Vol 14 No 5, May 2005
1009-1963/2005/14(05)/888-05

Chinese Physics

© 2005 Chin. Phys. Soc.
and IOP Publishing Ltd

Discrete variational principle and the first integrals

of the conservative holonomic systems in event space’

Zhang Hong—Bin(}K?Z%)a)b)T, Chen Li—Qun(%jﬁ)a)c), and Liu Rong-Wan(il]%ﬁ)a)

a) Shanghai Institute of Mathematics and Mechanics, Shanghai University, Shanghai 200072, China
b) Department of Physics, Anhui Chaohu College, Chaohu 238000, China

©) Department of Mechanics, Shanghai University, Shanghai 200436, China

(Received 27 October 2004; revised manuscript received 22 November 2004)

It is shown in this paper that first integrals of discrete equation of motion for the conservative holonomic systems

can be determined explicitly by investigating the invariance properties of the discrete Lagrangian in event space. The

result obtained is a discrete analogue of Noether’s theorem in the calculus of variations. Two examples are given to

illustrate the applications of the result.
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1. Introduction

Due to its applications to optimization and engi-
neering problems, and because of recent emphases on
numerical methods, the discrete calculus of variations
becomes an important mathematical disciplinel!?! in
analyses of discrete systems, the systems that are gov-
erned by difference equations. Briefly, the central

problem of the discrete calculus of variations is to

determine a finite sequence qpr_1,qap, -+, qn of real
numbers for which the sum
N
Hawy = > F(k, qr,qr1) (1)
k=M

is extremal, where the given function F(z,vy,z2) is as-
sumed to be continuously differentiable. A necessary
condition for J to have an extremum for a given se-
quence {gp}(k =M —1,M,---,N) is that {q;} satisfy

the second-order difference equation
Fy(kv%’qkfl) + Fz(k + 17qk+15 qk) = 07
(k=M,M+1,---,N) (2)

where we have denoted

OF (z,y, 2)

Fy(k7Qkan—1) = 3y ‘w:k,y:qk,z:qkflv (3)

and

OF (z,y, 2)

92 |z:k+17y:q1c+17zz% :
(4)

Equation (2), which is in general nonlinear, is called

Fz(k + 17qk+laqk) =

the discrete Euler equation because of its similar-
ity to the classical Euler equation in the calculus of
variations. Its derivation has been carried out (see
Ref.[1]) by treating J as an ordinary function of the
N — M + 2 variables qpr 1,490, ,qn and applying

the usual rules of the calculus, namely

aJ

—=0. (k=M -
Oqx (

17M7"'7N)' (5)

In 1973 Logan!®! extended Noether’s theorem to a dis-
crete case and showed that first integrals of Eq.(2)
could be obtained by studying the invariance proper-
ties of F(z,y,z), and further studied multi-freedom
In 1981 Maedal* con-

structed the constants of motion for the discrete time

and higher-order problems.

system in the case of continuous symmetries. In the
literature [5], we studied the first integrals of the dis-

crete nonconservative and nonholonomic systems.
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In view of the face that only the momentum in-
tegrals can be obtained by the above approaches, in
this paper we address the problem of constructing first
integrals of discrete equations of motion for conserva-
tive holonomic systems by investigating the invariance
properties of the discrete Lagrangian in event space.
We can obtain not only the momentum integrals, but
also the energy integral. In Section 2, by performing
an analogue of the method and the process in continu-
ous mechanics, a discrete Lagrange-D’Alembert prin-
ciple and a discrete Euler-Lagrange equation in event
space are obtained. In Section 3, by investigating
the invariance properties of the discrete Lagrangian in
event space, we give the discrete first integrals of sys-
tems. In Section 4, two simple examples are presented
to illustrate the applications of the results. Finally, in

