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The EI Nifio/La Nifia and the Southern Oscillation (ENSO) is an interannual phenomenon involved in the tropical

Pacific ocean—atmosphere interactions. In this paper, the aim is to create an asymptotic solving method of nonlinear

equation for the ENSO models. And based on a class of oscillator of the ENSO models, employing the method of

homotopic mapping, the approximation solution of corresponding problem is studied. It is proven from the results that

the homotopic method can be used for analysing the sea surface temperature anomaly in the equatorial eastern Pacific

and the thermocline depth anomaly of the atmosphere—ocean oscillation for ENSO model.
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1. Introduction

El Nifio and Southern Oscillation (ENSO) are ab-
normal events occurring in the atmosphere and trop-
The phenomenon of the ENSO

is a very attractive object in international academic
1-14]

ical Pacific ocean.
circles.! Lin and Mo et al considered a class
of problems in atmospheric physics, oceanographical
phenomena, and so on.['®=22] The oscillatory nature
of ENSO requires both positive and negative ocean—
atmosphere feedbacks. And a positive sea surface tem-
perature (SST) anomaly in the equatorial eastern Pa-
cific is considered. This anomaly reduces the zonal
SST gradient and the strength of the southern os-
cillation circulation, resulting in weaker trade winds
around the equator. The weaker trade winds in turn
drive the ocean circulation changes and then reinforce
the SST anomaly.

Recently, many scholars have investigated the
perturbed  problem.[?3] Approximation
methods have been developed and refined.24=29 Us-

ing the perturbed method, Mo et al considered a class
[30—34]

nonlinear

of perturbed problems for atmospheric physics.
In this paper we study a class of ENSO model by using

a simple and special method in perturbation theory.

2.The atmosphere—ocean oscilla-

tor of ENSO model

In the ENSO oscillator model the variations of
both the eastern and western Pacific anomaly pat-
terns should be considered. Due to the complexity
of ENSO, we only study the oscillator model which
overlooks the ENSO western Pacific anomaly pattern
and does not consider the effect of the western Pacific
in ENSO.

It is assumed that winds in the western Pacific do
not affect the SST anomalies in the eastern Pacific of
the region 14°W-85°W, 10°S-10°N. Thus the couple

system governing the phenomena is given by*

dT,
T a1 Ty + a12Ts + b To Ty + b12T2, (1)
dT
T an Ty + a2oTys + by ToTs + boo T2, (2)

where T, is the local averaged temperature anomaly
and Ty is the local averaged temperature anomaly in
the equatorial eastern Pacific, the coefficients a;; and
b;; are real non-negative (for the values and their phys-

ical sense see Ref.[4]).
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Introduce a set of homotopic mappings H;(Ts,
T,p): X xY xI -5 R, i=1,2:
Hy(T, Ts, p) =L1(Ta, Ts) — L1(uo, vo),
+ p(L1 (o, vo) — by TuTy — b12T7),(3)
Hy (T, T, p) =La(Ta, Ts) — L2(uo, vo)
+ p(L2(uo,v0) — b2r ToTs — baaT2),(4)
where X = [0,00), Y =[0,00), I = [0,1], R = (—o0,

+00), while the linear operators L;, i = 1,2, are

dT,

L1 (Ta, Ts) = dt - allTa - a12T57 (5)
dT;

L2(Ta, Ts) = dt - a21Ta - a22TS7 (6)

and (ug, vg) is an initial approximation of solution for

the original system (1)-(2).
3. The main result

From Egs.(5) and (6), letting

Ly (uo,v0) =0, (7)
LQ(UO,U()) = O, (8)
we have
ug(t) = Digexp(Ait) + Dagexp(Aat), (9)
’Uo(t) = CloeXp()\]_t) + CzoeXp()\zt), (10)
where

1
i 25[(a1q + ag) £/ (a11 — a2)? + 4(ar2a21),

1 =1,2, (11)
a22C10 a22C>

Dijg =—"— Doy = ——— 12

10 N —an 20 N —ary ( )

and Cig and Cyg are arbitrary constants.

