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Using the Lie symmetry under infinitesimal transformations in which the time is not variable, Hojman’s conserva-

tion theorems for Raitzin’s canonical equations of motion in generalized classical mechanics are studied. The generalized

Raitzin’s canonical equations of motion are established. The determining equations of Lie symmetry under infinitesimal

transformations are given. The Hojman conservation theorems of the system are established. Finally, an example is

also presented to illustrate the application of the result.
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1. Introduction

The generalized classical mechanical theory initi-
ated by Ostrogradsky and Jacobi in 1859 has been de-
veloped greatly in the last 50 years, and many impor-
tant results have been obtained. Especially, in physics,
the Lagrangian equations with high-order derivatives
in mechanics and field theories have been studied; for
example, Podolsky has introduced an electromagnetic
theory with second-order derivatives. And in math-
ematics, the description of the modern geometrical
method has obtained some good results.[!—4]

The conservation law of a dynamical system plays
an important role in the study of mechanics. Fur-
thermore, this has become one of the most impor-
tant directions of study in modern analytical mechan-
ics. There are five main methods used to seek the
conserved quantities of mechanical system, namely,
the Noether theory,’] the Lie method,!8! the theory
of integrating factors,!”) Mei’s form invariancel®! (or
Mei symmetry) and the Hojman method.[! In re-
cent years, this kind of method has been extended
to generalized classical mechanics, and significant
achievements have been obtained in the study of this
method.[10720] Tn 1961, a Spanish scholar C M Raitzin

proposed new form canonical variables r and s, and es-
tablished new differential equations of motion, which

1] In prac-

are called Raitzin’s canonical equations.
tice, it is simpler to solve some dynamical problems by
the equations than by Hamilton’s canonical equations.
Therefore, in analytical mechanics, Raitzin’s canonical
equations are of theoretical importance and applica-
ble value. At present, some results?2=24 have been
obtained. In 1990, Qiao extended Raitzin’s canonical
equations to the generalized classical mechanics, and

obtained generalized Raitzin canonical equations.?)

In this paper, Hojman’s method is used to seek
the non-Noether conserved quantity of generalized

Raitzin’s canonical equations.

2.Generalized Raitzin canonical
equations of motion
If the configuration of a generalized mechanical

system is determined by n generalized coordinates

¢’(j = 1,2,...,n), then the Lagrangian function is

L:L(tvqgqugl)v"'vq'(jg))? (j:]-727"'7n)7 (1)
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where Introduce the special infinitesimal transforma-
) d? tions as follows, in which time is not variable:
J : -
Uiy = g9 T, (1=1,2,...,m1=0,1,...,¢). (2)

In a lower-dimensional space, the generalized
non-potential force is Q7 = Qj(t,qéco),q‘a)), while
in a higher-dimensional space, the generalized non-

potential force is written as

QJ_QJ()Q(O (1)) ”,qgca))’ (]7k:]—)2)7n)
(3)
The Lagrangian equation of the generalized non-

conservative system is

i .d* /0 )
Z(—l)@(aqf)wa:o (=12, ).
i=0 (4)

(4)

The generalized momentum is

e—i—1 1
(i) p d oL
A=Y o (),
1=0 dt aq€l+i+1)
(i=0,1,...,e—1;5=1,2,...,n). (5)
We introduce the Raitzin canonical variables and

function as follows:

l
() _ 7,+1 ) d oL
T Z dtl < oq’ '

1=0 (I41)
Sy =1y (6)
R(t, 3{1‘)’ rj(.l)) =L-— rj(l)q{i),
(i=0,1, e—1;7=1,2,...,n). (7)

Hence, the generalized Ratizin canonical equa-
tions of motion are
j d OR
S =———
(@) dt 9,9’
J
S0 _ 4 OR 50
J dt 3%)

(i=0,1,...,e—1;5=1,2,...,n). (8)

Suppose that the system is non-singular, and all

of s{i) and rj(-i) will be solved from Egs.(8) and written

as

(i=0,1,...,e—1;5=1,2,...,n). (9)

3. Relation between infinitesimal
transformations and determin-

ing equations

t* =t,
S (t) = 83y (8) + Asly,
rr D) = e (1) + arl? (10)

Their expanding forms are

1 = b, 50)(t%) = {3y (£) + €, (8, 3, 757),
r;(z)( )= r](- () + 677;'1)(75, S%i)’rj('l))v (11)

where ¢ is an infinitesimal parameter, and ffl) and nj(-i)

are infinitesimal generators. Introduce an infinitesi-

mal transformation vector of the generator

.0
(1) (1)’
Os; ‘9’3
and its first extension will be
. L9
XW o xO g % 50 % g3
f(l) 85&) n; 37;](-1) ( )

From the theory of invariance of differential equa-
tion under infinitesimal transformations, we know that
the invariance of Egs.(9) under the infinitesimal trans-

formations (11) is

&y =X gl

(l) _ X(O)(h(_i))
(1_0,1,2,... —1,j=1,2,...,n). (14)
Equations (14) are called the Lie symmetrical deter-
mining equations of the generalized Raitzin canonical
equations (8). If the generators fgl) and n](_i) of the in-
finitesimal transformations (11) satisfy the determin-
ing equations (14), then the transformations (11) are
called Lie symmetrical transformations.

