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Theoretical analyses of x-ray diffraction phase contrast imaging and near field phase retrieval method are presented.

A new variant of the near field intensity distribution is derived with the optimal phase imaging distance and spatial

frequency of object taken into account. Numerical examples of phase retrieval using simulated data are also given. On

the above basis, the influence of detecting distance and polychroism of radiation on the phase contrast image and the

retrieved phase distribution are discussed. The present results should be useful in the practical application of in-line

phase contrast imaging.
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1. Introduction

For 100 years x-ray imaging has depended almost
wholly on the phenomenon of absorption by an object
to produce contrast, which is only effective in absorb-
ing samples. The contrast results from the varying in-
dex of absorption in the object owing to the differences
in composition, thickness and density. The heavier the
element, the easier it is to produce the contrast. How-
ever, with the development of medical and material
sciences and bioscience, imaging based on absorption
contrast can no longer be effective, because an object
composed of light elements absorbs little or no x-rays,
or the absorption difference between different light el-
ements of the object is small, which leads to an indis-
cernible absorption contrast image. The absorption
contrast can be enhanced by prolonging the exposure
time, but this always results in radiation damage to
the object, especially biological tissues. A new imag-
ing technique should be developed to satisfy the re-
quirements in the imaging of light-element-based ob-
jects. The interaction cross section of the x-ray phase
shift is about one thousand times larger than that of
absorption in the hard x-ray range, which implies that

the phase contrast imaging has much higher sensitivity

for light elements than the absorption-contrast x-ray
imaging, so that the dose of absorption by the sam-
ple can be reduced and the radiation damage can be
greatly decreased. This feature is very attractive from
a biological point of view, because structures inside bi-
ological soft tissues consisting of light elements can be

resolved without using any reference medium.

X-ray phase contrast imaging developed rapidly
in the 1990s with the

chrotron sources.

increasing use of syn-

So far, various methods for

x-ray phase-contrast imaging have been proposed

and demonstrated, including monolithic x-ray inter-

1-3]

ferometers,! double-crystal diffraction arrange-

ments,*~7 and Fresnel diffraction from a monochro-

matic wave.[8—12]

They are, respectively, based on
the measuring of ¢, Vo and VZp, where ¢ is the
phase shift introduced by the object. The interfer-
ometer method can give information about the phase
directly. Diffraction-enhanced arrangements are suit-
able for the measuring of an object with slow phase
variation. The Fresnel diffraction one is similar to
Fresnel in-line holography and measures the edge-
enhanced phase contrast image. The latter one pro-

13,14]

posed by Wilkins and co-workers! and Snigirev

(15]

and co-workers!*°®! is preferable in research and medi-

*Project supported by the National Natural Science Foundation of China (Grant No 60278030).

tE-mail: huafengzhu@mail.siom.ac.cn

http://www.iop.org/journals/cp



No. 4

Near-field x-ray phase contrast imaging and phase ... 797

cal fields because of its simple geometry and relatively
simpler technical requirements in operation. Theoret-
ically, the maximal phase contrast occurs at Zg =1/
(2Au?), (where Zp is the detecting distance at which
the optimal phase contrast can be produced™ u is
the spatial frequency characterizing the object (fea-
ture spatial frequency) of sample and A is the x-ray
wavelength), but the contrast consideration alone is
insufficient to obtain optimal visibility of the phase
contrast image. If the detecting distance is too small,
though the resolution turns out to be good enough,
the interference between the directly propagated part
of x-ray and the refracted part cannot bring adequate
contrast into the image; if the detecting distance is
large enough to give maximum contrast, the resolution
becomes too low to obtain a good visible image. Thus
both resolution and contrast should be compromised
in order to obtain the best visibility of phase contrast
image. Another problem is that the directly measured
image is only the edge-enhanced one and cannot give
the whole phase distribution, which is also of great
concern in many fields. Many phase retrieval algo-
rithms are proposed and demonstrated.['6=19 Many
research results reported involve qualitative discussion
about the effects of the detecting distance and poly-
chromatic radiation on the visibility of the phase con-
trast image, but no quantitative results are given, and
there are no reports about the influences of polychro-
matic radiation on the retrieved phase, either. In this
paper, we give quantitative results to the former and
qualitative description to the latter.

