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By means of an extended mapping approach, a new type of variable-separation excitation is derived with two arbi-

trary functions in a (2+1)-dimensional modified dispersive water-wave system. Based on the derived variable-separation

excitation, abundant nonpropagating and propagating solitons such as dromions, rings, peakons and compactons are

revealed by selecting appropriate functions in this paper.
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1. Introduction

Higher-dimensional localized excitations attract
considerable interest. For instance, the discovery
of the Bicklund transformation by Boiti et allll
for dromion-type coherent soliton solutions of the
Davery—Stewartson system provided renewed inter-
est in three-dimensional soliton systems. In a re-
cent study on higher-dimensional nonlinear physi-
cal models, much effort has been focused on propa-
gating solitons.2~4 However, their nature is colour-
ful, and there may exist many nonpropagating soli-
tons, just as Wu et all® reported about the non-
propagating hydrodynamical solitons in their exper-
iment. Actually, there are many studies on nonprop-
agating hydrodynamical solitons both in theory and
experiment, '] However, to the best of our knowl-
edge, very few reports on nonpropagating solitons
in higher-dimensional nonlinear physical models have
been found, especially, in some well-known nonlinear
dynamic systems. In this paper, as a concrete exam-
ple, we will report and discuss these phenomena in

the following well-known (241)-dimensional modified

dispersive water-wave (MDWW) system:!”]

2
Uyt + Ugpzry — 2Up0 — (U ):cy = 07

Vg — Vg — 2(uv), = 0. (1)

The MDWW system was used to model nonlinear
and dispersive long gravity waves travelling in two
horizontal directions on shallow waters of uniform
depth, and can also be derived from the well-known
Kadomtsev—Petviashvili (KP) equation using the sym-
metry constraint.’®! Abundant propagating localized
excitations were derived by Tang et al!? with the help
of Painlevé-Backlund transformation and a multilin-
ear variable separation approach. However, as far as
we know, nonpropagating solitons in the MDWW sys-
It is

worth mentioning that this system has been widely

tem have not been reported in the literature.

applied in many branches of physics, such as plasma
physics, fluid dynamics, nonlinear optics, etc. So, a
good understanding of more solutions of the MDWW
system (1) is very helpful, especially for coastal and
civil engineers in applying the nonlinear water model

in harbour and coastal design. Meanwhile, finding
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more types of solutions to system (1) is of fundamen-
tal interest in fluid dynamics.

As is well known, to search for solitary wave so-
lutions for a nonlinear physical model, we can exploit
different approaches. One of the most efficient meth-
ods for finding soliton excitations of a physical model
is the so-called mapping transformation method.®:1%]
The basic idea of the algorithm is that, for a given
nonlinear partial differential equation (NPDE) with
independent variables * = (zg = t,z1,T2, -+, Tm),

and dependent variable u,

P(u, Uz Uzjajy -

) =0, (2)

where P is in general a polynomial function of its ar-
gument, and the subscripts denote the partial deriva-
tives. Lu and Zhang 1% assume its solution in the

following form:

with

¢ =0 +¢%, (4)
where a;(z) = a; and w(z) = w are arbitrary func-
tions of ¢ = (zg = t, 1,22, -+, &), 0 is a constant
and the prime denotes ¢ differentiated with respect
to w. To determine u explicitly, one may take the
following procedure. First, similar to the usual map-
ping approach, determine n by balancing the high-
est nonlinear term and the highest-order partial term
in the given NPDE. Second, substituting Eqgs.(3) and
(4) into the given NPDE and collecting coefficients
of polynomials of ¢, then eliminating each coefficient
to derive a set of partial differential equations of
a;(i = 0,1,

of partial differential equations to obtain a; and w.

,n) and w. Third, solving the system

Finally, as Eq.(4) possesses the general solution

—+/—otanh(y/—0ow), o <0,
—y/—0 coth(y/—ow), o <0,
¢ =< +otan(y/ow), o >0, (5)
—+/0 cot(y/ow), o >0,
_—1, oc=0,
w

substituting «;, w and Eq.(5) into Eq.(3), one can ob-
tain the exact solutions of the given NPDE.

2.New variable-separation exci-
tations for the (2+1)-
dimensional MDWW system

To solve the (241)-dimensional MDWW system,
we first consider the following Painlevé—Backlund

transformation for v and v in Egs.(1):

u=(Inf)y +uo, v=>Inf)gy+ vo, (6)

which can be derived from the standard Painlevé trun-
cated expansion, where the functions uwy = wug(z,t)
and vy = 0 are seed solutions of the MDWW system
(1). Based on Eq.(6) and the seed solutions, we can
straightforwardly obtain a simple relation for u and v:
V= Uy.