Theorem 1 For the generalized Raitzin canon-
ical equations (8), if the generators fgz) and 773(-i) of
the infinitesimal transformations (11) satisfy the de-
termining equations (14), then the corresponding sym-

metries are Lie symmetries of Egs.(8).

4. Hojman’s conservation theo-
rems of the generalized
Raitzin canonical equation of

motion
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We now obtain directly the non-Noether con-
served quantities from the Lie symmetries of Egs.(8).

Theorem 2 For the generalized Raitzin canon-
and 17](-1) of

the infinitesimal transformations (11) satisfy the de-

ical equations (8), if the generators fgz)

termlmng equations (14), and there exists a function

w(s? (i (.l)) satisfying the following condition:
1 0 1)

1 0
—— , ———=(ph;’) =0, 15
Masii) uar](.“( i) (15)

then Egs.(8) have the Lie symmetrical non-Noether

conserved quantities as follows:
19 1 0 ;
J (4)
- .’ ) = const. 16
= 9, ] (&) + uar@(lmj ) (16)

J
Proof

Differentiating the formula (16) with respect to

time t, we have

df_H_i Lo ey L (1200, @
a uas o T dt uar;i) ;

1 ou 5]
ua J

woo, A9 | d o
W@ gt 94 dt 4.0 (17)

From Eqgs.(9) and (12

can be written in the form

), the determining equations (14)

) 8gji ngi
&y = €ty le() + Y =3

k
(k) ory"
ah‘” an'Y
(k)Y
£(k + 77[ 'r(k) 9
l
(j,l = 1,2,...,n;i,k:0,1,2,...,6—1). (18)
So we have
tJ 1 J k J
0%ty _ 0% Py om” Oagy
Os(y  Osiy sy Os(yy oY)
2 2 7
pely %o 9%9(,)
k) a g
Dsty, D5, oY ost,
i 0, 0ot o
BTJ(-Z) or) 8sl(k) BTJ() 8rl(k)
Qh(i) 82h(i)
(k) J
+£ék) . @ ™ (&) 5 (4) (19)
Bsék)(?rj 0 87“]

Vol. 14
Noticing
d afj 82fj.
4% Ty
J
dt 83( ) 63( )8s(k)
92¢7 2 ¢
P 4w, P
dslor) ' 9s(, 0t
i) ()
d o, = 8217] gék)
@ 5.0
dtor?  oros,,
2, (%) 52p ()
arlar® or) ot
J J J
o= s+ i+
v Bsiy oy ot
] (977(1) 877('i) (977(-i)
. (1) J l J (k) J
;= gy Tt hy 4+ —, (21)
J as(k) (k) 8rl(k) ot
then we have
£J 2 ¢ J l 2¢7
%o _ P & O Pw  PC
: ‘ ) 7 L
Osiy 0505 Osiay 01y orMosq,
Ot om0
Do :
or dsl,  0tds,
_d O, 0%, 994y | 9K OR(V
dt 33%1.) 3Sl(k) 88%1-) Brl(k) Bszi) ’
- (3) 0) (i) gl (@) o (k
o, _don  On7 0 Oy omT
ol dt o 9siyy orlY T ar™ or)

Substituting Egs.(19) into Egs.(22), we obtain

49 _on® Oty Ol o
dt s,y osg,y orf?  or") Osq,)
2 7 2.7
g S O
(k)72 () L6
a an'? af(k on? any’) gt

dtar aj 85

h 92h!
1 J (k) J
+£(k)asl St . (23)
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Next, substituting Eqgs.(18) and (23) into Eqgs.(17), we Bzggi) 82h§.i)
have 8s{i)8rl(k) 8r](-i)8rl(k)
dly d (18 d(1 8 8<1‘9“>i 1 on 99
H o H (4) (k) i J (k)
—a gJ, + == | 61" K s’ KOsy, Or
dt — dt (ué) > @) " dt\ g, )" ! (1) 9T
) . or; . 1 <1 3#) i)
j i
Lop (o 99 w%% or™ \mor
1o (%) §sl m (k)
© w " 1 op 9hf (26)
1 0u <§z oh; ) ahy)) worl) or®
Narg.l) (’“)asé ! Tl(k)
2.7 2.7 ici
g 0w 9 Noticing
Wost, oty arPas,
) ) 0 1 Ju 7] 1 du
25 (0) 25 (0) = Il = —~ s
AL m_9°h a5t \ s )90 = g\ gsr. ) J@swm
N0 Gt e (*) (i () (0
le(k)arJ or;”’or 5 5 5 5
L op ), k)i 1 op \ i)
0 1 du U ej W(‘ g >hz 6(1): ] A () hj g(k)’
051 (N 85{-)> (%00 Ory" \H Bs 051y \ 1 Or;
) <1 au>.(k)j 0 (1 3u>z @i__9 (1 3M>j Q)
———)7"E. —\ =@ )9 = ——7 )90&
8Tl(k) m 33@) L5 8s(k) i a,,,§ ) J 87‘l(k) w 83;- ) 7@
4 <1 3#)-1 (i) o (10 o (10 :
—— |3 : H (k) (3) K (@), (k)
@ ) SN <— 4>h n; = <— ->h- m,
95y 1 or; 8Tl(k) #87«57) 1 arj(k) #8r§” i 'h
J