Section 5, a summary is given.
2.The discrete variational princi-
ple of conservative holonomic

systems in event space

We study a mechanical system whose configura-
tion is determined by the n generalized coordinates g,
(s = 1,2,---,n) and construct a space R"' (event
space) in which the coordinates of a point are ¢, and

t. We introduce the notion

1

el =t¢, 25

L=y, (s=1,2,--+,n) (6)

then all the variables 2* (o =1,2,---,n+ 1) may be
given as a function of some parameter 7. A choice of

it has no special meaning, e.g. see Ref.[6]. Let
xazma(T)’ (0121,2,-'-,TL+].) (7)
be such curves of class C? such that

_ dz®

ay _ 4 8
@y =4 0
where the (%)’ are not all zero simultaneously. We

_dz™ (z%)
T T o

where £@ denotes the derivative with respect to ¢t and

set

o7

(z*)’ denotes the derivative with respect to 7.
It is straightforward to show that for any function

F = F(t,q,q)," we have

$2)' ( mn+1)/

(@) (2ly

Obviously, the function F is zero order homoge-

Fla®, (z*)] = (z')'F |2, (10)

nous for (z®)'. For the Lagrangian L(t,q,q) of a

given system in configuration space, the Lagrangian
Alz®, (z)'] in event space are defined by the follow-

ing equations:

Hamilton’s principle has the form
/ AAz®, (z*)]dr = 0,

Az® |‘r:7’o: Az® |‘F=T1: 0. (13)

The D’Alembert-Lagrange principle can be writ-

ten in the form

n+1
d 04 oA
— | Ax% = 14
azzl[dfam)' ama} e

and the parameter equations of motion for the conser-

vative holonomic system are

d 04 oA

We now define the discrete action sum in event space

as N
Ja(@®) = Y Aala®(r —1),2%(7)],  (16)

where Aq[z*(7 — 1),2%(7)] is the discrete Lagrangian
in event space, which can be obtained by substitut-
ing (1) — 2*(r — 1) for (z*)" and z*(r — 1) for z*
respectively in given Lagrangian. Then the discrete

Lagrange-D’Alembert principle is given by
5 N
AJa(z®) = )" Adg[z®(r —1),2%(r)] =0. (17)
=M

Equation (17) is the discrete equivalent of Eq.(13).
Proposition In event space, for the conserva-
tive holonomic systems with the discrete Lagrangian
Ag[z®(t — 1),2%(7)], the discrete Euler—Lagrange
equations can be derived from the principle (17) as

follows:

dAg[zP (T — 1), 2P(7)]

Oz (T)
OAg[zP (7),2" (T +1)] 0
0z (T) '
(a,6=1,2,---,n+1). (18)
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Proof: From Eq.(16), one has

N

8/1d[33ﬁ(7'* 1)737B(T)] alr
ZM{ genr—y oY
af(r—1), 2"
Pl D) )
N o4 1),00(r)
—;W[ oz(r)
N 3/1d[$ﬁ((972;ff)( + 1>]]A:1:“(T) =0,
(aaﬂ:]-zv"'7n+1) (19)

where we have used a discrete integration by parts (re-
arranging the summation) and the fact that Az (M —
1) = Az*(N) = 0. If we now require that Eq.(19) be
zero for any choice of Az“(7), then we obtain the dis-
crete Euler-Lagrange equation (18) in event space.
For convenience, Eq.(18) may be rewritten as fol-
lows (In the following we will assume the summation
convention of summing over repeated indices on dif-

ferent levels):
Dg/ld@[:vﬂ(T - 1), SE'B(T)]
+ Dl/ldya[wB(T),wﬁ(T +1)] =0,
(,8=1,2,--+,n+1) (20)
where

0A4[zP (1 — 1), 28(7)]

DyAyg o[z
24a .0t Oz (T) ’

(r—1),2%(r)] =

and
DAala?(r), aP(r + 1))

Didiala?(),2 62 (7)

Ar+1) =

(22)
3.First integrals of the discrete
conservative holonomic

systems

As in the continuous case, a systematic procedure
for establishing first integrals of the discrete Euler—
Lagrange equation can be developed from a direct
study of the invariance properties, the discrete La-
grangian Aq[Rz*(7),z2%(7)], where R is the lag oper-
ator [ defined by

Rrz®(r) =a%(t—r). («=1,2,---,n+1). (23)

Let us introduce the following infinitesimal trans-

formation:

()" (1) = 2%(7) + eu®(7), (a=1,2,---,n+1)

(24)

where ¢ is a parameter and u®(7) = u®[zP(7),7]
is a sequence depending upon 7 and zP(7), T =
M, - N -—1.