Obviously, from Eqs.(3) and (4), H;(T,,Ts, 1) =
0, i = 1,2, are the same as the system (1)-(2). Then
the solution (T,(t),Ts(t)) of the system (1)-(2) is the
same as the solution of H;(T,,Ts,p) = 0,1 = 1,2, as

7= (L)' (14)

0

Consider Eqs.(13) and (14), then from Egs.(3)
and (4) we can develop the power series of p!, and
compare the coefficients of the same power in p! on

the two sides of the equation obtained.

From the coefficients of zeroth-order in p, we have
Li((Ta)Oa (TS)O) = Li(UOaUO)a 1= 1) 2.
Obviously, we have

(Ta(t))o = Dipexp(Ait) + Dagexp(Aqt), (15)

(Ts(t))o = Croexp(Ait) 4+ Caoexp(Azt), (16)

where \;, D;o, 1 = 1,2, denote Egs.(11) and (12); and
Cho, Cyo are arbitrary constants.
From Eqgs.(3), (4) and (15), (16), considering the

coefficients of the first-order terms in p, we obtain
d(T,
% —a11(Ta)1 — a12(Ts)1
:bn(ClOexp()\lt) + CzoeXp(AQt))
x (Dioexp(A1t) + Dagexp(Azt))
+ blz(cloeXp(Alt) + ngeXp()\zt))2, (17)

d(T
(dt)l - a21(Ts)1 - a22(Ts)1
=by1 (Croexp(A1t) + Canexp(Aat))
X (D1pexp(A1t) + Dagexp(Aat))

+ bgz(CloeXp()\lt) + Cgoexp()\gt))Q. (18)

From Egs.(17)—(18), we have

(Tu(t))1 =D1rexp(A1t) + Darexp(Aat)

+ r116xp(2A1t) + r12exp((A1 + A2)t)

+ rizexp(2Aqt), (19)
(T5(t))1 =C11exp(A1t) + Carexp(Aat)

+ s11exp(2A1t) + s12exp((A1 + A2)t)

+ s13exp(2Aat), (20)

((2A1 — a22)b11 + a12b21)C10D10 + ((2A1 — a22)b12 + a12b22)CE
(2/\1 - 1111)(2/\1 - a22) — A12a21 ’

p— 1.
Let -
Ta == Z (Ta(t))kpka (13)
k=0
where
Tll(t) =
Sll(t) =

((2A1 — a11)b21 + a21b11)C10D1o + ((2A1 — a11)bo1 + a21b11)C
(2A1 — @11)(2M1 — a22) — a12a21 ’
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((M 4 A2 — a22)b11 + a12b21)(Cr0D20 + C20D1o)

12 (t) =

(M1 + A2 —a11) (A1 + Az — az2) — arza0

2((AM 4+ A2 — a22)bi2 + a12b22)C10Ca0

(A1 4+ A2 —a11) (A1 + Ag — ag) — arpas’

(M1 4 A2 = a11)ba1 + a21b11)(Cr9D2g + C20D1p)

S12 (t) =

(M + A2 —a11)(A1 + A2 — az2) — arza01

2((M 4+ A2 — a11)baz + a21b12)C19Ca0

(A1 + A2 — a11) (A + Ag — ags) — ajzas;’

(22 — a22)b11 + a12b21)Ca0D20 + ((2A2 — az2)biz + a12b22)C3y
(222 — @11) (22 — a22) — a12a21 ’
((2X2 — a11)b21 + a21b11)C20Dao + ((2A2 — a11)boz + a21b22)C3,

Dy = _ az2Cs0
11 =5y 21

and A;, D;o, ¢ = 1,2, are determined by Egs.(11) and
(12); and Cy;, Co;, t = 0,1, are arbitrary constants.

