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Based on the theory of Lie symmetries and conserved quantities, the exact invariants and adiabatic invariants

of holonomic system are studied in terms of quasi-coordinates. The perturbation to symmetries for the holonomic

system in terms of quasi-coordinates under small excitation is discussed. The concept of high-order adiabatic invariant

is presented, and the form of exact invariants and adiabatic invariants as well as the conditions for their existence are

given. Then the corresponding inverse problem is studied.
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1. Introduction

Introducing the concept of quasi-coordinate is of
great significance in mechanical systems, especially in
nonholonomic mechanical systems, and is closely re-

(1-3] The quasi-coordinate is

lated to quasi-velocity.
superior to the generalized coordinate, and quasi-

velocity is more general than the generalized velocity.

People have paid increasing attention to the study
of symmetries and conserved quantities of mechanical
systems and many results have sprung up in recent
years.[*29] These results bring our knowledge into the
essence of mechanical systems. In 1917, Burgers first
proposed the adiabatic invariants which pointed to a
special type of Hamilton system.[?!! Adiabatic invari-
ants mean that they are almost unchanged when the
parameter varies very slowly, and they play a very
important role in the research into quasi-integrability
of a mechanical system. In fact, the parameter vary-
ing very slowly is equivalent to the action of a small
perturbation, so we conduct our study by the latter
model in this paper.

The study of adiabatic invariants has become

[22—25]

a popular subject in mechanics, atomic and

[26]

molecular physics, etc. In this paper, we discuss

the exact invariants and adiabatic invariants of holo-
nomic systems in terms of quasi-coordinates from the
point of view of Lie symmetries and conserved quanti-
ties. First, we construct the equations for a holonomic
system in terms of quasi-coordinates, and describe the
concept of higher-order adiabatic invariants. Second,
we prove the conditions for the existence of the ex-
act invariants and adiabatic invariants, and give their
forms. Third, we study the inverse problems of the
perturbation to symmetries of the system. Finally, we

present an example to illustrate these results.
2.Dynamical equations of motion
for the holonomic system in

terms of quasi-coordinates

Suppose that the configuration of a holonomic
system is determined by n generalized coordinates
gs(s =1,---,n). Choose n independent and compati-
ble quasi-velocities

Wg = ask(Q)Qk (S = 17 e ,’I’L), (1)

and their reverse transformations

Gs = bsi(q)wr, (s=1,--+,n). (2)
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Then the dynamical equations of motion for the sys-
tem can be written in the form[2!
d or* oT* oT*
- — , = P* =1,
G 9w, om, T guy e =B (s

;n), (3)

where 7, are quasi-coordinates and

’77]?5 = <aakt - aakm> bmrbtsa

0qm J0q;
T*(tvqsaws) = T(t7qsabskwk)a (4)
0 0 94,
L .
o, ks oqy’ s = Qk Ow, (5)

P? is divided into the potential part P’ and the non-
potential part P then Egs.(3) can be expressed as

doL* oL* oL* , ., B
&aws - oy 8wk%5wr =P (s =1,

;n). (6)

Expanding the above equations, we can derive all w,

as follows:

ws:gs(t>qaw) (s:1,~-,n). (7)

3.Lie symmetries and exact in-

variants

Introducing the infinitesimal transformations of

groups of time and quasi-coordinates
" =t+ At (t7) = T, (t)+ A, (s=1,---,n), (8)
and their expansions
t" =t+er'(t,q,w), TH(t*) =7 (t) +etl(t,q,w),

(s=1,---,n), (9)

where ¢ is an infinitesimal parameter, 70 and ¢ are in-
finitesimal generators. Introduce an infinitesimal gen-

erator vector

XO =702 460 (10)

and its first extension

X = XO) 4 (€0~ w,79) 2

b
Owg,
and its second extension

X® = xO 4 [(€0 - w,7°)° - wsr‘o]ai.. (12)
Ws

The invariance of Eqgs.(7) under the infinitesimal

transformations (9) leads to the following equations:

X(z)(djs—gs(t,q,w))zo (5:1""’n)7 (13)

if

ws=g9s (s=1,-+-,n). (14)
Substituting Eq.(12) into Egs.(13) and noticing
Egs.(14), we obtain

gg_ws%o_z’i-ogs :X(l)(gs) (8:1,-“,71); (15)

Eqs.(15) are called the Lie symmetrical determining
equations for a holonomic system in terms of quasi-
coordinates.

