Vol 14 No 4, April 2005
1009-1963/2005/14(04) /0669-07

Chinese Physics

© 2005 Chin. Phys. Soc.
and IOP Publishing Ltd

New exact excitations and soliton fission

and fusion for the (2+1)-dimensional

Broer—Kaup—Kupershmidt system’

Fang Jian-Ping(/ & F)»t and Zheng Chun-Long(¥3% )
a) Department of Physics, Zhejiang Lishui University, Lishui 323000, China

) Shanghai Institute of Applied Mathematics and Mechanics, Shanghai University, Shanghai 200072, China

(Received 14 June 2004; revised manuscript received 13 December 2004)

With the help of an extended mapping approach, a series of new types of exact excitations with two arbitrary func-

tions of the (241)-dimensional Broer-Kaup—Kupershmidt (BKK) system is derived. Based on the derived solitary wave

excitation, some specific soliton fission and fusion solutions of the higher-dimensional BKK system are also obtained.
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1. Introduction

It is well known that the interaction between soli-
ton solutions of integrable models is considered to be
completely elastic. That is to say, the amplitude, ve-
locity and wave shape of a soliton are not changed
after nonlinear interaction.!!) However, for some spe-
cific solutions of some (2+1)-dimensional models, the
interactions among solitonic excitations like peakons
and compactons are not completely elastic since their
shapes are changed after their collisions.?! Further-
more, for some (141)-dimensional models, two or
more solitons may fuse into one soliton at a specific
time while sometimes one soliton may fission into two
or more solitons at another specific time.[3 These
phenomena are often called soliton fusion and soli-
ton fission respectively. These soliton fusion and fis-
sion phenomena have been observed in many phys-
ical systems such as organic membrane and macro-
molecular material,/¥ and many physical fields like
plasma physics, nuclear physics and hydrodynamics.[®!
Recently, Zhang et all® and Lin et all” have stud-
ied the evolutions of soliton solutions for two (1+41)-
dimensional PDEs with time and revealed the solitons

fission and soliton fusion phenomena. Wang et all®!

further discussed two (141)-dimensional models, the
Burgers equation and the Sharma—Tasso—Olver (STO)
equation, via Hirota’s direct method and the Backlund
transformation, and also found the soliton fission and
soliton fusion phenomena. Now an interesting and im-
portant problem is whether we can obtain the soliton
fission and fusion solutions in higher-dimensional sys-
tems. The main purpose of this paper is to search for
these significant soliton fission and soliton fusion phe-
nomena in the following celebrated (2+41)-dimensional
Broer-Kaup-Kupershmidt (BKK) system:!"]

Hy, — Hypy+2(HH,)y +2Gy, = 0,
Gi+2(GH), + Gy =0. (1)
The BKK system (1) is used to model the nonlin-

ear and dispersive long gravity waves travelling in
two horizontal directions in shallow water with uni-
form depth, and it can be also derived from the cele-
brated Kadomtsev—Petviashvili (KP) equation by the
symmetry constraint.'1° When y = z, the (2+1)-
dimensional BKK system is reduced further to a usual
(141)-dimensional BKK system, which can be used
to describe the propagation of long waves in shallow
water.['1] Using some suitable dependent and indepen-

dent variable transformations, Chen and Lil'?l have
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proved that the (2+1)-dimensional BKK system can
be transformed to the (2+1)-dimensional dispersive
long wave equation (DLWE) and (241)-dimensional
Ablowitz—Kaup-Newell-Segur (AKNS) system. The
(241)-dimensional BKK system has been widely in-
vestigated in detail by many researchers.!'3] However,
to the best of our knowledge, its soliton fission and
soliton fusion phenomena have not been reported in

the preceding literature.

As is well known, in order to search for the soli-
tary wave solutions to a nonlinear physical model, we
can apply different approaches. One of the most effi-
cient methods of finding soliton excitations of a phys-
ical model is the so-called mapping transformation
method.l"*15] With the mapping transformation idea
and based on the general reduction theory,!'®! we ex-
tend the mapping approach. The basic idea of the
algorithm is as follows. For a given nonlinear partial
differential equation (NPDE) with independent vari-
ables x = (zg = t, 1,22, -+, Tm) and dependent vari-

able u,it may be in the form
P(u7ut7u1i7ul‘i1]‘7”.) =0, (2)

where P is in general a polynomial function of some ar-
guments, and the subscripts denote the partial deriva-
tives. We assume that its solution is in an extended

