Vol 14 No 4, April 2005
1009-1963/2005/14(04) /0703-06

Chinese Physics

© 2005 Chin. Phys. Soc.
and IOP Publishing Ltd

Decentralized state-feedback chaotification method
of discrete Takagi—Sugeno fuzzy systems’

Lu Jun-Guo (/52 )T

Department of Automation, Shanghai Jiaotong University, Shanghai 200030, China

(Received 9 October 2004; revised manuscript received 13 November 2004)

A new chaotification method is proposed for making an arbitrarily given discrete Takagi—Sugeno (TS) fuzzy system

chaotic. Based on a given discrete T'S fuzzy system, the new chaotification method uses the decentralized state-feedback

control and the continuous sawtooth function, instead of the modulo operation, to construct a chaotic nonlinear system,

which can generate discrete chaos with the arbitrarily desired amplitude bound. We apply the improved Marotto

theorem to mathematically prove that the controlled system is chaotic in the sense of Li and Yorke. In particular, an

explicit formula for the computation of chaotification parameters is obtained. A numerical example is used to illustrate

the theoretical results.
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1. Introduction

In addition to the rapid development of chaos
suppression and chaos synchronization in the last
decade,!"? chaotification (also called anticontrol of
chaos) by means of making an originally non-chaotic
dynamical system chaotic, or enhancing and retain-
ing existing chaos, has attracted certain special at-
tention from the engineering and physics communi-
ties lately due to the great potential of chaos in non-
traditional application.[?3] Dynamical systems (maps)
with chaotic and/or bifurcate behaviours have been re-
ported to be very useful in some real applications, such
as high-performance circuits and devices, liquid mix-
ing, chemical reactions, biological systems, secure in-
formation processing, and critical decision-making.?
These provide a strong motivation for the current re-
search on chaotification of the discrete-time dynami-
cal systems® 14 and the continuous-time dynamical

systerns.[w’w]

In the pursuit of chaotifying discrete dynamical
systems, the first mathematically rigorous chaotifi-
cation method was developed by Chen and Lail4—¢
from the engineering feedback control approach. Up

to now, the chaotification problem of discrete dynam-

ical systems can be divided into two kinds. The first
kind is to consider how to directly design a nonlin-
ear state-feedback controller such that the controlled
discrete dynamical systems become chaotic such as in
Refs.[3,12-14]. The second kind is to consider how to
first design a linear state-feedback controller to ensure
that all the Lyapunov exponents of the controlled sys-
tem become strictly positive so that the system tra-
jectory is expanding in all directions, and then ap-
ply a nonlinear operation to fold the trajectories back
into a compact region whenever the expansion takes
them beyond it. A combination of these two expand-
ing and folding effects is expected to create complex
chaotic dynamics within the bounded region of system
orbits, thereby leading to chaotic dynamics such as in
Refs.[4-11]. Lu et al!") proposed a method of produc-
ing spatiotemporal chaos via weak local state-feedback
control for coupled logistic map chain (CLMC) model
and proved theoretically that all the Lyapunov expo-
nents of the controlled system are strictly positive.
References [10] and [11] have given the chaotification
algorithms for any given linear time-invariant discrete-

time systems.

In this paper, we are interested in the second

kind of chaotification problem. Interactions between
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fuzzy logic and chaos theory have been explored
since 1990s. The explorations have been carried out
mainly on fuzzy modelling of chaotic systems using
the Takagi—-Sugeno (TS) fuzzy model,l!7] suppression
control of chaos via an linear matrix inequality (LMTI)-
based fuzzy control system design.['8:19] Recently, Li
et all®! use the centralized control and mod-operation
to chaotify a TS fuzzy system and apply the Marotto
theorem(?°! to prove their results. Moreover, Refs.[21-
23] have pointed out that the Marotto theorem![?’! has
a problem since Marotto had used the following prop-
erty A’ = B’ in his theorem:

A’: All eigenvalues of the real matrix A are larger
than 1 in absolute value;

B’: Matrix A satisfies ||Az|, > p |||, for some
u > 1, for all x € R™.

In this paper, for an arbitrarily given discrete TS
fuzzy system, we propose a new chaotification method
belonging to the second kind mentioned above, which
uses the decentralized state-feedback control and the
continuous sawtooth function instead of the discon-
tinuous modulus function to construct a chaotic non-
linear system. In each dimension of the subsystem,
the decentralized controller uses only one local state
variable. We apply the improved Marotto theorem
to mathematically prove that the proposed feedback
anticontrol method can yield chaos in the sense of Li
and Yorkel? with the arbitrarily desired amplitude
bound. In particular, an explicit formula for the com-
putation of chaotification parameters is also obtained.
Finally, a numerical example is used to illustrate the
theoretical analysis and the controller design.