Definition The discrete Lagrangian A4 [Rz®(7),
x®(7)] is generalized-difference-invariant with respect

to the infinitesimal transformation (24), if there exists

such a sequence v|z?(r — 1),2°(7),7], 7=M,---,N
that

5Ad{€ua[33ﬁ(7-)77—]}
=e{Av[z" (1 - 1),2°(7), 7]},
(a,8=1,2,--- ,n+1) (25)

for each 7, where § 44 is given by following formula:!®!

S Aq[6x(7)]
={DyAgo[2P (1 — 1),2° (1), 7]
+ Dy A o[aP (1), 2P (1 + 1), 7 + 1]}62%(7)
+ A{=82%(1 — 1) D1 Aga[a” (T — 1),2°(7), 7]},
(,6=1,2,-+-,n+1) (26)

where A is the difference operator, Az®(7) = (7 +
1) — (7).

Based on the discrete Lagrange—D’Alembert prin-
ciple, the following theorem concerning first integral
can be proved.

Theorem If discrete Lagrangian A4q[Rz*(T),

x®(7), 7] is generalized-difference-invariant with re-
spect to the infinitesimal transformation (24), and if

Eq.(20) holds, then

u[z? (1 — 1), 7 = 1|D1 Ag o[2° (1 — 1),2° (1), 7]
+v[z?(r — 1),2” (1), 7] = const.
(a,6=1,2,--- ,n+1) (27)

Proof: From Egs.(25) and (26), one has

{Dg/ld@[:vﬂ(r —1),2°(7), 7]
+ Dy Agulz? (1), 2% (1 + 1), 7
+ A{—eu[zP (7 — 1),7 — 1]
X DlAd’a[acﬁ('r — 1),wﬁ(7’),’r]}
=eAv[z?(r — 1),2° (1), 7].

+ 1} eu[27(7), 7]

Simplifying and using Eq.(20), one obtains

Afu® [mﬂ(r -1, 7 — l]DlAdva[acﬁ(T - 1), mﬁ(T), 7]
+v[a:'8(7—1),a:'8(7),7]} =0, (28)

whence Eq.(27) holds. This completes the proof.
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Equation (27), which is a first-order difference re-
lation, represents a first integral of the second-order

discrete Euler-Lagrange equation given by Eq.(20).
4. Illustrative examples

To illustrate relevant aspects of the theory devel-
oped in the preceding sections, two simple examples
are presented.

Example 1 Consider a conservative holonomic

system with its Lagrangian as follows:

1
L= qu'? (29)

Let

1

=t 2?=gq (30)

Hence, in event space the Lagrangian can be written

" )2
1 T
A== . 31
Then the discrete Lagrangian is
1 [a®(r) —a?(r - D
Ag == . 32
d=3m 2t (1) —2l(r—1) (32)

From Eq.(20), the discrete Euler-Lagrange equations
can be separated into the configuration and time com-

ponents as follows:

22(1) —2%(1 - 1)

mml(q—) “2i(r—1) zi(r+1) - 2i(n) =0, (33)
1 () -2 (- DP
2" () — e (T~ P
L2 +1) - ()P
" 5m[931(7' +1) —2z(7))? 0 (34)
Direct verification shows that
Aa[Ra®(7), 2%(r), 7] = %m[f” () - R(OF

(1) — Rzl (1)
is difference-invariant (with v = 0) with respect to the

infinitesimal transformation

(') (r) = 2" (7), (36)