symmetry form, namely

u= Y ai(@)¢'(w(z)), (3)

with
¢ =0+ ¢ (4)

where «;(z), w(z) are arbitrary functions to be deter-
mined, z = (zg = t,21,%2, -+, Ty,), 0 iS a constant
and the ¢’ denotes the first derivative of function ¢
with respect to w. To determine u explicitly, one can
use the following procedure: first, determining n in an
approach similar to the usual mapping approach by
balancing the highest nonlinear term and the highest-
order partial term in the given NPDE; second, sub-
stituting Eqgs.(3) and (4) into the given NPDE and
collecting coefficients of polynomials of ¢, then elimi-
nating each coefficient to construct a set of partial dif-
ferential equations of «o;(x)(i = —n,...,—1,0,1,...,n)
and w(z); third, solving the system of partial differ-

ential equations to obtain «;(z) and w(z). Finally, as
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Eq.(4) possesses the general solution
—+/—otanh(y/-ow), o <0,
—+/—o coth(y/—ow), o <0,
¢ =< +/otan(y/ow), o >0, (5)
—+/0 cot(\/ow), g >0,
-1
R o= 07
w

substituting a;(z), w(z) and Eq.(5) into Eq.(3), one

can derive the exact solutions of the given NPDE.

2.New exact solutions of the

(241)-dimensional BKK sys-

tem

First, let us make a transformation for Eq.(1):

G = H,. Substituting the transformation into Eq.(1)
yields

Hy +2(HyH)y + Hyzy = 0. (6)

Now we apply the extended mapping approach to
Eq.(6). By using the balancing procedure, the ansatz

(3) becomes

H=f+g¢(q)+ho™ ", (7)

where f, g, h and ¢ are arbitrary functions of {z,y,t}
to be determined. Substituting Egs.(7) and (4) into
Eq.(6) and collecting coefficients of polynomials of ¢,

then setting each coefficient to zero, we have

699y9: (¢ +9) =0, (8)

4Qwa(g + fg + gz) + 2‘]wy(2QE + 92)
+ 0y (4929 + 29G2a + 299:) + 29,42 =0,  (9)

84yq290 (9 + o) + 20y (fg + 9 + 92)
+ay(2f gz + 9t + Gzx + 2f29)

+ ¢2(292y + 29y +2f9y) + 9ayt

+ 2929y + 9way + 9y(qt + ¢22) =0,  (10)

290q2y(2q + 9) + 40429y (f9 + 9 + 92)
+2fa:gy+2g.fwy+2gwfy+2fgzy =0, (11)

4hqyq.o(f + 1) + 2hquy (29,0 — h)

+ 2hqyo (@ + qow) + 2¢zhy(geo — 2h) + 2f2hy,

+ hogy — 4hhyqy + hys + 2hfry

+ 2hg fy + 2fhay =0, (12)
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Quy0(—h — 2fh — 2h,) + 8¢.qy0(h* — q,0)

= qyo(2feh +2fhy + ht + hy)

— qz0(2hfy 4 2hyy + 2fhy) — hogy: — hyqe.0

+ 2hhyy + 2hyhy — hyqio =0, (13)

thy‘72(2f% + q2z) + 4hyqyo (g0 — h)
+ 2thqta2 + 2hg20? + qmy(4hqxa2 _ 2h20)

T

+ 2h,q20? — 4hgyhyo =0, (14)

6hqwqy02(h —q,0) =0, (15)

2hay(9 — 292) + 29uy(h — 2920) + Quwy(go — h)

+ @z (9y0 — hy) + qyi(go — h)

+q(2fg9y0 +29fy0 — 2hfy, — 2fh,)

+ quy(2fg0 — 2hy — 2fh + 2g,0)

+ 9y(q:0 + 2hy) + hy(29. — q1)

+ fyt + foay + 2f foy + 2f2 fy

+ qy(2gqia2 —2hq20 — 2fh,

+29%020" + goa0 + G10 + 2£g,0)

+2h%q, + 2fug0 — hy — 2fsh — hyy) = 0. (16)

Based on Egs.(8) and (15), we have

g = —Qz, h = qz0. (17)