Throughout this paper, all vector inequalities
such as # > 0 are component-wise inequalities. |||,
|||, and ||| denote any operator norm, 2-norm and

infinity-norm, respectively.
2.Problem description and chao-
tification algorithm design

Consider a general TS fuzzy system(?%] described

by
Rule i: IF zq(k) is M;y, ---, and z,(k) is My,
THEN
Tpy1 = Az + ug, (1)
where zp = [z1(1), 2x(2),---, zx(n)]T, wp =

[ug (1), ug(2), -+, upg(n)]*, i = 1,2,---,7, 7 is the
number of IF-THEN rules, M;; are fuzzy sets, and
the equation xx11 = A;zy, + ui is the output from the
1th IF-THEN rule. Now, given a pair of (zy,ug), the

final output of the fuzzy system is inferred from
Z w;(k) {Aiwy, + ur}
=1

Th+1 = : ™
> wi(k)
=1

; (2)

where w;(k) = HM”(a:k(])), M;;(zr(j)) is the de-
j=1
gree of membership of x(j) in M;;, with
Zwl(k) > 0,
i=1
wi(k) >0, 1=1,2,---,r.

By using h;(k) = wi(k)/ > ;_, wi(k) instead of w;(k),
Eq.(2) is rewritten as

Thg1 = 3 hi(k) { Ak + up}
i=1

i=1
Note that
> hi(k) =1,
-1 (4)
hz(k) >0, 1= 1,2,--0,m,

in which h;(k) can be regarded as the normalized
weight of the IF-THEN rules.

The problem investigated is to chaotify arbitrar-
ily given discrete TS fuzzy systems (3) with |Jug|| <
Umax, Where u,., is an arbitrarily small control mag-
nitude bound. For this purpose, we use the decentral-
ized control and the continuous sawtooth function to

obtain the closed-loop controlled system:

where ®(y) = [p(v1), -, ¢(yn)]T, for any y =
[Y1, -, Yn]T € R™, 0 > 0 is a constant to be designed,
D = diag(dy,---,d,) € R"*", d; >0,p: R— Risa

continuous sawtooth function defined by (see Fig.1)

Tk + Ua:k> , (5)

¢(y) = (=1)"(y — 2me)

for
(2m—-1)e <y < (2m+1l)e, m=0, £1, £2--- (6)
where ¢ > 0 can be designed such that |jug|_, =

lozi]l o < dmax0e < Umax, dmax = max d;. Later,
1€[1,n]
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we will apply the improved Marotto theorem to math-
ematically prove that the controlled discrete TS fuzzy

system (5) is chaotic in the sense of Li and Yorke.

v(y)

n
<
S
(L]
<y

Fig.1. The sawtooth function.

3. Verification of chaos in the

sense of Li—Yorke
In this section, the improved Marotto theorem is
first reviewed, and then applied to prove that the con-

trolled system (5) is chaotic in the sense of Li and
Yorke.

3.1. Chaos in the sense of Li and Yorke: the

improved Marotto theorem

Consider a general n-dimensional discrete-time

autonomous system of the form

Tpr1 = g(zg), k=0,1,2, - (7)

)

where z; € R™ and g : R — R" is continuous map-
ping. Let g denote the ¢ times of compositions of g
itself. A point, z*, is said to be a p-periodic point of g
if gP(x*) = x* but gt(x*) £ x* for 1 <t <p. Ifp=1,
that is, g(z*) = z*, z* is called a fixed point. Let
g'(z) and det(g'(z)) be the Jacobian of g evaluated
at the point x and its determinant, respectively, and
let B,.(z) denote a closed ball in R™ of radius r cen-
tred at point . From Ref.[20], the improved Marotto
theorem can be given as follows.

