medium at the few-
photon level by many orders of magnitude in the
EIT transparency windows has been both intensively
and actively investigated in connection with many
potential applications, especially low-intensity non-
linear optics (i.e., it can reach a level of few pho-
tons), optical multi-wave mixing, ultraslow optical
bright and dark solitons based on Raman excitation,
ultraslow photon entanglement, quantum information
processing and quantum information storage and so
on.'=22] In a recent experiment, Yan et al demon-
strated that electromagnetically induced transparency
in a standard A-type configuration could be used to

suppress both single-photon and two-photon absorp-

tions simultaneously.l3] Harris et al proposed the use
of EIT to suppress absorption of the short-wavelength
light generated in a four-wave mixing (FWM) scheme
and showed that the FWM efficiency could be greatly
enhanced.’l Recently, Deng et al reported the first
theoretical investigation of optical coherent four-wave
mixing (OCFWM) with a weak probe wave based on
electromagnetically induced transparency and showed
that such a scheme could lead to many orders of mag-
nitude of enhancement in the amplitude of the gen-
erated wave in a typical four-level atomic system.!"]
Later on, Wu et al analysed and discussed a four-wave-
mixing (FWM) scheme in a five-level atomic system
and hyper-Raman scattering (HRS) in resonant co-
herent media by the use of EIT, which led to sup-
pressing both single-photon, two-photon and three-
photon absorptions in both FWM and HRS schemes
and enabling the four-wave mixing to proceed through
real, resonant intermediate states without absorption
loss.[': 12l The recent studies show that when the gen-
erated field becomes sufficiently intense in such an ef-

ficient four-wave mixing process, however, it can be
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absorbed dramatically. Consequently, a robust three-
photon destructive interference between the two dif-
ferent excitation channels occurs, resulting in a satu-
rated FWM production. Quite recently, a new scheme
proposed by Deng and Payne retains the significantly
enhanced conversion efficiency enabled by ultraslow
propagation of pump waves, yet is also capable of in-
hibiting and delaying the onset of detriment three-
photon destructive interference which limits the fur-
ther growth of FWM.[1415] In this paper, we propose
and analyse a continuous-wave (CW) four-wave mix-
ing scheme via resonant nonlinear optical process with
or without spontaneously generated coherence (SGC)
effect in a five-level double-A atomic system modi-
fied from the generic four-level double-A system. We
present the corresponding explicit analytical expres-
sions for the generated FWM field under the steady-
state condition. The influence of hyperfine sublevel
and SGC effect on the amplitude of the generated
FWM field is predicted. To conclude we give a brief
discussion on the experimental realization.

This paper is organized as follows. In Sec-
tion 2, the theoretical model is described and the

Schrodinger-Maxwell equations of motion that gov-
ern the dynamics of such a five-level system are solved
analytically in the presence of the SGC effect. In Sec-
tion 3, we analyse and discuss the influence of hyper-
fine sublevel and SGC effect on the amplitude of the
generated FWM field. A summary appears in Section
4.

2.FWM scheme and solutions of
the Schrodinger—Maxwell equa-

tions of motion

Let us consider the FWM scheme depicted in
Fig.1.
we2, respectively) induce the FWM processes |1) —
14)(]3)) — |2) — |5) — |1) and efficiently generate the
coherent radiation field (amplitude being E,,(wpy,, 2))

Three laser fields (frequencies wyp, we; and

at a frequency wm, = wp —we1 +wea2. Because of energy
conservation there is overall four-photon resonance.
At the same time, a couple of two-photon resonance
with the |1) <> |2) transition is also satisfied.

Fig.1. (a) Four-wave mixing scheme in a generic double-A system. (b) Four-wave mixing

scheme in a modified double-A system including a hyperfine doublet structure labelled |3)

and |4) with a frequency difference of 2A. In this case the lifetime-broadened atomic system

is driven by a weak CW pump laser field (frequency wp and Rabi frequency (2,) and two

strong CW control laser fields (frequencies w¢1 and wca and Rabi frequencies 2.1 and 2:2)

to generate a coherent FWM field (frequency wm and Rabi frequency 2m).
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Using the electro-dipole and rotating-wave ap-
proximations, the semiclassical Hamiltonian describ-
ing the atom—field interaction for the system under
study can be written in the Schrédinger picture as

B30 (j] — (g 25e1%]3)(1] + h.c.)

