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An isospectral problem is established by means of a sub-algebra of loop Lie algebra A;, from which the coupled

AKNS-Kaup—Newell soliton hierarchy is derived. Subsequently, the integrable expanding model, i.e. integrable coupling,

is constructed through enlarging the corresponding loop algebra into the loop Lie algebra Aj.
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1. Introduction

Soliton theory is a powerful tool in explaining and
describing the nonlinear phenomena in the fields of
nonlinear optics, superconductivity, plasma physics,
magnetic fluid, and so on, and has been studied for
about 20 years. Searching for new integrable systems
has been an interesting and important event during
the past period. The subject of the integrable ex-
panding model, also called integrable coupling, has
been a new and significant direction in soliton theory,
which originated from investigation of the centreless
Virasoro symmetry algebras,[!! and can be used for
obtaining some new integrable hierarchies in the Lax
sense.

Letting

w = k(u) (1)

be a given integrable system, the new bigger system

u = k(u),

(2)
vy = s(u,v)

can be called integrable coupling of the hierarchy (1),

if it is still an integrable system in the Lax sense. In

addition, there exists a condition for Eq.(2) to satisfy
0s

m # 0, which makes the non-triviality of a new sys-
U

tem guaranteed. Here, s(u,v) consists of all deriva-

tives of s with respect to u or v, and, [u] denotes a

vector involving all derivatives of u with respect to

the space variable.

Some systematic methods in constructing the in-
tegrable coupling have been developed: for instance,
the method in which the linear equations are added to
the original system, the perturbation techniquel'~*
and enlarging the corresponding loop Lie algebra
means,® 1% and so on. It is especially worthwhile
to point out that Guo and Zhang have done a great
deal of work in investigating the integrable couplings
of some classical integrable systems, such as KdV, TC,
TA, AKNS, KN, BPT and TB hierarchies,[>~7:9:10]

etc.

The coupled AKNS-Kaup—Newell (CAKN) soli-
ton hierarchy was first introduced by Zhang in
Ref.[11], through which the so-called mixed nonlinear

Schrodinger equation
7y + i + B(rPr*), — 2iarir* =0

was obtained, and further investigation of the real
form of the above system has been carried out by Ma
and Zhou.'?l As is well known, there are many cou-
pled hierarchies such as the coupled KdV hierarchy,
the coupled Burgers hierarchy, the coupled Harry—
Dym hierarchy, etc. Different from the former cases,
the CAKN system is a new one in view of the type of

the original soliton equations.
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The present paper is devoted to introducing the
loop algebra A;, from which the real form of the
CAKN hierarchy is derived in Section 2. Subse-
quently, the integrable coupling for the CAKN hierar-
chy is constructed through enlarging the correspond-
ing loop Lie algebra in Section 3. Some concluding

remarks are given in Section 4.
2.The derivation of the CAKN
system

The loop algebra G is taken to be A, its bases

are

h(n) = A" o ,
0 -1
e(n) =" 01 ,
0 0
0 O
f(n) =" (3)
1 0

which have the following relationships:
[h(m), e(n)] = 2e(m + n),
[h(m), f(n)] = =2f(m + n),
[e(m), f(n)] = h(m +n).
And
degh(n) = dege(n) = deg f(n) =n
Now, we consider an isospectral problem

¢z = U¢7

where

(oz/\ + B)s
= h(1) +re(0) + af(1) + Bsf(0),  (4)
and an auxiliary spectral problem
b =Vo,
a b
(X + ﬂ) —a

—Z anh(—n) + bpe(—n)

n>0

+en(af(—n+1) + Bf(—n)), (5)

in which ¢ = (¢1,¢2)Ta A
with o? + 82 £ 0.

+ = 0, a, B are constants

Solving the stationary zero-curvature equation

Ve =[U,V]

gives the following recursion equations:

1
bn+1 = §bnm + TQnp,
1
Cnt+1 = *Ecnz + SAp,, (6)

1
Anz = are, — sby,) — 5,3(7“01”: + sbpa).

Letting ag = 1, by = 0 = ¢o be the initial data, the

first few quantities are given by

1
—Eﬁrs, by=r, ¢y =s,

res) + 382(rs)?