Inserting v = u, into Egs.(1) yields a single non-

linear equation:

Oy (Us — Uz — 2un,) = 0. (7)

Now we apply the extended mapping approach to
Eq.(7). By balancing the highest nonlinear term and

the highest-order partial term, ansatz (3) becomes
u = f(xayat)+g(xay7t)¢(Q(may7t))a (8)

where f = f(z,y,t), g = g(z,y,t) and ¢ = ¢(z,y,t)
are arbitrary functions of {z,y,t} to be determined.
Substituting Eq.(8) together with Eq.(4) into Eq.(7),
and collecting coefficients of polynomials of ¢, then

setting each coefficient to zero, we have

699:9y(qz +9) =0, (9)

— 290y Gt + 49929y + 29° Gy + 299y Qun + 29402
+ 499292y + 4929y9e + 49929y + 49299, = 0, (10)

99wy + Gylex + 2f299y + 21 992y + 299z [y

+ 2990y + 2f9y4e — 9% + 8970w ay0

+ 292Gzy + 899y 050 + 2f 920y + 2929y

+ 292yqz — 919y + Gzaqy — 99yt = 0, (11)

294020 — 290,010 + 2f Guy + 290 fy — Gyt
+4929:9y0 + Gzay + 4992940 + 2f2gy

+ 20%qay0 + 4992Gay0 + 49:99y0

+ 4f94y9:0 + 29 fzy + 290yqz20 = 0, (12)

9yQz20 + 9GwayT — G1qy0

+ 207404y 0” + foay — Fyt — 9210
+2f9yq20 + 2fofy + 2f299y0

+2f929y0 — 9y @10 + 299a fyo

+ 2f992y0 + GralyT + 2945qy0°

+ 2942920 + 292q2y0 + 2f fzy = 0. (13)
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According to Egs.(9)—(13) and through careful

calculations, we finally obtain the following exact so-

lution:
9 = —qxz, (14)
7qma:+qt
= e T 15
fo ezt (15)
q = x(z,t) + #(y), (16)
where x = x(z,t), ¢ = ¢(y) are two arbitrary

variable-separation functions of {z,t} and y respec-
tively. According to the solutions of Eq.(4), one can
obtain new types of variable-separation excitations of
the (2+1)-dimensional MDWW system (1).

Case 1 For o < 0, we can derive the following

solitary wave solutions of Egs.(1):

- .'c:c+
Uy = % + v —o Xz tanh(v—o(x + ¢)), (17)

V1 = —0XaPy T OXaPy tanhZ( V _U(X + (p), (18)

“Xzx +
ug = % + vV —0oxz coth(vV—o(x + ¢)), (19)

V2 = —0XzPy + OXzPy COthQ( \% 7U(X + (p)a (20)
where x = x(z,t) and ¢ = p(y) are two arbitrary
functions of the indicated variables.

Case 2 For 0 > 0, we can obtain the following

periodic wave solutions of Egs.(1)

—Xazz T X
us = Tf — Voxatan(vVo(x +¢)),  (21)

V3 = —0Xay — OXapy tan®(Vo(x +¢)),  (22)

—Xazz + X
uy = Tt +Voxzcot(vVolx + ),  (23)

Vs = Xy — OXapy cOt (Vo (X + ), (24)
with two arbitrary functions x(z,t) and ¢(y) .

Case 3 For ¢ = 0, we obtain the following

variable-separation solution of Eqgs.(1):

—Xzz + Xt X
U = + , 25
° 2Xx X+ (25)
Xz Py
vy = — LTV 26
N (26)

with two arbitrary functions x(z,t) and ¢(y).

