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The evolution of the entanglement degree of two-mode fields and atom with the intensity-dependent coupling is

investigated using von Neumann entropy. The results for the initial fields in both coherent states and two-mode squeezed

vacuum state are calculated. The influence of the field intensity on the entropy is discussed. It is found that the field

and atom are generally in maximum entanglement but subject to periodic pulsed disentanglement completely under the

condition of strong initial field.
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1. Introduction

Quantum entanglement plays an essential role
in quantum information theory. Entanglement
is essential for quantum communication, quantum
computation, quantum teleportation and quantum
cryptography.!=4 And disentanglement is also nec-
essary for some aspects of quantum computation.!®!
With the recent rapid developments in quantum infor-
mation, the degree of entanglement has been the sub-
ject of considerable study.l8~8! It has been shown that
entropy is a “good” measure of entanglement for two
subsystems in a pure state.[] Recently, much attention
has been focused on the entanglement of the field and
atom!®~ 14 in Jaynes-Cummings model (JCM) since a
quantum logic gate was demonstrated successfully by
using the entanglement state of the field and atom in
an ideal cavity.['516] After the realization of a single-
mode two-photon laser!”! based upon dressed atomic
states, considerable attention has been payed to the
two-photon JCM. It is well known that in two-photon
processes, intensity-dependent effects must be taken
into account, so Napoli and Messina generalized the

intensity-dependent two-mode JCM.['8] In this paper,

we study the degree of atom-field entanglement for
the intensity-dependent two-mode two-photon JCM
by using von Neumann entropy. The result shows
that the time evolution of the field entropy has ex-
act periodicity. Degree of atom-field entanglement is
in maximum value with long period and goes to zero

instantaneously for strong initial field(s).
2.Model and its quantum dynam-
ics

We consider a two-level atom consisting of upper
level |+) and lower level |—), with intensity- dependent
coupling between two-mode quantized field through a
two-photon process. Photons are either emitted or ab-
sorbed in pairs by the atom. The Hamiltonian under

the rotating-wave approximation is given by!18:19]

H = H, + Hi, (1a)
2 1\ 1
HO = lez (a?‘ai + 5) + 5&]00'27 (].b)
Hy = g(\/aj'ala;agafag'o +otajay ai"ala;'az),
(1c)
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where wy and w;(i=1,2) are the frequencies of the
atomic transition and the ith mode of the radiation
field, respectively. a; and a:“ are the annihilation and
creation operators for the ith mode of the field, and
0,, 0 and 0T are the pseudospin operators for the

atom. The constant g combined with the operator

\/ai"ala;'ag plays the role of the intensity-dependent

coupling constant between the atom and the two-mode
cavity field.
Let

H|of) = BF|9)Y). (j=1,2) (2)

The eigenvector of Hamiltonian (1) may be rep-

resented by

2
o))=Y _chle), (=12 (3)
m=1
where
|0) = [n1,na)r ® |4+),

TN =+ 1L,y + 1)p @ |-),

and |n;) is the photon-number state of the ith mode
field. Superscript N represents (n,ns).

For simplicity, we consider the resonant case (i.e.
wp = wy + wa ). With the help of Egs.(2) and (3) the

Hamiltonian (1) may be diagonalized and the result is

EN =E) +Qvg (j=1,2) (4a)

with
EY =wi(ng +1) 4+ wy(ng + 1), (4b)
2x = (ny +1)(ng + 1), (4c)

and

1
Cin=Ci2 =0 =—Co = E

Since CJ]-\TTH is not related to n;, we can omit its super-

(4d)

script N.
Let us consider the atom in its excited state |+)
and the two fields are assumed to be initially in su-

perposition states, i.e.
o0 o0
= Z Z (n1)gz(n2)|ni,n2) @ |+), (5)
n1=0ns=0

where ¢;(n;) describes the amplitude of state |n;) of
the jth mode. For the initial condition Eq.(5), the

solution of the Schrédinger equation is given by

|9 (t)) =~ 9(0))
=C(#) @ [+) + D) ®|-) (6)

with
Z Z 1(n1)az(n2)
7;1 ;;? >|n na), (7a)
Z Z 1(n1)az(n2)
r: L;;z(t)o\nl +1,mp + 1), (7b)
and
An(t) = cos(2ngt), (8a)
B (t) = —isin(2ngt). (8b)

With the wavefunction |¥(t)) calculated, any
property related to the atom or field can be ascer-

tained.
3.Degree of entanglement

In the case of pure quantum states for two sub-
systems, a number of physically intuitive measures of
entanglement have been known; however, for general
mixed states of an arbitrary number of subsystems,
entanglement measures are still under development.
In this paper, we use the field entropy as a measure-
ment of the degree of entanglement between the field
and atom of the system under consideration. The field
entropy is defined through reduced field density oper-
ator by

Se(t) = ~Te(pp(t) I (). )
By using equation (6) the reduced field density

operator can be derived in the following form:

PE(t) =Tratomp(t) = Tratom| ¥ (1)) (¥ (t)]
|

=[CONCH)]+ [D@))(D(t)

To calculate the eigenvalues of the reduced field

(10)

density operator, we write the eigen equation as

pel Pe(t)) = me ()| e (2)),

and let
| We(2)) = €|C (1)) + nlD(t)).

The eigenvalues of pp(t) are

7 () =3 (€C1C) + (DID)

+V/((CIC) — (DID))? +4[(CID)P). (11)
Obviously, it follows from Eq.(6), that

(¥ (@) = (CO)CE) +(DMID(E) =1. (12)
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Substitution of Eq.(12) into Eq.(11) gives

1:t\/1—

(cleXDID) = {CID)|?))