Reducing Egs.(9)-(14), (16) by using Eq.(17), we ob-
tain

Qza + qt
/ 2, (18)

with

(12¢2,0¢ — 44290029t — 882 9waTran

— AQ1qe ot + 2t — 80w2laTat + 20 0ot + 32aq;
+9¢}, — 160¢s0qy + @2 araa) ey

+ (2¢2quar — 490900 — 20190 Gar + 445000y + 205 Qara
— 20102 Gan + 2020ut )@yt + (202Gt + 402000 ) quyt

— (9202, + 92} — 492 Gran + 4q0ut

+ 16620 + 8000140 ) ooy + (2005 + 492202 ) dozay

- qi (qzwa::cy + 2qzayt + Qytt) =0. (19)

Substituting Eqgs.(17), (18) and the solution of Eq.(19)

into Eq.(7), we can obtain the solution of Eq.(6).
Obviously, it is very difficult to obtain the general

solution of Eq.(19). Fortunately, in this special case,

one of special solutions can be expressed as

q=x(z,t) + ¢(y), (20)

where x = x(z,t),¢ = ¢(y) are two arbitrary
variable-separable functions of x, ¢, and y respectively.
Based on the solutions of Eq.(4), one can obtain the
exact solutions of Eq.(1).

Case 1 For o < 0, we can derive the following

solitary wave solutions of Eq.(1)

T +
Hy=— 22T Xt e tanh(v—o(x + ¢))

2Xa
V= o A 21
Hy = = X=X /oy, coth(V=a(x + )
- \/2—_0€0th€\>/<i_0(x + 902)) ’ 2

with two arbitrary functions being x(z,t) and ¢(y).
Case 2 For ¢ > 0, we can obtain the following

periodic wave solutions of Eq.(1):

Xzz + X
Hy = = XX oy tan(yo(x + )

+ O Xz
Vo tan(vo(x + ¢))’
 [an(/Ex + 9) + Poxesy
@ = wi(Volcre) 0 O

rx +
Hy = = 25 25 4 ox cot(Va(x + ¢)

(25)

UX:E
Vo eot(va(x +¢))
[cot?(Va(x + ) + 1]Poxapy
cot?(vo(x + ¢)) ’

with two arbitrary functions being x(z,t) and ¢(y).

(27)

Gy=— (28)

Case 3 For ¢ = 0, we can derive the following

variable-separable solution of Eq.(1)

Hs = + , 29

° 2Xx X+ (29)
XzPy

Gs=— 27V 30

ST ot ) (30)

with two arbitrary functions being x(z,t) and ¢(y).

3.Some specific examples: soli-

ton fission and fusion solutions
in the (2+1)-dimensional BKK

system

In this section, we mainly discuss the solitary
wave solutions, namely Case 1. Owing to the arbi-

trariness of the functions x(z,t) and ¢(y) included in
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this case, the physical quantities H and G may possess  x(z,t) and ¢(y) are considered to be
rich localized structures. For simplicity in the follow-
ing discussion, we merely analyse the solitary wave x =14 0.1sech(z +1t) + 0.5sech(z - t),
excitation G expressed by Eq.(22) and rewrite it in a ¢ =1+ 0.1sech(y), (32)
simple form, namely

and 0 = —1 in Eq.(31), we can obtain a solitary

= _Gl == 0XzPy COthz(\/__o'(X + 90))
x sech*(v=a(x + ¢)). (31)

Generally, the interactions between solitons may

be regarded as completely elastic. For instance, when

wave solution of Eq.(1) with elastic behaviour. Fig-
ure 1 shows an evolutional profile corresponding to
the physical quantity G expressed by Eq.(31). From
Fig.1 and through detailed analysis, we find that the
shapes, amplitudes and velocities of the two solitary

waves are completely conserved after their interaction.

Fig.1. The evolutional profile of two solitonic structures for the solution G expressed by Eq.(31)
under the condition (32) at different times (a) t = —8, (b) t = —4, (¢) t =0, (d) t = 4, (e) t = 8,

respectively.

While for some specific cases, the interactions be-
tween solitons are nonelastic. For example, if x(z,t)

and ¢(y) are chosen to be

X = 1+ 0.1tanh(z + ¢) + 0.05 tanh(z — ¢t),
¢ =1+ 0.1tanh(y), (33)

and 0 = —1 in Eq.(31), we can obtain another type
of solitary wave solution of Eq.(1) with nonelastic be-
haviour. Figure 2 shows an evolutional plot of two-
dromion solution G expressed by Eq.(31). From Fig.2,
we can see that the two solitary wave shapes and their

amplitudes are changed after their collisions.
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Fig.2. The evolutional plot of two-dromion solution G expressed by Eq.(31) under the condition
(33) at different times (a) t = —8, (b) t = —4, (c) t =0, (d) t =4, (e) t =8.

