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‘We have investigated theoretically the evolution of spin-dependent atomic wave packets in a harmonic magnetic

trapping potential.

For a Bose-condensed gas, which undergoes a Mott insulator transition and a spin-dependent

transport, the atomic wavefunction can be described by an entangled single-atom state. Due to the confinement of the

harmonic potential, the density distributions exhibit periodic decay and revival, which is different from the case of free

expansion after switching off the combined harmonic and optical lattice potential.
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1. Introduction

Since the first experimental realization of Bose—
Einstein condensates (BECs) in the dilute alkali-
atomic gases,!! 3! there have been intensive theoret-
ical and experimental studies on different aspects of
the condensates.*~13] Recently, much attention has
been paid to the investigation of BECs and degen-
erate Fermi gases in optical lattices.4=2% The peri-
odic potential of a standing-wave laser field provides
a controllable test-bed to investigate the unique prop-
erties of the BECs and a flexible tool to manipulate
the ultra-cold atoms for the sake of quantum infor-
mation processing.[?!! In general, interference patterns
are used as a dominant probe of these systems in ex-
periment because the sizes of the BECs in most exper-
iments are much too small (of order of mm). Actually,
the interference patterns resulting from the expansion
of an array of subcondensates formed in an optical lat-

tice were crucial in the confirmation of coherence,??!

23]

phase diffusion,?3! number squeezing,[?4! Bloch oscil-

lation and Landau-Zener tunnelling,/?®/ Mott insula-

tor transition,[!526] and coherent state revivals./¢!

In a recent experiment,?”) Mandel et al developed
an effective technique of spin-dependent transport to
split and transport selectively the atomic wave pack-
ets in a one-dimensional (1D) optical lattice. Briefly,
after the system reaches the Mott insulating phase!®!
one turns off the magnetic trap and the optical lat-
tices along the y and z directions. Consequently,
there only exists a 1D spin-dependent optical lattice
along the z direction that is created by two coun-
terpropagating laser beams with linear polarization
vectors enclosing an anglef. By changing the polar-
ization angle 6 one can realize the splitting of the
atomic wave packets such that the wave packets of
an atom in spin states |0) = |F = 1,mp = —1) and
|1) = |F = 2, mp = —2), respectively, are transported
in opposite directions, which is the so-called spin-
dependent transport (coherent transport). Finally,
the optical lattice is switched off and the coherence
of the transport is demonstrated by the observed high

contrast interference patterns.
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In our recent work,[?8] we have presented a the-
oretical model to study the free expansion of spin-
dependent atomic wave packets after switching off the
magnetic trap and the optical lattice. The theoret-
ical results agree well with the interference patterns
observed in the experiment.?”] In this paper, we gen-
eralize the model to investigate the evolution of the
spin-dependent atomic wave packets under the action
of a harmonic potential. The difference between our
present scheme and the experiment(2” is that here an
axially symmetric magnetic trap is maintained. Af-
ter a coherent transport, the system is confined in a
1D spin-dependent optical lattice and a magnetic trap
with an axial symmetry along the z direction. Once
the optical lattice is switched off, the spin-dependent
atomic wave packets emanating from different lattice
sites expand and overlap, which results in a clear in-
terference pattern after a time of flight (TOF). It is
shown that the evolution of the interference patterns
in a harmonic potential exhibits a periodic oscillation
of decay and revival. On the one hand, our exper-
imental proposal provides a new way to further test
our recent work(2?®l and prediction. On the other hand,
as the system undergoes a Mott insulator transition
and a spin-dependent transport before the removal of
the optical lattice, the evolution of the density dis-
tribution (i.e., the evolution of interference pattern)
in the harmonic potential is more complicated than
that of the common cases, 232! which is helpful to

the exploration of the physical essence of interference.