Definition 13 If the generators 7° and €0 sat-
isfy the determining equations (15), then the corre-
sponding transformations are called the Lie symmet-
rical transformations, and the corresponding symme-
tries are called the Lie symmetries.

Proposition 1 For the infinitesimal generators
70 and €0 satisfying Eq.(15), if there exists a gauge
function G° = GO(t,q,w) satisfying the following

structure equation:

L0+ XW(L*) + Ky(€) - wor®) + G° =0, (16)

where .
Ks :P;”_ aiﬁk Wy
Sy, 7
then the holonomic system in terms of quasi-
coordinates has the following exact invariant of Lie
symmetries:
w0, OL" 0 0
Iy =L"7"+ 0., (& —wsT’) + G° = const.  (17)
Proof
dly oL*

G LT L S " )

d OL*
(U 0y &
+ (gs WsT )dt 8ws

— L0 = XW(L*) - K, (&0 — w,r?)
€ ) <if£ o _KS> _

S

4.Perturbation to the symme-

tries and adiabatic invariants

Firstly we give the concept of high-order adiabatic
invariants.

Definition 2 If I,(t,q,w,¢) is a physical quan-
tity including € whose highest power is z in a mechan-
ical system, and its derivative with respect to time ¢
is in direct proportion to e**!, then I, is called a zth
order adiabatic invariant of the mechanical system.

Suppose the holonomic system in terms of quasi-

coordinates corresponding to Eq.(6) is perturbed by
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small quantities eW, then the equations of motion

for the system become

dor o
dt Ow;, oy

=K;+eW,, (s=1,---,n). (18)
Due to the action of eW, the primary symmetries and
invariants of the system may vary. Suppose the varia-
tion is a small perturbation based on the symmetrical
transformation of the system without perturbation,
and 7(t,q,w) and &(t,q,w) express the generators
of time and space respectively after being perturbed,
then
T:T0+ET1+62T2+"',

19
£ =80+ el +e22 4+, (19)

and they satisfy

L+ XW(L*) 4+ K, (& — weT)

+ eW, (€ — wer) + G =0, (20)
where
X ZxO) |~ )2
s s awS
0 13 : ., 0
—Ta +fsa—ﬂ_s+(fs —wsT)aws.

G in Eq.(20) is a gauge function. Let

G=G"+eG' +*G* +---, (21)

P 9 . P
Wk _ kY | ¢k E_ o -ky 9
X Tar T gy, TE @ )

Substituting Egs.(19) and Eq.(21) into Eq.(20), we

obtain

(22)

LR £ XWOR LYY 4 K, (68 — wer®)
+ W, (et — w1 + G =0,
(k=0,1,2,---,2); (23)

when k = 0, the condition Wy = 0 holds.
Proposition 2 For the holonomic system in
terms of quasi-coordinates perturbed by small quan-
tities eWj, if the generators 7%(¢, q,w) and &¥(t, q, w)
under infinitesimal transformations satisfy Eq.(23),

and G*(t, q,w) is the gauge function, then
OL*
Iz :Ek[L*Tk + 8—%(55 — ws’rk) + Gk],
(kZO,]_,-",Z) (24)

is a zth-order adiabatic invariant of the mechanical

system.

Proof

dr,
dt

(€ — Gorh — w )

. L
:€k|:L*Tk+L*7"k+ 0
Owg

d oL*
dt Ow,

+ (€F —w, ") — Lk — x Wk

m@faw%maflwﬂkﬂ
=k [(daL* _orr Ks> (& — w,r*)

— W, (et = wsTk_l)}.