In Section 2, the near-field phase contrast imaging
theory is developed in a new form. Section 3 shows
the phase retrieval process based on the solution of
TIE (Transport of Intensity Equation) involving wave-
length difference. In Section 4, computer simulation
results of simulated objects are given which can be
used to visualize our theory proposed in Sections 2
and 3.

2.Theory of phase contrast imag-
ing
Let a thin object lying in the plane z=0 be il-
luminated with a plane wave Uy(r,,z) propagating

along the optic axis z. The transmission function of

an object p(ry,0) is assumed to be in the form
p(r1,0) =explip(ry,0) —p(ry,0)]. (1)

In the Fresnel approximation, the complex amplitude

in the observing plane can be written as

exp (ikz
Uz 020 ="
[k
X exp |i— (rf,z)} // Ui (r1,0)
L 2Z o
Ck
< exp i (ri)}
[ 27 ,
x exp |i— (ry 7)) | dady, (2)
| Az
where r;=(z, y), k = 2m/X is the wave number,

If the Fresnel number

Ui(r1,0) = p(r1,0)Us(ry,2).
is large enough, the high-order terms can be omitted,

and then we obtain the simplified intensity distribu-

tion in the image plane/2°]

. 2
Az
Iz(rp,2)~ (1 + EVi) Ui (r.,0)

(3)

Let us now consider a weak phase object, (u(ry,0)
=0), Eq.(3) can be rewritten as

Az
IZ (Tlaz) =1+ %vi(p (Tiaz)a

() Vieta, @

=1
+ drp? \a

where V? = 92 —1—85 is the two-dimensional Laplacian,
w is the spatial frequency of a sample, and a=Zg/10,
Zr =1/(2\p?). Equation (4) indicates that the con-
trast of image is proportional to the Laplacian of
the phase distribution. The features of the projected
phase are shown in the form of enhanced edge con-
trast.

In the following discussion, we assume the sample

to be a pure phase object.

3.Phase retrieval method based
on transport of intensity equa-

tion
In the Fresnel approximation with the optical axis
parallel to the z axis, the slowly varying component
of the scalar monochromatic wave Uy(r, ,z) satisfies

the paraxial equation
(2ik8, + V2)Ui (r1,2) =0, (5)

where 9, = 9/0z. Considering the imaginary part of
Eq.(5), we obtain!?!]

k0,I(ry,z)= -V -[IVp(ry,z)], (6)

where V is the gradient operator in the plane. Equa-
tion (6) is what we called TIE, proposed first by

Teague.
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The distribution of phase ¢ in the plane orthog-
onal to the optic axis and located immediately after
a thin weakly refracting object can be expressed as
follows in terms of line integral of the complex index
—1i8, |n—1| <1, where § is the

phase shift term and ( is the absorption term:

of refractionn=1—-9

plri,0.) = =n/n) [ 5N ()

The dependence of the real parts of the complex in-
dex on the wavelength of the incident radiation in the
absence of absorption edges, for any elements present

in the sample, is well known to bel22]
5(A) = (M X0)*8 (o) (8)
Taking Eqs.(7) and (8) into account, Eq.(6) can be
rewritten as
k
_(2) [I (Tlasz) /I(TLvovA) - ]‘] )
(9)

—V20 (r1,0,)) =

where o=\/)\¢ and k=27/)¢.
In a rectangular region =(0,a) x (0,b), we intro-
duce the Fourier harmonics H,,, and the standard

scalar product:2]

i2mme 12mnx
e = o0 (B2 (222)

am=2 " [Cawun

where m,n satisfy |m| < M and |n| < N respectively,
and the star *

and N are large enough for the retrieval of phase.

(z,y)dedy,  (11)

represents the complex conjugate. M

H,,,(z,y) builds up a complete orthonormal set in
Z. Then Eq.(7) is simplified as[**!