2.The model of density distribu-

tion in a harmonic potential

For a Bose—Einstein condensate trapped in a com-
bined harmonic and 3D optical lattice potential, the
atoms are localized on individual lattice sites with no
phase coherence when it enters the Mott insulating
phase. After releasing the optical lattices along the y
and z directions, there is an array of subcondensates
formed in the 1D spin-dependent optical lattice along
the horizontal x direction where the effective angular
frequency is @, = 2m x 45kHz.2"] Then we let the
axial magnetic field remain along the x direction and
weaken the radial magnetic fields along the y and z
directions such that the axial and radial angular fre-
quencies of the harmonic potential are given by w, =
27 X 16Hz and w,; = wHz, respectively. The chemical
potential in the central lattice site of the system can

be expressed by pug = mw?d?k%,/2, where m is the

mass of 8"Rb atom, d = /2 is the period of the opti-
cal lattice, and 2kps + 1 represents the total number of
lattice sites. In this situation, the system satisfies the
condition hw,; <K py < h®,, which can be seen clearly
in the next section (d = 392.5nm, kp; ~ 12). Thus,
when the evolution of the spin-dependent atomic wave
packets in the magnetic trap is investigated in the z
direction after the optical lattice is switched off, the
non-interacting model can give a well description as
the above condition is satisfied.[?2:2%]

In the presence of a magnetic trap, the number
of atoms in different individual lattice sites should
be different. The ratio between the atomic number
N, in the kth lattice site and the total number of
the condensed atoms N is given by Ni/N = 15(1 —
k2/k:]2v[)2/16kM.[22] Since each subcondensate confined
in the joint harmonic and 1D spin-dependent optical
lattice potential is fully coherent, it can be described
by a single order parameter ¥ = N,i/2¢k according

1331 where

to the Hartree or mean-field approximation,
@y, is the single-particle wavefunction in the kth lattice
site.

We consider an atom with two hyperfine states |0)
and |1) forming the logical bases of a single atom at
each lattice site. Initially, the atom lies in spin state
|0),, where the subscript denotes the kth lattice site.
The following analysis is similar to the method devel-
oped in our recent work.[?®! By using a 7 /2 microwave
pulse to drive Rabi oscillations between the two hy-
perfine states, the atom can be placed into a coherent

superposition of the two internal states |0),and |1),,

0, 3 %uon +il1),),
10 23 (10} + [1),). (1)

V2

After a spin-dependent transport, the atomic
wavefunction can be described by an entangled single-
atom state, i.e. an entangled quantum state between
the internal degree of freedom (spin) and the spatial

degree of freedom (spatial wave packet)

hy, = %(Wk e +1explif] |0}, Prtr),  (2)

where [ is the relative phase between the two wave
packets, which is obtained in the transport; r denotes
the separation between the two spin-dependent wave
packets that originate from the same lattice site. By
applying a final /2 microwave pulse whose transform

rule is given by Eq.(1), one has

¢ = 10) Sk + 1) Sk 3)
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where 5y ;, and 5, are respectively given by

[_(m_k@2]

=0k =Y 202
—exp _i/g_ W—) (4)
Al [ (@—kd?]

Sk :? <eXp |: — M:|
+ exp _i,B - w— ) ; (5)

A =1/0"?7'/* is a normalization constant and o de-
notes the width of the subcondensate in each lattice
site. In Eq.(3), we have assumed a Gaussian approxi-
mation in coordinate space for the spatial wave pack-
ets, and the subscripts of spin states |0) and |1) are
removed on account of the bosonic identity.

