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A scheme of M-party controlled teleportation for one N-qubit entangled W state via (N-1) Einstein—Podolsky—
Rosen (EPR) pairs and one (M+2)-qubit Greenberger—Horne—Zeilinger (GHZ) state is proposed. We achieve the

teleportation in such a way that M agents can execute the Hadamard transformation, perform the measurement on

their qubits and inform the receiver of their measurements. Then we discuss that the receiver cannot fully recover the

state from the sender if one agent does not co-operate with him.
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1. Introduction

Quantum teleportation has received much atten-
tion because it plays an important role in quantum in-
formation and communication. Since Bennett et alll]
teleported an unknown quantum state of a two-state
particle from one place to another with the aid of
long-range Einstein-Podolsky-Rosen (EPR) correla-
tions, scientists have made dramatic progress in the
field of quantum teleportation. Quantum telepor-
tation has been extended from discrete-variable sys-
tems to continuous-variable systems/2=¢! and also from
single particle to multi-particles.[7=1% Experimental
demonstration of quantum teleportation has been re-
alized with photon polarized states,[!!] optical coher-
ent states,[lz] and nuclear magnetic resonancel'®! re-

cently.
In 2000, Zhou et al presented a theoretical scheme

for controlled quantum teleportation.*4] According to
the scheme, a third side is included beside a sender and
a receiver, and the quantum channel is supervised by
this additional side. The signal state cannot be trans-
mitted unless all three sides agree to co-operate with
each other. Recently, Yang et al have presented a way
to teleport multi-qubit quantum information via the

control of many agents in a network.[!?! de Sen Aditi et

al have found that the N-qubit states of W class, ¢!
for N > 10, lead to more robust violations of local
realism than the Greenberger—Horne—Zeilinger (GHZ)

states.

In this paper, we present a simple scheme to tele-
port an unknown N-qubit entangled W state from
a sender to a remote receiver via the control of M
agents in a network by using (N-1) EPR pairs and
one (M+2)-qubit GHZ state'”! as the quantum chan-
nels. We show that the receiver can successfully get
access to the original W state if all the agents collabo-
rate with each other through their local operation and
classical communication with the receiver; however, if
even one of agents does not co-operate with the others,
the original W state cannot be fully recovered by the
receiver. Finally, we give an example of the controlled

teleportation for three-qubit entangled W states.

2.Many-party controlled telepor-
tation for multi-qubit entan-

gled W state

We suppose that the sender Alice wants to tele-
port an unknown multi-qubit entangled W state to the

receiver Bob. The W state of message qubits labelled
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by (01,027"' 16]

,Cn) can be expressed as!

|0w) =(c0[000...0) + ¢1[100...0) + ¢5]010...0)

- 1>)C102~~-CN

(1)

2

0, if k#1,
where chzl,ck#oa Opi = 1 #Z
— 1, if k=1

Firstly, Alice prepares one (N-1) EPR pairs |¢) ap
and one (M+2)-qubit GHZ state |¢) anByD:

N-1 N-1

P)ap = H 67) ;B

16) an s> = %uooo...

(100) +11)) ;.5 (2)

E\H

=1

0) 4+ [111... 1)) an By DyoreDps -

(3)

And then she sends the first (N-1) EPR qubits
(B1,Ba,...,By—_1) and one GHZ qubit By to Bob
and M GHZ qubits to the M agents while keeps
the GHZ qubit Ay and the other (N-1) EPR qubits
(A1, As, ..., An_1) by herself. The state of the whole

system is given by

Y1) =|pw) @ |#) 4B @ |) AxBxD

N N N-1
=> e [[18kide, @ [T —=(100) +[11)) a5,
k=0 =1 V2
1
® —2(|000...0>+ [111... 1) AxNByDy.. Dy -

(4)

Secondly, Alice performs a series of joint Bell-
state measurements on one EPR qubit and one mes-
sage qubit (4;,C;),(i =1,2,---,N — 1) and informs
Bob of her measurements through a classical chan-
nel.

According to Alice’s measurements, Bob per-

forms a series of single-qubit unitary transformations

From Eq.(8), we have

U;(i = 1,2,---,N — 1) on his corresponding EPR
qubits B;(i =1,2,---,N —1).