3. Nonpropagating solitons
and propagating solitons in the
(241)-dimensional MDWW

system

For simplification in discussion, we analyse mainly
some special nonpropagating localized excitations of
solutions expressed by vy, while the corresponding
propagating localized excitations will be briefly dis-
cussed in the end of this section. Now we rewrite

solutions vy in a simple form V| namely
V=uv= —Xmgoyasech2(\/—a(x+cp)), (0 <0). (27)

Due to the arbitrariness of the functions x(z,t)
and ¢(y) included in above case, the physical quan-
tity v; may possess rich localized structures of coher-
ent solitons. For example, when x(z,t) = a(kz + ct)
and ¢(y) = B(y), where a and 3 are arbitrary func-
tions of the indicated arguments, then the solution v
may contain abundant localized coherent excitations
with propagating property. Obviously, one of the sim-
plest travelling solitary wave excitations can be eas-
ily obtained when x(z,t) = kx + ¢t and ¢(y) = ly,
where k,l and c are arbitrary constants. Meanwhile,
still based on the above solution, we may also derive
rich non-travelling excitations, which are not propa-
gating solitary waves,[% just as Wu et all® reported
about the nonpropagating hydrodynamical solitons in
1984. For instance, when the arbitrary functions are
selected to be x(z,t) = ¢(z) + 7(t) and ¢(y) = B(y),
where ¢, 7 and 8 are also arbitrary functions of the in-
dicated arguments, then we can obtain many kinds of
nonpropagating solitary wave solutions like dromions,
rings, peakons, compactons and so on. Moreover, if
7(t) is considered to be a periodic function or a so-
lution of a chaos system like Lorenz chaos system,!]
then the nonpropagating solitons may possess periodic

or chaotic behaviours.
3.1. Dromion and dromion lattice excitations

According to the solution V' (27) and setting
o = —1, we first discuss its dromion excitation which
is one of the significant localized excitations localized
exponentially in all directions. When the simple se-

lections of the functions x and ¢ are given to be

x =0.1tanh(z + 6) + 0.15 tanh(x) + sin(t),
¢ =0.1tanh(y), (28)

we can obtain a two-dromion excitation for the physi-
cal quantity V, as shown in Fig.1(a). The correspond-
ing evolutional plot is depicted in Fig.1(b).
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Fig.1. (a) A two-dromion plot of the solution V expressed by Eq.(27) under the condition (28) at time
t = 0. (b) The corresponding evolutional plot related to (a) at y = 0 and at times t = —3,t =0, t = 3.
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Fig.2. (a) A dromion-lattice plot of the solution V expressed by Eq.(27) the conditions (29) and (30)
at time ¢t = 0. (b) The corresponding evolutional plot related to (a) at y = 0 and at times t = —3, ¢t =0

and t = 3.

Remark In the following plots, we utilize differ-
ent curves to express different cases: the dotted curve
indicates an initial case and the solid curve represents
the ultimate case while the dashed one corresponds an
intermediate one of the given times.

Along with the above lines, if taking

M
X = Z 0.1tanh(z 4+ 4m) +sin(t),  (29)
m=—M
N
= > O0ltanh(y+4n), M=N=3  (30)
n=—N

then we can obtain a 7x7 “dromion lattice” excitation
for the physical field V. The corresponding dromion
lattice plot is presented in Fig.2.

3.2. Ring soliton and standing breather excita-

tions

In high dimensions, in addition to the point-like
localized coherent excitations, there may be some
other types of physically significant localized excita-
tions. For instance, in (241)-dimensional case, there
are some types of ring soliton solutions which are not
equal to zero identically at some closed curves and de-
cay exponentially away from these curves. Based on
the solution V' (27) (¢ = —1), for example, when the

functions x and ¢ are considered to be

x=-2"+1*, o=-y% (31)
we can obtain a ring soliton excitation for the physical
quantity V.

Meanwhile, the ring soliton solution is also a
standing breather excitation of the (241)-dimensional
MDWW system. The related evolutional plots are
presented in Fig.3.
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Fig.3. The ring breather evolutional plots of the solution V expressed by Eq.(27) under the condition (31)

at time (a)t = —4. (b) The evolutional contour plot related to (a); and the values of the contours are set to

be |V]| = 0.5 at times t =0, t = 2 or —2 and ¢t = 4 or —4 respectively from inside to outside.

3.3. Peakon and compacton excitations

Similarly, according to the solution V' (27), we can
obtain some weak-localized excitations such as peakon
and compaction excitations.['2! For example, when se-
lecting x and ¢ to be some piecewise smooth functions,

we can derive some multipeakon excitations

M
X;(x), z <0,
X = sin(¢t) + Z (z)
i1 | —Xi(—2) +2X5(0), x>0,
(32)
N
Yi(y), <0,
o=1+ Z (y) ) (33)
iz1 | —Yi(-y) +2Yi(0), y>0,

where the functions X;(z) and Y;(y) are differen-

tiable functions of the indicated arguments and pos-

0.0002

0.0000
-10

sess the boundary conditions X;(+o0) = Cq,, (1 =
1,2,...,M), Yi(too) = Dy;, (i = 1,2,...,N),
where C; and D, are constants and/or even infinity.