D eiy (e, 0,00) My,

=abF,, ., (Im| < M, |n| < N,m? +n? > 0,
i+ j* > 0), (12)

where

Pi,j = <()07Hi,j>ab7 Fm,n = <F7 Hm,n>ab

which are the Fourier coefficients of ¢ and F re-

. ko [I(ry,z,\) -
— N7 7 7 1 1,7 —
spectively <F = [I r1, 00 , My, =

o2
(27r) (imb/a + jna/b) I_in—_j, and I, = (I, H, )
which is the Fourier coefficient of intensity distribution
I(ry, zA). The Fourier coefficient ¢ can be expressed
(23]
as

-1

wi; (r1,0,X) = abz M”

m,n

Fon. (13)

In the specific case of a uniform intensity distribution
where I(z, y, 0)= Iy in =, and I(z,y,0) = 0 both
outside =5 and at the boundary, and a = b, Eq.(13)
is reduced to the simplified form23]

CL2

i (r1,0,)0) = . 14
#3710 X0) (2ma)? (m? +n?) I (14

Then the phase can be finally obtained by

Z‘Pmn m,n. (15)

® TL)O )\0
4.Simulation experiments of
phase contrast image and

retrieved phase

We now present numerical examples with simu-
lated data to help illustrate the theoretical results ob-

tained in the previous sections.

IE‘}

gy
e

Fig.1. A fibre in the detection plane.

First, let the incident wave be a uniform mono-
chromatic plane wave with a wavelength of \p=0.1nm.
A fibre with a diameter of 2R=640pum is parallel to
the y axis as shown in Fig.1. The axis of the fibre is
2R away from the coordinate origin. The absorption
of x-ray by the fibre can be neglected in a range =
being (0,4R) x (0,4R).
sumed to have a feature spatial frequency of (1/10)

The required feature is as-

pm~' then « in Eq.(4) has a value of a=Zpr/10
=1/(20Ap?)=>5cm.

We calculated the intensity distribution I, (7, 2)
in the image plane by computing the Fresnel integral
(2) and used the computed intensity distribution and
the method given in Section 3 to reconstruct a phase
on a grid with 128 x 128 pixels. The obtained in-
tensity distribution I,(r,, z) and the retrieved phase
distribution with the ratio of detecting distance z to «
being 1, 0.8, 3, 5 respectively are presented in Fig.2.

Obviously, when z=a, the intensity distribution has



No. 4

Near-field x-ray phase contrast imaging and phase ...

799

the sharpest feature (corresponding to the best vis-
ibility) and the retrieved phase is very close to the
original one. A lager or smaller detecting distance can

introduce a larger aberration to the retrieved phase.

Normalized lateral intensity

0 20 40 60 80 100 120 140
z/d

Then we define a=1/ (20\u?) as the optimal phase
imaging distance which is clearly related to the inci-

dent wavelength A and feature spatial frequency pu.

——phase of

1.0 (b) origin object

Normalized reteval phase

100 120 140

Fig.2. Intensity distribution of phase contrast image (a) and retrieved phase distribution (b) with z/a=1,

0.8, 3, 5 respectively. The incident wave is a perfectly monochromatic uniform plane wave with a wavelength

of 0.1nm. For a comparison, the solid curve in (b) is the original phase distribution of the fibre. z is the

distance between the detector and the sample, and « is the optimal phase imaging distance.

At the next stage, we analyse the retrieval of
phase from the image intensity containing various
levels of multi-energy. Now we perform the re-
trieval of the phase corresponding to a wavelength
of Ao(=0.1nm) which is called central wavelength.
The wavelength used in the experiment is A, then
the relative wavelength difference can be written as
AX = X = Xo)/Xo. The detecting plane is chosen to
be at the optimal phase imaging distance correspond-
ing to the central wavelength \g, i.e. @ = Zg/10 =
1/(20Aop?)=5cm. The normalized intensity distribu-
tion of image and the retrieved phase along the x axis
are shown in Fig.3, with relative wavelength differ-
ence AA=0, +0.1%, +1%, +£10%, +20% respectively.
Evidently, the visibility of the image and the retrieved
phase are almost the same as those in the use of the ra-
diation of central wavelength when A is in a range of
+1%. If the polychromatic radiation with every com-
ponent of the wavelength having the same magnitude
as that of the central wavelength is used, the max-
imum wavelength difference of +1%\q has little ef-
fect on the image and the reconstructed phase. When
A is beyond +20%, it will be impossible to obtain
a discernible image, and the retrieved phase cannot

map the original phase distribution at all. Gureyev

et al used multi-energy method to retrieve the phase

24 and

and the attenuation coefficient of the sample,
they detected the image in the same observing plane
even with a wavelength difference of 20%)\. If they
had chosen the optimal phase imaging distance cor-
responding to different wavelengths as the detecting
distance, the retrieved phase corresponding to a cer-
tain feature spatial frequency of a sample would have

been more reliable.