Thirdly, Alice performs a Bell-state measurement
on one message qubit and one GHZ qubit (Ay,Cn)
and broadcasts her measurements. Then according
to Alice’s measurements, Bob performs a single-qubit
unitary transformation Uy on his qubit By and all
of M agents perform a series of single-qubit unitary

transformations (Up,,Up,,*+,Up,,) on their qubits

(D17D27"' 7DM)
After the preceding manipulations, the state be-
comes
|1)1 =U1Us---Un 1UnUp, ---Up,,
X A1Cy <'¢|A202 <1/)| T ANCN <¢|¢T>

¢>AiBi>

N N-1

= o [( [I Uinic: (ldi)e,
k=0 i=1
® <UNUD1 - Upy

X ANCn <¢|5kN>cN|¢>ANBND>} (5)
where |¢) 4,¢, are four Bell states involved in Alice’s
Bell-state measurements on her qubits (4;,C;), which
are expressed as

|67) aic;

(|00> + 1) aic: (6)

%\

) (101) + 110)) a; ;- (7)

The U; and Up,(j = 1,2,---, M) performed by

Bob and one of M agents are Pauli matrices, which

|(P A;C; =

Sl

are shown in the following equation.

For simplicity, we define

|77>Bi =Uiac; <w|5kl>cz
|n)ByD = UNUp, -+

¢>AiB,'7(N > 1 Z 1)7

(8)

Upy ancn (Y10kN)Cn|9) AnBND-

Ip,(c;(00ki)c;|0) B; + c:(1|dki)c: 1) B;), for |)a,;c; = 16%)aic,, Ui = Ip;,
- (02)B.(c:(010ki)c.|0) B, — . (Uoki) e V) By for  |$)aic, = |97 ) aici, Us = (02) B, (10)
(02)B.(c.(Udki)c.|0)B, + c.(00ki)c.|1)B,),  for  [¥)a.c, = |¢T)aic,, Ui = (02)B,,
(ioy) B (c:(Uori)c:10) B, — c:(0l0ki)c,|1)B,), for |¥)aci =l¢T)aic:, Ui = (ioy) B,
By calculation, we find that Eq.(10) can be reduced to the following expression:
M B, = ¢, (010ki)c;10)B; + ¢, (10ki)c;11) B, = 05, k7 1:7 % =0, =|0ri)p, (N >i>1). (11)
DB, k=1, 0ri=1,
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From Eq.(9), we have

Ipy < H Ip, > cn {018k )en|00- - 0) By Dy -Daren + on (Udknw)on[11- -+ 1) By Dy -Dar )
fOF V) anon (|6 )anen, Un =1Ipy,Up, =Ip,, -, Upy = Ip,,
(02 BN<HID > cn(0[0kn)en|00 - 0) y Dy Dy — o (Udkn)on 11+ 1) By Dy Dy ),

for |¢>ANCN = |¢ >ANCN3 UN = (UZ)BNaUDl = ID17" : 7UDM = IDMa

(02)Bx [

‘77>BND =

—

(Uz)pj] (en (UokN)en|00+ - 0) By D, Dy on + (016kN)Cn 11+ 1) By Dy D),
j=1
for |¢>ANCN = |(p+>ANON7 UN = (UZJ)BN7 UD1 = (UE)DU o '7UDM = (Uw)DM)

<ioy>BN[ (@),

(on (10kN)eN|00---0)ByD, Dy — On (Ol0kN)on |11 1) By Dy -Dar )

=

j=1
for |¢>ANCN = |g07>ANCN’ UN = (iay)BNaUDl = (O-J:)Dla T 7UDM = (o-m)DM-
(12)
By calculation, we find that Eq.(12) can be expressed as
M BxD = Cx(00kN) N[00+ -0) By D, Dy + O (UdkN)Cn 11+ 1) By D, D
[00---0)gyD, Dy, k=1,2,---N—1, &n =0, (13)
|11"'1>BND1~~-DM7 k:Na dpn = 1.
Then, Eq.(5) can be rewritten as
N-1 N-1
) = <CN|11 1) ByDyDy + Y Ck|00"'0>BND1--~DM> @ [ 16k} (14)
k=0 i=1

Lastly, all of the M agents execute the Hadamard transformation on their qubits in the following forms:

1
\/_(|O> +|1))p; and [1)p, = —=(|0) —|1))p,(j = 1,2,---, M). Then the state of Eq.(14) becomes

10)p; — 2

|'¢T :|:cN|]_BNH|01D+ch|03N®H|0 +|1 :|®H|(5kz
k=0 j=1

~[exitizn e (L Doy - X100, )