1 1
as = ——ars+ Zﬂ(rsm -

2
1 1 1 1
by = —=1p — =Br2s,cy = —=s, — —frs?,

2 2 2 2

Noting
A"V, zn: (a;h(n —4) + bie(n — 1)
:r:?ak + B)eif(n — i),
and
v = V), +

(—an + B_l(rcn — sby))h(0),

according to the zero-curvature equation
Up = VM +[U, V] =0

we have the following Lax integrable system:
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r 2b, 11 + 26107 (sbyy1 — TCni1)
ut = =
s —2¢p41 + 280 (sbyy1 — TCri1)
t
C C C S
—g| ™ =g T =g | TN | =uLm , (7
bn+1 bn b1 r
where
7 —2Bro~1r 24 208r0~1s
-2 —2Bs0~r 2B3s07Ls ’

which is a Hamiltonian operator,['®! and

—%aa + asdr — %ﬂsa_lra

L= .
ard~lr — 5,31"8_11"

A direct computation leads to

200~ 1r

0 —2as0  1r

JL =

—asd s — %,@33_17“8

—laa —ard~ls— lﬁra_lsa
2 2

0 —2ard1s

20897 1s

= —(JL)* = L*/J,

from which we can see that Eq.(7) has Liouville integrability.

3. The integrable coupling of the
resulting system (7)

Given a loop Lie algebra G and its sub-algebra
G1, G, satisfying

ngil, [élaGQ] Cé27 (8)

we establish a new sub-algebra of loop algebra A, with

the basis elements being

1 0 0
eif(n)=X" 0 -1 0 |,
0 0 0
010
ea(n)=A"1 0 0 0 |,
00 0
00 0
es(n)=X"11 0 0 |,
00 0

[e1(m), ea(n)] = 2es(m + n),
le1(m), e3(n)] = —2e3(m + n),

[e2(m), e3(n)] = e1(m + n).

Now, we construct a new sub-algebra of A, through
expanding the algebra span{e;, es, es}, reading as
span{ey, ea, es, €4, €5}, in which the commutation

relations are defined by

[e1(m), e2(n)] = 2e2(m + n),
[e1(m), es(n)] = —2e3(m + n),
[e2(m), e3(n)] = e1(m + n),
[e1(m), es(n)] = es(m + n),
[e1(m), e5(n)] = —es(m + n),
[e2(m), e5(n)] = e5(m + n),
[es(m), ea(n)] = es(m + n),
[e2(m), ea(n)] = 0,

[es(m), e5(n)] = [ea(m), e5(n)] = 0,

and dege;(n) = n, 1 < n < 5, where span repre-
sents the subspace of expansion. It is easy to see that
the above relations are in accord with the relations
in Eq.(3). Furthermore, there exists an equation, i.e.
Jacobi identity, like

[a7 [b7 C]] + [bv [cv a]] + [cv [a7 b]] =0,

if we note that

5 5 5
a= E ae;, b= E bie;, c = E cies, 1 <1 <5,
i=1 =1 =1

in which a;, b;, ¢; are all arbitrary functions.
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Therefore, Gy = span {e1,e2,e3}, Gy, =
span {e4,e5} and G = span {e1,e2,e3,e4,e5} satisfy
the condition (8), and G is a Lie algebra.

Accordingly, we can establish a new isospectral
problem based on sub-algebra G. The resulting hi-
erarchy of equations is the integrable coupling of the
system (7).

Now we investigate the linear isospectral problem

¢z = [Uv ¢]7 At = 0, ¢t = [Vv ¢]7 (9)

5
in which ¢ = Zqﬁiei, ¢; (1 < ¢ < 5) are arbitrary

i=1
functions, U = U(u,\) € G, V = V(u,\) € G, and
u = (u1,...,u,)T is a functional vector, A is isospec-

tral parameter with A; = 0. Considering the compat-

ibility condition of Eq.(9), we have

The above equation, by virtue of Jacobi identity,

can be transformed into

[Ut, ¢] = [Va, ¢] + [[U, V], 9] = 0, (11)

bnz = 2bn—l—l - 27‘an,

Cng = 280, — 2cn+la

Taking a9 = 1, bp = ¢cg = dg = fo = 0 as
the initial values and the additional initial conditions
ajli=0 = 0, (j > 1), along with bj|[,j=0 = ¢j|u=0 =
djlf=0 = filfw=0 = 0, (j > 0), where [u] = (u,u,

0 tu,...), a;, b;, ci, d;, and f;, are uniquely deter-

from which, in view of the arbitrariness of the function

¢, we can obtain the zero-curvature equation

U, -V, +[U,V]=0.