Generally, for the polychromatic radiation, the ra-
diation intensity at the central wavelength dominates
over the whole intensity; the farther the wavelength
away from the central one, the less its contribution to
the radiation intensity is. Therefore, the maximum
wavelength difference A) in a polychromatic x-ray
wave allowing for phase retrieval can be slightly lager
than +£1%A\o. Figure 3 also shows that for the same
magnitude of relative wavelength difference |A)|, the
x-ray with a larger wavelength A = Ao + |A\| intro-
duces more distortion to the phase contrast image and
the retrieved phase. So better results can be obtained
by choosing the optimal phase imaging distance corre-
sponding to a larger wavelength as the detecting dis-

tance.
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Normalized lateral intensity

Normalized reteval phase

0 20 40 60 80 100 120 140

z/d

Fig.3. Intensity distribution of phase contrast image (a) and retrieved phase (b) along the z axis with the
radiation wavelength X satisfying AA= (A — Xo)/Ao=0, £0.1%, +1%, +10%, +20% respectively.

Finally, we give an ocular view of phase contrast
image taken at the optimal phase imaging distance
and the retrieved phase illuminated by a monochro-
matic plane wave. The sample then is a pure phase
The in-

tensity distribution in the image plane is shown in

object with phase distribution in Fig.4(a).

Fig.4(b) on a grid with 64 x64 pixels with other exper-
imental parameters being the same as those in Fig.2.

For a comparison, we also plotted in Fig.4(c) the cal-

culated distribution of the phase Laplacian V2 ¢(r,
0, Ao), which is obviously almost identical with the in-
tensity distribution in the image plane. The retrieved
phase is shown in Fig.4(d). Again, it is in agreement
with the original phase in Fig.4(a). The error between
original phase and reconstructed phase is due primar-
ily to the higher-order diffraction terms omitted in the
derivation from Eq.(2) to Eq.(4).

(a) (b)

Fig.4.

(c) (d)

Phase contrast image (b) and retrieved phase distribution (d) of an object with phase

distribution of (a); (c) shows the Laplacian of original phase distribution for a comparison with (b).

As far as phase retrieval methods are concerned,
TEI is effective in the near field (Fresnel number >>1).
But when it comes to the middle field (Fresnel num-
ber &1) and far field (Fresnel number <« 1), TIE is no
longer valid. The image measured in the middle field
used for phase retrieval should be based on the combi-
nation of TIE and GSF algorithm (Gerchberg—Saxton
Fienup algorithm),['617] or on SE algorithm['®] (si-
multaneous equation algorithm). In the far field, GSF

algorithm is the best choice.
5. Conclusions

We have given another form of the equation for

the intensity distribution of an image in the Fresnel re-

gion of a phase object illuminated by a monochromatic
plane wave. The influences of detecting distance and
polychromatic radiation on the phase contrast image
are described by the derived formula. The phase dis-
tribution in the transmitted beam can be recovered
by the solution of TIE. To our knowledge, it is the
first time that the influences of polychromatic radia-
tion on the TIE-based phase retrieval are considered
and the maximum wavelength difference permitted is
estimated. We have given a formula for optimal phase
imaging distance as a function of wavelength of ra-
diation and spatial resolution of the sample. Some
illustrations of the optimal phase image for simulated

data have also been presented. Different feature spa-
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tial frequency of the object corresponds to different
optimal phase imaging distance for a certain radia-
tion wavelength. We can adjust the detecting plane
according to the requirements for the sample to be
measured. The introduction of optimal imaging dis-
tance gives convenience to the determination of de-

tecting distance under the requirements for feature

spatial resolution, which increases the efficiency and
decreases the blindness in experiments. Though the
optimal imaging distance is investigated just in a trial-
and-error way, the obtained result is useful. The rig-
orous analytical derivation should be one subject for

our future research.
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