(13a)

with
cwicw)y=>">" pi(m)pa(n2) A3 (1),  (13b)
(D(t)|D(t)) = P (n1)p2(n2) BR (1), (13c)

_1w0t * n1+ )ql(nl)

X q; n2 + 1)gz2(n2) Ap/ (t) B (1), (13d)

where p;(n;) = |g;(n;)|?, (j=1,2). Subscript N’ rep-
resents (ny + 1,n2 + 1).

The field entropy St (t) may be expressed in terms
of the eigenvalues 7} ( ) for the reduced field density

operator asl®
Se(t) = ~[mf (1) nmf (1) + mp () Inp (1) (14)

It does not appear possible to express the sums in
Eq.(13) in closed form, but for not too large 7;, direct
numerical evaluation can be performed. In the case
of disentangled pure joint state S¢(t) is zero, and for

maximal entangled states it is In2.
4. Results and discussion

To investigate the evolution of Si(t), we firstly
discuss the periodicity of the eigenvalues 71'?:(75) with
the help of Egs.(13) , (8) and (4c). We can see Ay (t)
and By (t) have a common periodicity 27 /g for all of
the pairs (n1, na) because ny and ns are both integers,
then the field entropy S¢(t) has an exact periodicity
27 for scaled time gt. We display the numerical results

with time from zero to 27/g.
4.1. Initial fields both in coherent state

For a coherent field, the amplitude of state |n;) is

described as
ni:\ i 1
gj(n;) = exp< — %)njz (n;1)~2, (15)

where 7 is the jth mode average photon number. The
influence of the initial field intensity on the field en-

tropy under the condition of iy = fig(= 1) is shown

in Fig.1. When the two fields are both in vacuum
(7 = 0), the field entropy as a function of scaled time
gt evolves like a sine function with a periodicity /2.

The degree of the atom-field entanglement reaches

1
maximum at gt = <k+§) g, (k=0,1,2,...). And dis-

(k=0,1,2,...)
(Fig.1(a)). When the average photon number 7 > 0,

m
entanglement takes place at gt = kE,

the periodicity of the entropy becomes 27 (see Fig.1).
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Fig.1. The evolution of the field entropy Sf as a func-
tion of the scaled time gt with the two mode fields
both in coherent state; (a) n; = n2=0 with S¢+4, (b)
n1 = ne=1 withSg+3, (C) n1 = npy=4 with Sg+2, (d)
n1 = ng=10 with S¢+1, and (e) n1 = ng=25.

The entanglement degree function oscillates near the
maximum values when the time goes through almost
the whole period but tends to zero at gt = kn,(k =
0,1,2

b2 B B

tanglement degree oscillations is decreased with the

.) instantaneously. The amplitude of the en-

increasing of f. Figure 2 shows the influence of the
initial field intensity of one mode on the field entropy
with the other mode in vacuum state. The curves of
field entropy versus scaled time was similar to those
in Fig.1 but the periodicity becomes 7 (except the
case of n=0). These results are quite different from
the entropy of single-mode intensity-dependent JCM
with large n, which also oscillates from zero to In2
with a periodicity 7 but reaches its maximum values

instantaneously at only two times gt ~ kx.[11]
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5_ state of system is in stable strong entanglement but
1 /\/\/_\ () goes with pulsed complete disentanglement, because
] a

4] / entanglement and disentanglement are both necessary
for quantum computation.
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Fig.2. The same as Fig.1 but with na=0.

4.2. Initial field in two-mode squeezed vacuum

state

Two-mode squeezed vacuum field is a strong cor-
relative state. Its photon number distribution can be

given by

1 no\?
\/l—l——ﬁ<1+n> ) M=

Oa ni # n2

q1 (nl)fh (nz) =

where n is the average photon number in each mode.

The evolution of field entropy for initial two-mode
squeezed vacuum field is shown in Fig.3. Under the
condition of weak field, the variation of entanglement
is more acute than that in Fig.1. Under the condition
of strong field, the entropy is stable at maximum val-
ues and the field is strongly entangled with the atom
for most of the time; the entropy equals to zero and the
field is completely disentangled from the atom instan-
taneously at gt = km,(k =0,1,2,...). This character-
istic property appears also in the intensity-dependent
single mode JCM['? but their period is g It would

be usable for a quantum information process since the

j/AVAVAVAY?

INERRE NN NEN]
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Fig.3. Evolution of the field entropy S¢ as a function
of the scaled time gt with two-mode squeezed vacuum
state fields ; (a) ~=0 with Sg+4, (b) =1 with S¢+3,
(c) ~=4 with S¢+2, (d) n=10 withS¢+1, and (e) 7=25.

5. Conclusion

We have investigated the properties of entangle-
ment between an atom and two-mode field with the
intensity-dependent coupling in an ideal cavity by us-
It is found that the en-
tropy has exact periodicity. Under the condition of

ing reduced field entropy.

weak initial field, the entanglement degree is affected
strongly by superposition of field states. Under the
condition of strong field, the influence of the initial
field superposition on the evolution of entanglement
degree is very weak. The entropy is stable at maxi-
mum values for almost all the time but goes to zero at
gt = km,(k =0,1,2,...) instantaneously. The state of
the system is in stable strong entanglement accompa-

nied by periodically pulsed complete disentanglement.
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