When the

switched off, the evolution of the spatial components

spin-dependent optical lattice is

Z;k(z,t)(j = 0,1) of the atomic wavefunction can be

derived by the propagator method[29:30:34,35]

Ej,k(w7t) = / K(:E,t;y,t = O)Ej,k(y7t = O)dy7
(6)

where =; . (y,t = 0)(j = 0, 1) are the spatial wavefunc-
tions of spin states at the initial time ¢ = 0, which are
given by Egs.(4) and (5), and K(z,t;y,t = 0) is the

propagator in a harmonic potential, expressed as

mw, 1/2
2mih sin w,t

X exp{

X COS Wyt — 22Y] }

K(w,t;y,t=0)={

Wz

2 2
2 sinwzt[(x +y)

(7)
By combining Egs.(4)—(7), one can obtain the follow-

ing analytical results of the spatial components after

a straightforward calculation:

(kd cos wyt — x)? }

] [1( 2 cos wyt + k?d? cos w,t — Zxkd)]
) exp

2v02 sin? w,t

i((k + r)d cos wyt — x)% cot w,t
2702 sin® w,t(cot? wyt + 72)

I}

(kd cos w,t — x)? ]

] [1( 2 coswyt + k2d? cos wat — 2ack'd)]
X

2702 sin? w,t

i((k 4+ r)d cos w,t — )% cot wmt}
2

wot(cot? wyt +42)

A 1
Sk ==1/—= —<Jexp| —
0k =9 \/sm wyt(cot wyt + 1) { P { 202 sin® w,t(cot? wyt + 72)
[ i(kd cos w,t — )% cot w,t
X exp| — — 5
| 2y02sin® wyt(cot? wyt 4+ 2
[ k d ot — )2
—exp|if — (« +2T) cosu; 2) exp| —
L 202 sin” w,t(cot® wyt + 72)
[i(2? cos wyt + (k + r)2d? cos w,t — 2x(k + 7)d)
X exp —
i 2v02 sin” w,t
iA 1
S,k =5 ; - exp| —
Lk 79 sin wyt(cot wyt + i) P17 202 6in? wat(cot? wyt ++2)
[ i(kd cos wyt — x)? cot wyt
X exp| — — 5
L 2v02sin® w,t(cot? wyt + v2)
k+r)d ot — x)?
rexplif (( —}—27‘) COSU.; x) exp| .
202 sin” w,t(cot? wyt + v2) 202 sin
[i(z2 coswyt + (k + 7)%d? cosw,t — 2x(k + 7)d)
X exp —
i 2v02 sin” w,t

with the dimensionless parameter vy = A/mw,o>.

We now consider the density distribution of the
spin-dependent atomic wave packets (i.e., the density
distribution of the whole condensate) under the ac-
tion of the harmonic potential. Obviously, there is no
correlation between the atomic wave packets in dif-
ferent spin states as the two logical basis-vectors |0)
and |l)are orthogonal. Thus for the subcondensate

initially confined in the jth lattice site, the density

I}

distributions of the atomic wave packets in spin states

|0) and |1), respectively, are given by

nok(z,t) = Ni |Zox (2, t))*, (10)
nix(z,t) = Ni | S iz, t)), (11)

with N 15N (1 — k?/k32,)?/16kps. In the above
Eqgs.(10) and (11), we have taken into account the well
coherence between the delocalized wave packets of the

same atom, which originates from the entanglement



No. 4

Evolution of spin-dependent atomic wave packets ... 693

of a single atom. Since the system undergoes a Mott
insulator transition before the spin-dependent trans-
port, there is no correlation between the wave packets
of the same spin state that are split out from differ-
ent original lattice sites. So, after the optical lattice
is switched off, the density distributions of the wave
packets in states |0) and |1), i.e. the density distribu-
tions of the overall subcondensates in the total lattice

sites, can be expressed as

kn

Z nO,k(mat)a (12)

k=—Fkn

no(z,t) =

kv

> nk(z,t). (13)

k=—knm

ny(z,t) =

3. Numerical results

In the following calculations, we use the experi-
mental parameters where N = 3x10° w, = 27 x 16Hz,
w, = wHz, A\ = 785nm, d = 392.5nm.[?"] The total
number of the lattice sites 2k + 1 can be determined

theoretically by the formulal*]