Mm

H =
1

— (2, ]4)(1] + h.c.)

— B(f Q16 13)(2] + h.c.)

— (erel%14)(2| + h.c.)
(
(

<.
Il

— B(02e2e2[5)(2]| + h.c.)
— B(2mel?[5) (1] + h.c.), (1)
where h.c. means Hermitian conjugation. The quan-

tities 6,, = k,,
phase factors of the positive frequency optical fields.

-7 — wyt (n=p, m, cl, ¢2) are the

2, (n=p, cl, ¢2, m) denote one-half Rabi frequen-
cies for the relevant laser-driven transitions, i.e. 2, =
pa1Ey/(2R), Qo = paaBer/(2h), 2o = psaBea/(2R),
On = ps1Em/(2R), and p;; = pg; - €L with ér, being
the unit polarization vector of the laser fields. The pa-
rameters g = ps1/pa1 and f = pso/pae are the ratios
of the dipole moments, with p;; standing for the dipole
moment elements for the transition between levels |i)
B = hw;(j =
the atomic state |j). For simplicity, in what follows
we take E§a) = 0 for the ground state |1) as the en-

ergy origin. Turning to the interaction picture, the

and |7). 1 — 5) are the energy of

Hamiltonian can be rewritten as (taking h = 1)

Hy =(wp — we1)]2)(2] + wp3)(3|

+ wp‘4><4| + (wp — We1 + w02)|5><5|,

Hing =(4p — Ac1)|2)(2] + (4, — 4)[3)(3]
+ (A + A4 A] + (A — Aey + Aw)|5) (5|
— (g2 T|3)(1] + Qe T|4) (1]
+ £ T3)(2] + QreFr T4 (2|
+ DusetferT|5) (2] + QetFmT5)(1] + hoc.),

(2)

wp, Acl = (UJ4 + W3)/2 —
= w5 — Wy — Weo are the detunings

where A, = (wq + w3)/2 —
Wy — We1, and Ay,
of the laser-driven fields from the corresponding tran-
sitions. A = (wg4 — w3)/2 is a half frequency difference
of two closely lying hyperfine sublevels.

Let us assume that the wavefunction has the form

|B) =A;[1) + Agei(Fo—Fer)
+ As eife T|3>—|—A4e 4)
+ AgeilFo—Fatkea) 7|5y (3)

2

~

il

where A;(j = 1 —5) stand for the time-dependent
probability amplitudes of the atomic states.

Making use of the Schrédinger equation in the in-
Hin| 7) and the Weisskopf-

Wigner theory, the equations of motion for the slowly

teraction picture i0;| ¥) =

varying probability amplitude of the atomic wavefunc-

tions can be readily obtained as follows:

(O + Fo) Az =if" 025 Az + 1027 Ay + 102545, (4a)

(9, +35)As =ig A1 + 1 2ur Ay — 2 (a1 cos )
+ /42732 cos 62) A4,

(3t + '74)144 =i, A +1f21 Ay — %(\/’WCOS 01

+ /Y4232 cos 02) A3, (4¢)
(01 + A5)As =120 A5 + igme—iBE-FAl’

(4b)

(4d)

where we have introduced the new definitions 45 =
Y2 +i(Ap = Ac1) = Y21 +i(Ap — Act), 3 = 3 +i(4Ap —
A) =z +ys2 +i(4p = A), Yu = va+i(4, + 4) =
Va1 + vaz +i(4p + A) and F5 = 5 +i(4p — A1 +
An) = v51 + vs2 +1(Ap — Ac1t + A). The nota-
tion 6k = k, — kc1 + k2 — kum represents the phase
matching condition and ;;(¢,j = 1 — 5) are the de-

cay rates from states |i) to |j). The terms includ-

.1 1
ing >4 /Ya17Y31 cos 01 Ag(4) <§‘ /Y4232 COS 92A3(4)>

resent the quantum interference effect resulting from

rep-

the cross coupling pathways between spontaneous
emissions |4 — |1)(]4 — |2)) and |3 — [1)(]3 — |2)),
i.e., the spontaneously generated coherence (SGC).[IQ]
01(02) is the angle between the two induced dipole

moments fi41(pta2) and psq(ps2)-
subject to 6; = 63 = 0 (parallel dipole moments), the