For instance, when choosing

X1 = 0.lexp(z + 5),

X1 = 0.3exp(z),

X3 = 0.1exp(z — 5), (34)
Y; = 0.1lexp(y + 1),

M=3 N=1, (35)

we can derive a three-peakon excitation for the so-
lution V' expressed by Eq.(27).
three-peakon excitation plot is depicted in Fig.4.

The corresponding

(b)

0.002 1 - ) 3

0.001 -

~10 5 0 5 10

Fig.4. (a) A three-peakon soliton structure of the solution V' expressed by (27) under the conditions (34) and (35)
at time ¢t = 0. (b) The corresponding evolutional plot related to (a) at y = —2 and at times t = —3, ¢t =0 and t = 3.

Similarly, if x and ¢ are fixed in another types of
piecewise smooth functions, then we can derive com-
pacton excitations as
0,

Hi(z) — Hi(z1i),
Hi(z2;) — Hi(21:), © > 22,

r < x4,

T1; < T < T4,

M
X = sin(t)—l—z
i=1

(36)

and
N 07 ) S Y15,
e=1+Y 3 Gily) ~Gi(y), w1 <y <y,
=1
! Gi(y25) — Gj(y1s)s Y > Y25,
(37)

where the functions H; and G are all arbitrary differ-

entiable functions under the conditions Hiz|z—z,, =
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Hiz|m:a:2,-
physical quantity V' (2

=0, Gjyly=y; = Gjyly=y; = 0. So the
7) will become some kinds of

higher dimensional multiple compacton solutions. A

simple example of compacted solitary waves is de-

picted in Fig.5 for

0 < "
Z Loi — 57
M ’ = %0 2k
i ™
X = Sil’l(t) + z; h; sm(kz(m — xol)) + hi, To; — % <x < xo; + Tk:i’ (38)
1= ™
2hi7 i PY R
T > To; + 2%k,
0 < -
) Y >Yoi — 57
N - 2l; -
<p:1+z djsin(l;(y — yo;)) + d;, ij*ﬁj<y§y0j+ij, (39)
= 2 > yoj + —
j ) Yy Yoj a7 0
J J 2l_7

under conditions M = 2N =2, hy = d; = 0.3, hy = 0.6, ko = 2k; = 2l; = 2, 291 = Yo1 = 0 and xgo = 4.
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(a) Two-compacton solitary wave excitation determined by solution (27) with function selections

(38) and (39) at time ¢ = w/2. (b) The corresponding evolution plot of the two-compacton excitation related

to (a) at times t = —3,t =0 and t = 3.

Certainly, in the above cases, if the independent
variable z is replaced by x + ct (since the function
X(z,t) is an arbitrary function {z,t}), then all the
above nonpropagating solitons will become propagat-

ing solitons, A simple example for the travelling ring

soliton is presented in Fig.6. The corresponding pa-
rameters selected are directly presented in the figure
captions. Other similar cases are neglected in the

present paper.

Fig.6. (a) A propagating ring structure of the solution vy expressed by Eq.(27) under the condition

x=—(z—
to (a); and the value of the contour figure is set to be |V| = 0.5 at times t = 0, t = 3, t = 6 travelling

t)24+4,p = —y?+4 at time t = 2. (b) The corresponding evolutional contour plot related

from left to right.
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4. Summary and discussion

In summary, by means of an extended mapping
approach, the (2+1)-dimensional MDWW system has
been successfully solved. Based on the derived new
types of variable-separation solutions with two arbi-
trary functions, we have found some localized excita-
tions, which possess propagating or nonpropagating
property, by selecting the arbitrary functions appro-
priately. Actually, even according to the solution vy
(26), we can also obtain these propagating and non-
propagating solitons. The main reason is that, com-

paring the common formula (1.1) in Ref.[2] with the

solution vs (26), one can easily find that they are es-
sentially equivalent when choosing parameters appro-
priately. Therefore, all the localized excitations based
on the common formula (1.1) in Ref.[2] can be re-
derived from the solution vs (26). This paper is only
a beginning work. We hope the mapping approach
used in the present work may be further extended to

other nonlinear physical systems.
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