N-1
—l—zck\o By ®© <Z|D DM+Z|D by DM>}®H|5M
k=0

=1
N-—1 _
= IDe)p, Dy @ [CN|1 By + 3 ckl0) BN} ® H |0ki) B
k=0 =1
N—1 N—-1
+> IDo)p,..py ® [cNu By + Y ckl0) BN} @ [[ 16r:)s., (15)
k=0 =1

where Z |De)p,...pyis a sum over all possible  (Di,Ds,---, D), for which each basis |D,) contains
binary-computational bases of M GHZ qubits (Dy, odd number 1 (i.e. the number of |1) contained in
Dy, -+, Dyy), for which each basis |D.) contains even  each |D,) is odd).

number 1 (i.e. the number of |1) contained in each
. . And then each agent makes a measurement on

|D,) is even), while Z |Do)p. ..., Tepresents a sum ) o ) i i
. . LM . his GHZ qubit in the single-qubit computational ba-
over all possible binary-computational bases of qubits ] > )
sis {|0),|1)} and sends their measurements to receiver
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Bob. From Eq.(15) one can see that if Bob knows
the M agents’ measurements for their qubits contain
|D.)), he can predicate that his
N qubits must be in the state

even number 1 (i.e.

N-—1 N-—1
o= exlm + 3 ul0)m | @ T 1)

k=0 =1

N N
=> e [[I6xi)5 (16)

k=0 i=1

On the other hand, if Bob knows that the M
agents’ measurements include odd number 1 (i.e.
|D,)), he knows that his N qubits must be in the

state

N-1 N-1
[¢r)a = [—CN|1 By T+ Z ci|0) BN:| ® H |0k:) B
k=0 i=1
(17)

Then Bob executes the unitary transformation

(02)By on the qubit By

From Eq(16) and Eq(18), it is evident that Bob
fully recovers the original state of Alice. So the many-
party controlled teleportation of multi-qubit entan-

gled W state is successfully achieved.

3. The many-party controlled
teleportation is a failure if even
one of agents does not co-

operate with the others

In this section, our purpose is to show that in
the case when even one of agents does not collaborate
with the others, it is impossible for Bob to gain the
full quantum message.

Assume that one agent, say agent Dj,s;, does
not co-operate with other agents. In this case, af-
ter other agents (Dj,Da, - -+

a Hadamard transformation on their GHZ qubits in

,Dar—1) have performed

0n, = —5(0) + [1)p, and

the following forms:

NN |1)p, = —=(10)—1))p,(j = 1,2,..., M —1), one can
(@) ¥r)a =Y e [[10ri)m: = [¥r)s.  (18) f ' , ,
o -1 see that the state of Eq.(14) will be transformed into
M—1 N-1 M—1
il =(ex/1yon [T (0) - Do, + 3 cxlo0)myo @ [T 100+ 110)n )@ H 1)
Jj=1 k=0 Jj=1

[ ¢N|11)ByDy ® <Z DAPRESY |D0>D1~~-DM1>
N— N-1

+ Z ck|00) By Dy @ <Z 1De)pyDye s + Y Do), 1>] ® [ 16x)5
k=0 i=1

N-1

=Y ID)pyDy s ® {CN|11 ByDu + ) cx/00) BNDM} H |0ki) B
k=0 i=1
N—1 N—1
+> D) sy, © [—CN|11 )BxDa + Y, ck[00) BNDM} ® |] 10ki)B (19)
k=0 =1
where Z |D£3>D1...D]\471 represents a sum over all pos- (D1,Ds,...,Dp—1), the density operator pp of the N
sible binary-computational bases of the (M — 1) GHZ  qubits (B1, Bs, -, Bn) belonging to Bob, after hav-

qubits belonging to the agents (Djy,Da,...,Dy—1), ing traced over the qubit Djs, can be written as

for which each binary-computational bases |D.) con-

tains even number 1; while > |D!)p,...p,,_, repre- pi = Trp,, (1¥7)33(¢r), (20)
sents a sum over all possible binary-computational ba-
sis of the (M —1) GHZ qubits (D1, Dy, -+, Dpr—1), for where
which each binary-computational basis |D!) contains N-1
odd number 1. [ibr)s = |:CN]‘]‘>BNDM + Z Ck|OO>BNDM]
k=0

that for ev-
ery measurement on the (M — 1) GHZ qubits

From Eq.(19) one can see

N-—1
® [ I6ki)s.- (21)
i=1
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The trace of p% is