9 2hw < 15
2 =

v Vars) Tow

1/3

med2

where the geometric average w = (w,w? )!/3, the oscil-
lator length ay, = \/h/—, and the s-wave scattering
length for 8"Rb atom is a ~ 5nm. Thus ka; ~ 12 is
obtained from the above equation. Since the value of
o, which characterizes the width of the subcondensate
in each lattice site, is chiefly determined by the optical
confinement, one can evaluate it in terms of a varia-
tional calculation minimizing the energy of the con-
densate. As a result, the ratio is given by o/d = 0.16.
According to our recent work, the relative phase [ is
almost constant throughout the cloud of atoms and
its absolute value is small.28] For simplicity, we treat

it as zero.
3.1. Periodic decay and revival of the density

From Eqs.(8) and (9), the density distributions
n;j(z,t) (j = 0,1) of the atomic wave packets in
the x direction should exhibit periodic character with
For the experimental pa-

a period of T = 7/w,.

rameters mentioned above, w, = 27w X 16Hz, which

means 7" = 31.25ms. Displayed in Fig.1 is the den-
sity n1(z = 0,t) of the spin-1 wave packets (i.e., the
density of the atomic wave packets in state |1)) at

= 0 versus time t, where initially localized atoms
have been delocalized over two lattice sites and the
separation is denoted by r. It is shown clearly that
there is a periodic decay and revival oscillation of the
density, which results from the confinement of the har-
monic potential. The periodicity embodied in Fig.1 is

in agreement with the analytical result 7' = 31.25ms.

120 T T T T T T T

[ r=1d 1
100 |- -

80

p—
304 31.2 320

60 |-

40 |- -

ni(z = 0,t)/nm™!

20L -

N S S,

0 20 40 60 80
t/ms

Fig.1. Density of the spin-1 wave packets at z = 0
versus time t, under the action of a harmonic poten-
tial. The initially localized atoms have been delocal-
The density ni(z = 0,t)

, 7 denotes the separation

ized over two lattice sites.

is given in units of nm~—!

between the two wave packets of an atom after a spin-

dependent transport.

3.2. Density distributions of spin-1 wave pack-

ets

For the sake of contrast, we consider the density
distributions of the spin-1 wave packets after the op-
tical lattice is switched off, with the time of flight be-
ing 14ms. The analytical result at time t is given by
Eq.(13). Shown in Fig.2(a) is the density distribution
(in units of nm 1) in state |1) at ¢ = 14ms after the ini-
tially localized atoms have been delocalized over two
lattice sites. In the following figures plotted in this
paper, the horizontal coordinate x is in units of pym

1. The
density distributions in the cases that the initially lo-

and the vertical coordinate is in units of nm™

calized atoms have been delocalized over three (b),
four (c), five (d), six (e), and seven (f) lattice sites are

also given in Fig.2.
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Fig.2. Density distributions of spin-1 wave packets under the action of a harmonic potential in the cases that the initially

localized atoms have been delocalized over two (a), three (b), four (c), five (d), six (e), and seven (f) lattice sites. The time

of flight is 14ms. The vertical coordinate n1(z, t)is in units of nm™! and the horizontal coordinate z is in units of gm.

With increasing r, one can see that the interfer-
ence peak number increases while the fringe spacing of
the interference patterns decreases further and the vis-
ibility of the interference patterns reduces distinctly.
On the other hand, we find that the minimum of each
interference peak in the interference patterns is zero,
which is different from the case of the combined po-
tential being switched off.[27-28]

3.3. Evolution of the density distribution

In Fig.2, we have given the density distributions
in state [1) at ¢ = 14ms. However, it is hard to dis-
criminate the free expansion of the atomic wave pack-
ets from the expansion under the action of harmonic
potential only in terms of the interference peak num-

ber and the visibility of the interference patterns. In

- 7'5 S v T T T M L
'E (a) t=1ms
S 5.0¢F r=2d
Y 2sh .
g€ oo0l— L L
-40 -20 0 20 40
lE 1.8F (c) t=15ms |
& 1.9k r=2d
¢ oo /\/\. ]
E‘ 0 L 1 il
-200 -100 0 10 200

z/pm

this context, we plot the evolution of the density distri-
bution of spin-1 wave packets in Fig.3, where the ini-
tially localized atoms have been delocalized over three
lattice sites by using a 7/2 — 7 — /2 microwave pulse
sequence.