Theorem 12! If the system (7) has a fixed point
x*, which satisfies:

(1) there exists a real number r > 0 such that g is
differentiable in B, (z*) with

(g (€N~ <1

where ¢'(§) € R™*™ is an n X n matrix whose ith row
vector is Vg; (), i =1, 2, ---, n, V&, &2,... (" €
B.(z*);

(ii) there exists a point 2° € B,.(z*) with 20 # z*
such that g™ (z°) = z* and det((¢g™)'(z°)) # 0 for
some positive integer M, then the system (7) is chaotic
in the sense of Li—Yorke, namely,

(a) there is a positive integer n such that for every

integer p > n, g has a point of period p;

(b) there is a scrambled set of g (an uncountable
set S containing no periodic points of g) such that

(b1) g(S) C S,

(b2) for every z,y € S with = # y,

klim sup Hgk(ﬂc) - gk(y)H >0,
—» 00

(b3) for every « € S and any periodic point ype,
of g
. k k )
lim sup ||g (z)—g (yper)H > 0;
k—o0

(c) there is an uncountable subset Sy of S such

that for any x,y € Sp,
klim inf Hgk(w) - gk(y)H =0.
— 00

3.2. Verification of chaos in the designed con-
trolled systems

Lemma 1% TLet (X,d) be a complete metric
space and V be a nonempty closed subset of X. If
f:V — X is continuous, satisfies f(V) D V, and f is
expanding in V', then f has a unique fixed point in V.

Theorem 2 Suppose that h;(k), i =1,2,--- 7,
are continuously differentiable in the neighbourhood
of the fixed point, z* = 0 of the controlled system (5).

If

* (2 + dmina) 1
7=0 _max{ dmin @ + dmin
e b (8)
dmin dmin ’ dmin “

where o = max { ||4i]| .}, dmin = min d;, then the
1<i<r i€[l,
controlled TS fuzzy system (5) is chaotic in the sense
of Li and Yorke.
Remark It is surprising to note that o is inde-

pendent of €.
Proof The controlled system (5) is

Tpp1 =D (Z hi(k) {Aizy, + uk}>

=D& (lz hi(k)A;

= 0 is a fixed point of Eq.(9). Let
T
€ R".

TE + Uk) = g(zx)- (9)

Obviously, z*
b=1]11 --- 1

prove the following.

(a) There exists a point —(o + a)7lbe < z¢ <
(0 + a)~'be, such that g*(zg) =0 = z*.

(b) There exists a constant 7, 0 < 7 < (0 +a) e
such that z° € B,.(0) = {z € R"| ||z||, <7}, g(z) is

In what follows, we
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differentiable for all € B,.(0) and ||(g’(f))_1||oo <1 and from (18) we can obtain
for & = [€Y,-+- "] € R™*™ with ¢ € B,.(0).
(c) det ((g%)'(2%)) # 0. s +o+1)!
Proof of a) The proof is completed in two steps. 100 1
Step (i) Firstly, we prove that there exists a =(e+1)" H o +1)7Df(€) +I) Hoo
point x1, —€ dpinb < 1 < €dpinb, such that < 1
. T(e+1) A= l(e+1)"'Df(E)ll)
x1) = [Z hi(k)A;| 1 + ozy —2eb=0, (10) 1 ‘
i=1 “o+1-«a

which implies that

=D¢ (Zh ){A; m1—|—¢7931}>
=D &(2¢eb) = 0. (11)

To do so, we define V' =
d(-) = Ml

[_5 dmin bv € dminb}a X = an

and consider the following map:

i: hi(k)A;

Apparently, (R™, |||
is a nonempty closed subset of R™ and ¢ : V — R"

z+ (o0 + 1)z — 2eb.

) is a complete metric space, V

is continuous. Let ®(z) = [®1(z), -+, Dn(z)]T,
li: hl(k)Al] r = [fi(z), -+, fa(z)]T. Tt follows
i=1
from formula (8) and Zh A; < « that for
1<j<n, h
P;(x) > —aedmin + (0 + 1)e dmin — 26 > € diin,
Ve € V. with x; = € dmin; (12)

@j (w) < aedyiy — (O’ + ].)E Amin — 26 < —€dyin,
—& dmin- (13)
The above relations (12), (13) and the continuity of f

on V imply that for each o > o*,

Ve eV with z; =

®(V) DV = [—edminb, & dminb]. (14)

On the other hand, for any z,y € V, by applying the
intermediate value theorem to the scalar-valued func-

tions &(x);,2 =1,2---,n, we have

P(z) — 2(y) = (Df(E) + (0 +1)) (z—y)
and Df( ) = [DA(EY), -, Dfal(€™)]", where £ =
[t & € R ¢ = ayz + (1 — aj)y € V for
some o € [0,1], 4,5 = 1,---,n. Further,
() — ()l
=1f(z)+ (e + 1)z — (f(y) + (o + Dyl