Trphy =Tr[Trp,, (1¥7)s(¥r))]?
N-1

=1-2) ¢ xcxy <L (22)
k=0

From Egs.(19), (20), (21) and (22), one can see
that Bob cannot fully recover the original state of Al-
ice if even one of agents does not co-operate with the

others.
4. The case of three-qubit entan-
gled W state via three agents

For example, Alice wants to teleport three-qubit
entangled W state |pw) to Bob via three agents. The
state |ow) is

low) =(co|000) + ¢1100) + ¢2/010)
+ c3|001>)010203' (23)

Firstly Alice prepares two EPR pairs,

_ 1
V2

and a five-qubit GHZ state.

|¢>AiBi (‘00> + ‘]‘]‘))AiBi (Z =1, 2) (24)

1
|¢>A333D = ﬁ(‘00000> + |11111>)A333D1D2D3' (25)

Then Alice sends the first two EPR qubits
(B1, Bz) and one GHZ qubit B3 to Bob and 3 qubits
(D1, Dg, D3) to the three agents while keeps qubits
(A1, Ay, A3) by herself.

The state of the whole system is given by

Y1) =lew) @ [9)a,B, @ @) 4,8, @ |#) 45B:D
2(00‘000> + cl|100> + co|010> + 00‘001»010203

1
® —2(|00> +111)) a, B,
1

S

® —=(|00) + [11)) 4, B,

S

2
1
® —2(|00000> +1(11111)) 43 B3 Dy DD~ (26)

N

Secondly, Alice performs a joint Bell-state mea-
surement on her qubits (41, Cy), (42, C2), (43, C3),
and informs Bob and the three agents of her measure-
ments through a classical channel. According to Al-
ice’s measurements, Bob performs three correspond-
ing unitary transformations on his qubits (B;, By, B3),
and the three agents perform a corresponding unitary
transformation on their qubits (D1, D2, Ds). After the

above manipulations, the state becomes

Y1) 1 =(c0/000) + ¢1]100) + ¢2|010)) B, B, B,
® |000>D1D2D3 + C3|001>BleB3
® [111) p, p, D, - (27)

Lastly the three agents execute the Hadamard

transformation on their qubits in the following forms

0)p, — %(|0>+|1>)Dj and |1)p, —+ i(|0>—|1>)Dj

V2
(j=1, 2, 3). The Eq.(25) transfers to

[thr)2 =(c0|000) + ¢1|100) + ¢2|010) + ¢5]001)) g, B, B,
® (]000) + |011) 4 |101) + |110))p, D, D4
+ (c0|000) 4 ¢1]100)
+ ¢2|010) — ¢3]001)) B, B, B,
® (]001) + ]010) 4 |100) + |111)) p, p,Ds- (28)

Then, the agents perform a measurement on
their qubits in the single-qubit computational basis
{]0),|1}} and send their measurements to Bob. If their
GHZ qubits contain even number |1) (i.e. |000), |011),
[101), |110)), Bob can predicate that his three qubits

must be in the state,

|¥1)3 =(c0|000) + ¢1]100) + ¢2|010)
+ 03‘001>)B13233' (29)

If their GHZ qubits contains odd number |1) (i.e.
|001), |010), |100), |111)), Bob can predicate that his
three qubits must be in the state,

|'(/)T>4 :(Co|000> + Cl|100> + 02|010>
+ 03‘001»313233' (30)

Then Bob executes the unitary transformation
(0.)B, on the qubit Bs,

(02)Bs|¥r)a = |¢1)s. (31)

From Eq.(27) and Eq.(29), it is evident that Bob
can fully recover the original three-qubit entangled
W state of Alice under the co-operation with three

agents.
5. Conclusion

We have proposed a simple scheme for the M-
party controlled teleportation of N-particle entangled
W state. First, the sender (Alice) and the receiver
(Bob) need to share (N-1)-EPR pairs, and Alice, Bob
and M controlled-sides need to share a (M+2)-qubit
GHZ state. In order to implement such a teleporta-

tion, it requires that Alice perform N-times two-qubit
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Bell-state measurement and Bob perform N-times a
single-qubit unitary transformation and all agents per-
form a single-qubit unitary transformation. But Bob
cannot acquire the message from Alice because the
qubits of Bob and M agents are in an entangled state.
If all agents agree to co-operate with each other, they
execute the Hadamard transformation and measure-

ment on their qubits and inform Bob of their mea-

surements, Bob can achieve the teleportation. Then
we discuss that Bob cannot fully recover the original
state of Alice if one of agents does not co-operate with
the others because the qubits of Bob are in the mixed
state. So the teleportation is a failure. Lastly, we have
achieved the controlled teleportation as an example of

three-qubit entangled W state.
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