If the above angles

system exhibits maximum SGC effect, while if the an-
gles §; = 0y = m/2 (orthogonal dipole moments), no
SGC effect occurs.
point out that only for small energy spacing between
the two higher levels |4) and |3) is the SGC effect re-

markable; as for large energy spacing, the oscillatory

Alternatively, it is worthwhile to

terms will average out to zero and such an effect will
vanish. In the following, we consider all laser fields
to be continuous and analyse the FWM process in
the steady state. Following the standard method de-
scribed before in Refs.[4, 12], the pump laser field 2,
are assumed to be sufficiently weak (|92, < |21,c2]),
so that in essence all of the atomic population remains

in the ground state |1): i.e., using the nondepleted
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ground-state approximation A; ~ 1. Therefore, we
can then obtain straightforwardly the steady-state so-
lutions of Egs.(4) and the slowly varying component of
the atomic polarization of the generated FWM field:
i.e., Pp = Nu3sAs A7 with N being the atomic num-
ber density in the medium. Without loss of gener-

ality, we assume that the driving and FWM gener-

L =

ated fields propagate in the z direction, hereafter we
take dk = 6k - 2. Based on Egs.(4a)—(4d) and setting
0. A; = 0 for the steady-state solution, we can derive
the probability amplitude of the atomic state |5) as
follows:

Ag = —iL + iR~ %% (5)

with

(nf* — f*g¥a +ng — ¥3) 2,25 Qo

Y2(n? — V3¥a) Vs + (nf* +nf — | f1?9a — V3)75]2c1]? + (0 — V37a)|2e2]?’

R:

Ya(n? — v37a) + (nf* +nf — | 1294 — 73) |21 ]?

Yo (n? — ¥3¥a)Vs + (0f* +nf = | f1?9a — V)71 2c1]? + (0 — V3Va)|2c2]?’

1
n :i(m cos 0 + /742732 cos 0z).

In order to describe correctly the propagation of
the generated FWM field, the atomic equations of mo-
tion must be simultaneously solved with Maxwell’s
equation in a self-consistent manner. In the limit of
plane waves and slowly varying amplitude approxi-
mations, the amplitude of the generated FWM field

E,, = Ey(wm, z) obeys Maxwell’s equation
(az + 1/Vg 8t)-Em = imem/(2CEO)> (6)

where V; are the group velocity of the generated FWM
field. ¢ and g are the light speed and permittivity of
free space, respectively.

Making full use of P, = NuisAsA7, £y =
ts1Frm/(2R) and Eq.(5) in Eq.(6), we have

(0 + Vgd.) 2 = Vg - M(L — R2ye %) (7)

where M = wy,N|uis|?/(4heoc) is the propagation
constant, which is related to the frequently used oscil-
lator strength of the transition |1 < |5).

Neglecting pump depletion, under phase match-
ing condition dk =~ 0 we can readily solve Eq.(7) for
the slowly varying field amplitude $2,,,(wm,, z). Apply-
ing the boundary condition §2,,|,—¢ = 0 yields explicit
analytical expressions of the generated FWM field

L
= E(l

2 (Wi, 2) — e~ MRz, (8)

3. Analysis and discussion for the

generated FWM field

In the following analysis, for the CW control and

pump laser fields we will only consider the case of

resonant excitations, i.e. Ay .im = 0, in which the
EIT effects are the most prominent. Under the con-
dition of perfect phase matching 6k = 0, in this sec-
tion we have analysed the influence of the ratios of
dipole moments g and f on the amplitude of the gen-
erated FWM field §2,,, without SGC effect, as shown in
Fig.2. Note that, in this paper, parameters {2, c1,c2,m,
A, 7;;(i,j =1 —5) and M are scaled with v4. From
Fig.2, we find that the amplitude of the generated
FWM field increases monotonically with the increas-
ing of the propagation distance z firstly, then the am-
plitude of the FWM field reaches the saturation value
and is independent of the propagation distance z for
the five-level atomic system. This result is the be-
haviour of a quantum destructive interference between
the two different excitation channels: |5 — |1) (cou-
pling excitation channel, the dashed line in Fig. 1) and
|1 — |5) (back-coupling excitation channel, the dotted
line in Fig. 1).[14* 15] That is to say, after a character-
istic propagation distance when the generated FWM
field has been sufficiently intense, an efficient back-
coupling excitation channel to the FWM generated
state |5) becomes important, which is 7 out of phase
with respect to the coupling excitation channel. This
back-coupling channel simultaneously gives rise to a
destructive interference pathway, thereby suppresses
the amplitude of the generated FWM state |5). As
a matter of fact, this is a consequence of the com-
petition between the creation of quantum coherence
by the coupling excitation channel and the destruc-
tion of this coherence by the back-coupling excitation
channel. From Fig.2, it is worth pointing out that
when the ratios of the dipole moments g =1, f = —1
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or g = —1,f = 1, the amplitude of the generated 0.020 (b) 61=6,=/4