Given a new isospectral problem

¢z = U¢7

where

U =U(u,)

¢t = V¢7

At =0,

=e1(1) + rex(0) + ases(1)

+ Bses(0) + ueq(0) 4 ves(0),

V= Z (ane1(—n) + bpea(—n)

n>0

+ cn(aes(—n + 1) + Bes(—n))

+ dyea(—n) + foes(—n)),

(12)

the direct computation for the stationary zero-

curvature equation

Ve =[U,V]

yields the recursion relations as follows:

Ang = a(TCn+1 - Sbn-i-l) + ﬁ(rcn - 5bn)7

dne = dpy1 — ua, — vb, +rf,,

fn:c = a(Sdn+1 - ucn+1) + ﬂ(Sdn - ucn) - fn+1 — Vanp,.

mined by Eq.(13) as follows:

1
ay = 7§ﬂ/’l57 bl =r C=S5s,

d1=u, flz—v,

A direct calculation shows that

(A"V)qa = [U, (A"V) 4] =a(rentt — sbuti)er(0) + 2bni1€2(0) — 2¢i11(ad + B)es(0)
+ dny1€4(0) + (a(sdnt1 — ucni1) = fui1)es(0).

Let

V) = (A\"V), + [—an, + ad  (re, — sby)]er(0),

from which, considering the zero-curvature equation

U= VW + [0,V =0,

we have
r 2by,11 + 28707 (sby1 — reny1)
_ s _ —2¢p11 + 28807 (sbps1 — reni1) _
"= u a dpi1 a
v a(sdpt1 —ucni1) = fny1

cn+1
bn+1
dn+1

fn+1
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where
—28r0~1r  2428r07's 0 0
i —2-2Bs071r  2Bs07ls 0 0
0 0 1 0
—au 0 as —1

Furthermore, from Eq.(14), we can obtain the following recursion equations:

Cn+1 Cn
b, - b., ~ L 0
+1 - ’ I = 11 ’
dni1 d,, Loy Lo
fn+ 1 fn

with

—%aa + asdlr — %,338_17“8 —as0 s — %ﬂsa_lra

bu = 1 1 1 ’
ard~lr — ZBro~'ro ——ad —ard 's — =pBro~'so
2 2 2
1 -1 -1 -1 1 -1
§,Bu8 rd —aud~'r aud™ s + Eﬁua $0 + v
L21 = 1 1 1 )
Eaua — Bu — avd~lr + 5[308_11"8 asv + avd~ls + Eﬂva_lsa
0 —r
Loy =
as@+ fBs —ars—20
Therefore, Eq.(14) can be rewritten as
r Cn r
S ~~ | bn o S
Uy = =JL =JL" . (15)
U d,, U
v fn —v

t

Tt is easy to verify that Eq.(15) is integrable be-
cause it is derived from the zero-curvature equations
(12). Comparing J, L and J, L in Egs.(7) and
(15), and considering the definition of the integrable
coupling,®l we obtain that Eq.(15) is integrable cou-
pling of Eqs.(7).

4. Concluding remarks

An integrable coupling of the coupled AKNS—
Kaup—Newell hierarchy has been presented by enlarg-
ing the associated loop Lie algebra A; through spec-
tral matrixes into A,. Certainly, we can enlarge the
loop Lie algebra A; into A; or A4, also, can enlarge the
loop Lie algebra A, into Aj or A4, and so on, which

only make the spectral matrix Uand V' turn into other

forms, which, actually, enlarge the spectral matrix U
and V i.e. enlarge the spectral problems in Ref.[14],

which can be illustrated as follows:

v U,
0 0

+ (or) U(or) — v ,
0 U

where U is a square spectral matrix, U;, 1 < i < 2,
are suitably chosen order matrix. Especially, the tech-
nique adopted in Ref.[14] to construct the integrable
couplings of various soliton equations seems much sim-
pler, but it can present some larger integrable sys-
Further, there

arise a considerable number of problems concerning

tems with quite shapely structures.

whether the resulting systems possess other excellent
properties,['%:16] such as Hamiltonian pairs and Liou-

ville integrability, etc,'7=22] because, to a certain ex-



874

Yang Hong-Xiang et al

Vol. 14

tent, the subsistent coupling hierarchies usually have

anomalous features. In addition, can the method be

used for discussing integrable couplings for discrete

systems?

These are matters awaiting investigation

stage by stage.
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