—1
>|@s©) +o+ 07| e -yl

Therefore, for any z,y € V,

18(2) - B(y)ll.. > (0 +1—a) [z —yl...,
and then it follows from condition (8) that there is
a positive number )\ satisfying o +1 —a > A\g > 1
such that || ®(z) — &(y)||, > Ao llz — ¥l o, Yz, ¥y €V,

e., @ is expanding in V. It follows from Lemma 1
that there exists a unique fixed point z;, satisfying
—&dminb < 1 < €dpinb, such that

P(z1) = f(z1) + (0 + 1)z — 26b = 234 (15)

Then
g(z1) = f(z1) + oz — 2eb =0, (16)

which implies that

g(z1) = D®(2eb) = 0. (17)

Step (ii) It is to prove that there exists a point
To, satisfying —(o + a)7lbe < z9 < (0 + a)7lbe
such that g(z9) = #;. To do so, we define V; =
(o +a)~"eb, (o + a)tet], X = B", d() = |||

and consider the following map:

z+ (0c+1)z—D ey

i hi(k) A;

Apparently, (R™, ||-||
being a nonempty closed subset of R™ and bV >

) is a complete metric space, V3

R™ is continuous. Similar to Step (i), we can prove

that & has a unique fixed point g in V7, i.e.,

= [Z hl(k)Al T + (U + l)mo — D_III = xg.
i=1
Then
lz hi(k)A; | zo + oxg — D'z =0, (18)
i=1
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which implies that

From Eqs.(17) and (19), we can obtain that after two-

step iterations (m = 2),

xo + U:E()) =x. (19)

9*(z0) = g(z1) = 0.
Proof of b) Now, let r be chosen such that
Izolloe <7 < (@t o).

Then z¢ € B,-(0) and it follows from the definition of
g that, for any = € B,.(0)
T+ zm:)

g(z) =D® ([Z hi(k)A;
-+ 0'> .

is differentiable and

g'(z)=D- <[Z hi(k)A;

Furthermore,

where

e BMN0)={¢=[¢',---,€" e R | € B,(0) }.
Condition (8) implies that ||g'(£)_1||Oo < 1 for £ =
[617527 o 7£n] € R™*" with é.l € BT(O)

Proof of c) ¢? is differentiable at z° with

[det g'(w0)] = |det D ('(z0) + o1)] > 1
and
[det {g'(21)}] = [det {D(f'(21) + o1)}] > 1.
Therefore,
det((9?) (")) = det(g/(z")) det(g/(a")) # 0.

Thus, based on the improved Marotto theorem, a), b)
and c) together imply that the controlled system (5)

is chaotic in the sense of Li and Yorke.

4. A simulation example

We consider a non-chaotic discrete-time TS fuzzy

model given by

Rule 1: IF zj is My, THEN

Th41 Tk

Xiy1 = = A + ug,
Yk+1 Yk
Rule 2: IF zj, is My, THEN
Tr41 T
Xiy1 = = A + ug,
Yk+1 Yk
where
d 0.1 —d 0.1
A1 = ) A2 = )
05 0 05 0

xy, € [—d,d], d > 0 and membership functions

=02, =002,

The controlled TS fuzzy system is constructed as fol-

Xy + uk)

X + O'Xk> . (20)

lows:
Xps1 =D& ( lz hi(k)A;
=D& ( lz hi(k)A;

The magnitude of the control input is arbitrarily cho-
sen to be Umax = 2. We choose D = diag(2.0,0.5),
d = 0.7 and know that the controlled TS fuzzy sys-
tem (18) is chaotic if o > 5.7 from Theorem 2. In
the simulation, we choose 0 = 10 and € = 0.1. The
phase portrait and time wave diagrams are shown in
Fig.2. From Fig.2, we can see that [juz|/, < 2 and
the controlled TS fuzzy system (20) displays complex
chaotic behaviors. These numerical results verify the

theoretical analysis.
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Fig.2. Simulation Results.

5. Conclusions

In this paper, we have proposed another sim-

ple and systematic chaotification method for arbitrar-

ily given discrete TS fuzzy systems, which employs

the decentralized control and the continuous sawtooth

function. By applying the improved Marotto theorem,

we have mathematically proven that the proposed al-

gorithm for chaotification leads to chaos in the math-

ematical sense of Li and Yorke with the arbitrarily

desired amplitude bound.

In particular, an explicit

formula for the computation of control parameters has

been given. The simulation results illustrate the effec-

tiveness of the proposed method.
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