(%) (1) = 2®(7) +e, (37)

and
(a') (1) =2'(7) +¢, (38)
(%) (1) = &*(7), (39)
respectively. Therefore, by use of Theorem, we imme-
diately obtain the first integrals of Eqs.(33) and (34)

respectively,

D1 Ad72 [:L‘a (T — 1),

xz%(7)] = const, (40)

D]_Ad71 [Cl?a(T — 1),

z%(7)] = const, (41)

or

1
m =1 = const, (42)
T—1)

L) —afr )P
2 [zl(7) —2l(r — 1)]? - (43)

Obviously, Eq.(42) is the momentum integral of the
discrete system (32), and Eq.(43) is the energy inte-
gral.

Example 2 Consider the Kepler problem. Its

Lagrangian is

1
2

1. . X 1
L= (4 +d3)+ (i +05) (65 +q3)7 #0. (44)

Let
2 =q, 2°=q. (45)

:clzt,

Hence, in event space the Lagrangian can be written

as follows:
1 1 24712 37712 Lt ong -
Azi(xl)’{[(m)] +[(m)] }+,LL(.’B)[(;1;) +(m)]

(46)
Then discrete Lagrangian is

[22(7) = 2®(r = DI + [2%(7) — 2% (7 — D?
2 (r) —al(r—1)

1
T2

+plat (r) — 2t (1 = D[ (7 = 1)?

+ [ (r =P} (47)

Ag =

From Eq.(20), the discrete Euler-Lagrange equations

can be obtained in the following form:

1[R2(r) —a¥(r = D2+ [¢}(r) —2*(r = DP?
2 [@1(r) — ' (r —
L L2+ 1) = 22O + (7 + 1) = ()P
2 @i(r+ 1) — 21 (1)
+ ula(r = 1) + ula® (r = 1)) — pla? (7))
—ula () =0, (48)

22(1) — 2%(7 - 1) 3 z?(t+ 1) — 22(7)
i (r)—2l(r=1) azl(r4+1)—-2(r)
+2u[zt (1 + 1) — 21 (1)]23(7) = 0, (49)
23(r) — 23 (1 - 1) 3 23 (1 + 1) — 23(7)
2l (r)—2l(r=1) 2l(r4+1)—-21(r)
+2ufz! (1 + 1) — 2'(1)]2*(1) = 0 (50)
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It is easily to verify that Eq.(47) is difference-invariant
(with v = 0) with respect to the infinitesimal trans-

formation

In terms of Theorem, we may immediately obtain the
first integral of Eq.(48)

Dy Agq[z%(T — 1),2%(7), 7] = const, (54)

1) — a¥(r — DP + %) — a¥(r — 1)
2 [21(7) =2 (r = 1)?
+ plz?(r — 1)]2 + plz® (1 — 1)]* = const. (55)

The Eq.(55) is the energy integral of the discrete sys-
tem (47).
In addition, we introduce the following infinitesi-

mal transformation:

After some simple calculations, one finds that Eq.(47)
is also difference-invariant (with v = 0) with respect
to the above transformation. By use of Theorem, the
first integral of Eqgs.(49) and (50) can be derived as

follows:

w? [z (1 — 1), 7 — 1]Dy Ag2[z%(T — 1), 2%(T), 7]
+u¥2*(r — 1), 7 — 1]
x DiAqs[e*(T — 1),2%(T), 7] = const, (59)

or

22(r)z3(r — 1) — 2%(7 — 1)23(7)

21(7) —2i(r —1) = const.  (60)

Equation (60) is the angle-momentum integral of the

discrete system (47).
5. Conclusion

In this paper, we define the discrete variational
principle of conservative holonomic systems in event
space. By investigating the invariance properties of
the discrete Lagrangian, we deduce a discrete Noether
theorem. This theorem may give not only the momen-
tum integral of the equation of motion, but also the

energy integral.

(z?)*(7) = 2*(7) — ex(7), (57)
(2%)*(1) = 2°(7) + ex®(7) (58)
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