(k) L
10 on?
e (o
war(D =M o,
() 2,7
L A 0]
: rl(k) ( )8sl(k)8s€i)
2 j 27 (i)
IO RPN
" o (k)a J (k)a 19 (1)
19 MO
92h"
(k) J
+n ) —=. (24)
PN CPND
From the condition (15), we have
2 ;] (4)
9%, 9%h;
J l (4)
8s(i)85(k) or; Bsé k)
_ 0 <l (‘3/{ >ng 1 3,u 89()
Ostyy \mosl, )"0 pos] os(,
(i)

1 1 dp > ()
e e [ S . (25)
Ds(y, <u o)) o) Osiy,

and substituting Eqgs.(25), (26) and (27) into the for-

mula (24), we obtain
drl
d—f =0, ie Iy = const. (28)

Therefore, Egs.(8) have the Lie symmetrical non-
Noether conserved quantities (16). QED.

Theorem 3 For the generalized Raitzin canon-

and n](i) of

the infinitesimal transformations (11) satisfy the de-

ical equations (8), if the generators fgl)
termining equations (14) and the following condition:

i p

% , Ok
o

88(1) 87“ 3

J

=0, (29)

then Eqgs.(8) have the Lie symmetrical non-Noether
conserved quantities as follows:

J (2)
%y , On;
85%1) 81‘(.7')

J

I, =

= const. (30)

Proof Differentiating Eqs.(30) with respect to
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time ¢, and make use of Eqs.(23), we have

dry, d gl don
Tdtad T dt a0

dt dt 38(1-) dt gy
am ) agy,y ol By

(z) 87“( ) 8sl(k) 8r](.i)

aq’.  opW

(k) O ( 9) : )
+n =+ — . (31)

! 3rl(k) )

J (@
s Or
Noticing
on 99t _ om” O
‘ 1
85%1.) 8rl( ) 33( )

(32)

and substituting Eqgs.(29) and (32) into Egs.(31), we

obtain

dr

df =0, ie. I = const. (33)
QED.
5. Example

Suppose that the Lagrange function of a mechan-

ical system is

1 1
L:_.2 1.2 34
59"+ 305 (34)

and that the generalized non-potential forces are
Q=i (35)

We will find the non-Noether conserved quantities
of the system.
Solution: The first step is to establish the gener-

alized Raitzin canonical equations.

Letting
a1y =Y q(a) = s
1 1
91) = %0 9(2) (1)
@ =0, QM =—sh (36)
Then
1 1
L= 5(‘](11))2 + 5(‘1(12))2 (37)

We introduce the Raitzin canonical variables and

function as follows:
(0) d 0L d? oL 1 .
T wog,  dagh, TS0
£0qq) A7 9qp
u d oL .1

o= dtdgly =
1 1 0 1
R = (sfo))* + 5(st)” =V alo) = 1" ay). (38)

Then we have

L0 _ dOR 50 4
b T atesl, ot T W
m_dO0R S0y _ 1
T @asl, Q17 = s(y) + (1),
1 d OR
S(0) = 758@0) =4(1)
d OR
1 _ 1
Sy = Tdt g, (1) =42 (39)
From Egs.(9), we obtain
O = 31y = o8 = D)
.(1 . . 1 1
7“5 ) :3%2)+5%1) :7{ ) :h§)7
8oy = d(n) = 5(1) = I(oy»
1 . . 1 1
sg ) = q(lz) = 3%1) = 7"§ ) 9§ : (40)

The second step is to establish the determining equa-
tions. From Egs.(14) we have

=y, Ehy=n" (€L =¢€h),
i =t At =it (41)
The solutions of Eqs.(41) are as follows:
f(lo) =1, 5(11) =0 (f(lz) =0),
=1 =0 (42)
The third step is to seek the non-Noether conserved

quantity of the system.
The Eq.(15) gives

w= [25%0) - 5%2)]2 - exp(—t). (43)

Substituting Eqgs.(42) and (43) into formula (16), we
obtain

1 ou 1 op
Iy = uasl)go) Mal fz)
:4(25(0) - (2)) ! = const, (44)

or

Iy =4(29- 'y")‘l = const. (45)
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