From the above discussions, one can deduce that
the solitary wave excitations may possess some novel
properties that have not been revealed. Recently, it
is reported both theoretically and experimentally that
fission and fusion phenomena can happen for solitons
or solitary waves, which are essentially equivalent to
the completely nonelastic behaviour.8! Now we focus
our attention on these intriguing fusion and fission
phenomena for the solitary wave solutions G, which
may exist under certain circumstances. For instance,

when we select the arbitrary functions x and ¢ to be
x =(1 4 exp(2z + 3t))?
+ 0.8exp(2x — 3t)(1 + exp(2z — 3t)) 2,
¢ =exp(2y + 3), (34)
and substitute Eq.(34) with ¢ = —1 into Eq.(31), we
can obtain a new kind of solitary solution of Eq.(1).

Figure 3 shows an evolutional profile corresponding to

the physical quantity G of the two-dromion solution

expressed by Eq.(31), exhibiting a fusion phenomenon
for the two solitons. From Fig.3, we can clearly see
that the two single-solitons fuse to one soliton finally.

Along with this line, considering x and ¢ to be

X =[exp(5z + 5t) + 0.8exp(2x + 3t)
+ 0.5exp (2 + 4t)](1 + exp(2z + 3t)) 2,
¢ =exp(2y + 3), (35)

and o0 = —1 for the solution G expressed by Eq.(31),
we can obtain another new type of solitary excita-
tion with apparently different properties presented in
Fig.4, compared with the fusion phenomenon in Fig.3.
From Fig.4, we can find that one single-soliton fissions
into three solitons.

Certainly, if we consider other selections for the
arbitrary functions x and ¢ like Jacobian functions,
then we may derive some new solutions with double

periodic properties, which are neglected in this paper.
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Fig.3. The evolutional profile of two single-soliton fusion into one soliton for the solution G expressed
by Eq.(31) with condition (34) at different times (a) t = —6, (b) t = =3, (c) t =0, (d) t = 3.
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Fig.4. One single soliton fission into three solitons evolutional plot of the solution G expressed by
(31) with condition (35) at different times (a) t =0, (b) t =2, (c) t = 4,(d)t = 6, respectively.

4. Summary and discussion

In summary, by means of an extended map-
ping approach, the (2+1)-dimensional BKK system
is successfully solved. Based on the derived new
type of variable-separable solutions with two arbi-
trary functions, we have given some specific exam-
ples such as soliton fission and fusion solutions of a

higher-dimensional BKK system. Usually, it is con-

sidered that the interactions among solitons are com-
pletely elastic. However, for some specific cases, the
soliton interactions may be nonelastic or completely
nonelastic. From the above analysis, we can see that
these intriguing phenomena may occur in a higher-
dimensional soliton system if we choose appropriate
initial conditions or boundary conditions for the given
system, which are similar to those in some (1+41)-

dimensional cases studied by several authors.[6—8] Al-
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though we have given out some soliton fusion and fis-
sion phenomena in the (241)-dimensional case, it is
obvious that there are still many significant and in-
teresting problems to be further discussed. As the
authors®=8! have pointed out in (1+1)-dimensional
cases, these problems are as follows. What is the nec-
essary and sufficient condition for soliton fission and
fusion? What is for soliton elastic and nonelastic in-
teractions? What is the general equation for the dis-
tribution of the energy and momentum after soliton
fission and soliton fusion? How can we use the soliton
fission and soliton fusion of integrable models to inves-
tigate the observed soliton fission and soliton fusion in
the experiments? These are all the pending issues to
be further studied.

Meanwhile, it is interesting to mention whether,

based on the solution (30), we can obtain abundant

localized excitations such as dromion, lump, peakon,
compacton and foldon etc, which are neglected in
our present paper. Comparing the general formula
(1.1) in Ref.[1] with the solution (30), one finds eas-
ily that they are essentially equivalent to each other
when choosing p(z,t) = x(z,t), q(y,t) = ao + ¢(y),
a; = az = 1 and az = 0. Therefore, all the localized
excitations based on the general formula (1.1) can be
re-derived from the solution (30).

This paper is just our preliminary work. We hope
the approach applied in the present work may be fur-

ther extended to other nonlinear physical systems.
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