Thus we can obtain the first-order approximate
solution for the system (1)-(2)

(Ta)app(t) = (Ta(t))o + (Ta(t))1, (21)

(TS)app(t) = (TS(t))O + (TS(t))lv (22)
where (T,):, (Ts):, 2 = 0, 1 are determined by Egs.(15),
(16), (19) and (20).

Using the same method, we can obtain higher-

order approximate solutions.
4. Estimation of precision

Now we give a rough estimate of the precision of

the above result.

We consider that for Ve > 0, there is a positive
integer N large enough, and we can obtain the Nth ap-
proximations (TV)app and (T )., by using the above
homotopic mapping method. Then we construct the

following auxiliary functions «;(t), B;(t), i = 1, 2:

a1 (t) = (T )app(t) = d ¢, (23)
az(t) = (I )app(t) — ¢, (24)
Bi(t) = (T )app(t) + 3 ¢, (25)
Ba(t) = (T )app(t) + 3 ¢, (26)

where § is a positive large enough constant, which will

be determined below.

It is easy to prove that for a fixed ¢, we can select

- N .
A2 —anr

(222 — a11)(2X2 — a22) — a12a21

a large enough d such that

da

d—tl — a1 — ajpa; — briajag — buozf < 0,(27)
da

d—t2 — Q9101 — A0y — bajaag — bzgag < 0,(28)
d

% — a1161 — a1202 — b11 8182 — b12f87 > 0, (29)
d/BQ b b 2

T a1 81 — agefy — ba1 8182 — b3 > 0. (30)

From Egs.(27)-(30) and the theory of differential
inequalities,[®® o; and 8;, i = 1,2 are lower and
super solutions for ENSO model (1)-(2) respectively.
Hence there exists a series of solution (T, (t), T(t)) for

Egs.(1) and (2), which satisfy the inequalities:
an(t) S Tult) < Bult), cnlt) < To(t) < Balt). (31)
Thus from Egs.(31) and (23)—(26), we obtain

|Ta(t) - (Ta{v)app| <eg, (32)
|TS(t) - (TSN)app‘ <e. (33)

From Egs.(32) and (33), we know that the approxima-
tions (TV

Mapps (TN )app obtained using the homotopic

S

method possess a higher degree of approximation.
5. Summary and discussion

It is not difficult to see that:

(i) For ajjass < ajzass, we can decide that the
two characteristic roots A;, ¢ = 1,2 from Egs.(12) and
(13) are real but with different signs, therefore from
the theory of singular point, the zero point in the
phase plane of the linear system (6), (7) is an unstable
saddle point.

(ii) For ajiass > ajsass, the two characteristic
roots have different positive values A;, i = 1,2, thus

there is an unstable node or focus.
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(iii) For a11a9e = a12a29, there are a positive char-
acteristic root and a zero root. Thus there exists a
singular line in the phase plane and this line is unsta-
ble.

The trajectories of the phase plane for the system
(7), (8) run away from the zero point.

Because the nonlinear terms of the coupled sys-
tem (1)-(2) are Ry = (b11ToaTs + b12T2) and Ry =
(ba1 ToTs + b2 T2), we have

o IRl
llyll—o [yl

where

IRI| = (BT + R)YZ, |yl = (T2 +T2)"/>.

Therefore, the same stability behaviour occurs for
the solution of the nonlinearly coupled system (1)-(2)
and the linear system (7), (8). According to the above
analysis, the solution of the system (1)-(2) is unstable.

From the above conclusion, we know that the sea—
air oscillator in the ENSO model (1), (2), the air tem-
perature T, anomaly and sea surface temperature T
anomaly in the equatorial eastern Pacific tend to be
unstable and are an asymptotic unstable annual phe-
nomenon.

We shall consider further that the qualitative and
quantitative behaviours of the T, and T anomalies in
the equatorial eastern Pacific. The study of them will

be described in another paper.
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