FWM field is greatly enhanced. This is due to the [ - g=f=1

fact that in the four-level system (f = g = 0), the fi- 0.016 | 9=1, f=-1 or g=-1, f=1
nite detuning A is associated with an ac-Stark effects, -

which leads to intensity-dependent dynamical phase £ 0.012 }

shifts of the fields. These phase shifts have a detri- 3;

mental influence, leading to impaired phase matching E 0008} [/ mmmemeeeeee—--
and inefficient frequency conversion. However, these S ,”—

nonlinear phase shifts in such a five-level scheme can 0004l ,”

be eliminated by ac-Stark compensation only when /

we choose atomic states such that the dipole moment l

for one of the four transitions [1) — [3), |1) — [4), 0-000%5 2 7 s 8
|2) — |3), and |2) — |4) has a different sign to the z/em

other three, i.e., g = —f. This can easily be accom-
plished by using different hyperfine sublevels.['®! In
Fig.3, we plot the amplitude of the generated FWM
field 2, (wm,2) as a function of propagation distance
z with the SGC effect. We find that in the presence of
the SGC effect, the amplitude of the generated FWM
field clearly decreases for the case of g = —f. On the
basis of the above analysis, it is obvious that in or-
der to achieve large amplitude of the generated FWM
field, we should eliminate the existence of the SGC
effect. This can be realized by using the orthogonal

dipole moments.

0.020

g=1, f=-1 or g=-1, f=1
————— g:f:O
-------- g=f=lorg=f=-1
0.016 |
Nl
L ooz}
B
E
3
e 0008f [ o7 TImme— el
S ’ .
/-
1
/A
0.004 | A
(a) O1=62=m/2
0.000 L L 1 L
0 2 4 6 8
z/cm

Fig.2. Plots of the amplitude of the generated FWM
field |2m(wm,z)| as a function of propagation dis-
tance z without SGC effect. The fitting parameters:
25 = 0.02v4, 21 = 0.574, 22 = 0.274, v2 = 0,
Y41 = a2 = 31 = Y32 = 0.574, 75 = 0.274, A = 274,

wmN|u15]? _
Ap,cl,m = 07 m = 7Y4Cm 1~
4hege

Fig.3. Plots of the amplitude of the generated FWM
field |2m(wm,z)| as a function of propagation dis-
tance z with SGC effect. The fitting parameters:
2p = 0.0274, 21 = 0.574, 2 = 0274, 72 = O,

va1 = 742 = ¥31 = v32 = 0.574, 75 = 0.274, A = 24,
WmN‘;U'15|2 1

A =0 = ygcm™ .
p,cl,m ) 4h€00 Y4

Now we give a brief discussion on the experi-
mental realization of our scheme. An experimental
candidate for the proposed system can be found in
87Rb (nuclear spin I = 3/2) cold atoms with the
designated states chosen as follows: Levels |1) and
|2) can be, for example, the Mp = +1 Zeeman sub-
levels of the 55;,2(F = 1) ground state of cold ru-
bidium. Levels |3) and |4) are the Mr = 0 Zeeman
sublevels of 5P;/(F = 1) and 5Py /5(F = 2), and
5P;/3(F = 1, Mr = 0) as |5). The optimum detun-
ing is exactly midway between the hyperfine states |3)
and |4) as shown in Fig. 1(b), leading to the ratios of
the dipole moments |f| = |g| =1 and f = —g.['%]

4. Conclusions

In summary, using the Schrodinger-Maxwell
equations of the five-level atomic system and the light
fields we have demonstrated a CW four-wave mixing
scheme in the presence of the SGC effect in highly
resonant media. The proposed scheme may be useful,
in principle, for generation of high-frequency and/or

high power laser light.
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