From Fig.3, we find that the evolution of the den-
sity distribution exhibits a periodic behaviour with a
period of T' = 31.25ms, which is in accord with the an-
alytical result in Egs.(8) and (9). Shown in Fig.3(c)
is the density distribution of spin-1 wave packets at
time t = 15ms. In contrast to the interference pat-
terns resulting from the free expansion of the atomic
wave packets, we can see clearly here the minimum of
each interference peak is zero (see Fig.3(c)), which in
turn provides a way to test our theoretical model in

future possible experiments.

3.6 - T M T M T T T M
(b) t=5ms

2.4
1.2
0.0

7.5
5.0
2.5

0.0

z/pm

Fig.3. Evolution of the density distribution in state |1) with time ¢, under the action of a harmonic

potential in the case that initially localized atoms have been delocalized over three lattice sites. The density
distributions are shown at ¢t =1ms (a), 5ms (b), 15ms (c), and 32.25ms (d).
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3.4. Density distributions of spin-0 wave pack-
ets
Now we discuss the density distribution of spin-0
wave packets (i.e., density distribution of the atomic

wave packets in state |0)). Similar to the foregoing

the interference patterns in state |1), the positions
of the sharp peaks in Figs.4(a)-(f) become those of
local minimum densities in the density distributions
shown in Figs.2(a)—(f), and vice versa, which can be

interpreted by the conservation of energy and particle

analysis, the analytical result of the density distribu-  number.
tions in state |0) is given by Eq.(12). In contrast with
- 1.6F 7 T T T T T 1.6F T T T T L p—
! F (a) t=14ms (b) t=14ms |
E - r=d I r=2d
= 08p 0.8 1
&g L L ]
g 0.0 [ N LN 0.0 — /\ A ) /\A
-200 -100 0 100 200 -200 -100 0 100 200
- 1.6 - T T T T T 1-6 E T T T T T =
lE (c) t=14ms ) t=14ms |
£ [ r=3d r r=4d
=~ 08 4
go 0.0 LA\ 1 N e
-200 -100 0 100 200
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= o8} 1
€ 0.0L-nnlVV, A'RTA
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Fig.4. Density distributions of spin-0 wave packets under the action of a harmonic potential in the case that the

initially localized atoms have been delocalized over two (a), three (b), four (c), five (d), six (e), and seven (f) lattice

sites. The time of flight is 14ms. The vertical coordinate nq(z,t)is in units of nm~! and the horizontal coordinate

z is in units of pm.

4. Conclusion

In conclusion, we have investigated the den-
sity distributions and evolution of the spin-dependent
atomic wave packets in a magnetic trap. After a spin-
dependent transport, the atomic wavefunction can be
well described by an entangled single-atom state be-
tween the internal degree of freedom (spin) and the
spatial degree of freedom (spatial wave packet). In
the presence of the harmonic potential, we find that
the density distribution exhibits a periodic decay and
revival (see Fig.1). In contrast with the interference
patterns resulting from the free expansion, the mini-
mum of each interference peak in the density distri-
bution at ¢ = 15ms (or ¢ = 14ms) becomes zero when

the evolution of the atomic wave packets is investi-

gated under the action of a harmonic potential (see
Figs.2—-4). The unique phenomenon provides a way
to test the validity of our theoretical model in the
present experimental techniques. In addition, since
the system experiences a Mott insulator transition and
a spin-dependent transport before the optical lattice is
switched off, the evolution of the atomic wave packets
in the harmonic potential is much more complicated

29-32] which will re-

than that of the common cases,!
dound to the exploration of the physics of the inter-

ference.
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