S

Using Eq.(18), we have

dr,

a Ek[€WS(§f - wsTk) - WS(ffil - wsTkil)]'
Expanding the above formula and making summation,
we have 4

= WL W), (25)

This shows that dI, /dt is in direct proportion to e**1,
so I, is a zth-order adiabatic invariant of the mechan-

ical system.
5.Inverse problem

Suppose that the system has a first-order adia-

batic invariant as follows:
Il = )‘O(ta q, w) + 6)\1(t, q, w) (26)

Differentiating this with respect to ¢, we have

dly 9o (8/\0 9o . )

@ o \amt T e,
O\ A\ A\ .
+e [W + <8—7Tsws + 8—%ws>:| - (27)

Multiplying Eq.(18) by & — ws7, and taking the sum-
mation for s, we have
d oL* OL*
(&s — wsT) <—— - — =K, - EWS> =0. (28)

According to Egs.(25), and adding Eqgs.(27) and (28),

we have

9o 0o 0o .
ot Qm%+me
o\ o\ 0N .
+e |:W + <a—ﬂ_sws + 8—%ws>:|
d oL* OL*
+ (Ss ws'r) <aa—ws - 8—71'3 - K, €Ws>
=e?W,(€s —wst"), (29)

where the expressions of 7 and ¢ are Egs.(19).
Firstly, we seek the generators 70 and £Y of the

infinitesimal transformations without perturbation.
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Separating the terms not containing ¢ in Eq.(29), then  choose quasi-velocities as
separating the terms containing w; and taking their o . )
coefficients as zeros, we have Wi = ¢18N.¢2 SN g3 + g2 COS G,
or  PL* . wy = q singz cos g3 — ¢ sin gs,
20 T2 (0w =0 (k=1,--,n). (30 . .
8&)5 8wsawk (Ek k ) ( ) ( ) w3 = ¢1 cos g2 + §s. (36)
271 *
Letting ———— = Hg, hop = (Hg)™ ', here Hy, is  we have
Ows0wy, )
called the Hess matrix, and from the above equation 0= w Sin gs wq 2083
1 — W1, 27, ’
we obtain o sin g sin go
£) — w0 = hska_o_ (31) g2 = w1 COS g3 — wa sings,
ws . .
Further letting ¢3 = —w sin gzctgga — wy cos gzctgge + ws; (37)
oL* .
Ao = L0 + 5 (€0 — w®) + GO, (32) SO Wecan obtain
Wi

from Eqgs.(31) and (32), we can obtain the items with-
out perturbation:

oL* oA
0 :L*—l Ao — 0O ~0
T < 0 8wk sk awS G )

o OL* Ao

0 e 220 4 L (A — S5 h —G°).
é‘k skaws + Wk 0 8wk skaws G (33)

Furthermore, we can obtain the results of pertur-

bation items of generator functions under small dis-

turbance:
oL* oA
1 :L*fl A — 7h5 1 Gl
T ! 8wk kaws ’
o oL* oA
L —pg L L*¥ YA = = hge=t —G').(34
3 kaws + Wk ! owy, kaws (34)

6. An example

Try to study the exact invariants and adiabatic
invariants of the Euler dynamical equations of a rigid
body rotating around a fixed point, as shown in Fig.1.
The intersection line AN of the plane A¢n and the
plane AXY is called the nodal line. The angle 6 be-
tween axis AZ and axis A( is called the nutation angle,
the angle 1 between axis AX and axis AN is called
the angle of precession, and the angle ¢ between axis
AN and axis A€ is called the spin angle.

Fig.1. A rigid body rotating about a fixed point.
Firstly, we find the exact invariant. Let

a=v% q@=0, g=4¢; (35)

aj] =singysings, a2 =cosgs, a3 =0,
az; = singzcosqs, azz = —singz, az3 =0,
asy =cosqa, aszx =0, azz=1; (38)
sin g3 Cos g3
b11 = — , b1z = — , b1z =0,
sin gy sin g
ba1 = cosqz, by = —sings, bz =0,
b31 = —singsctgga, bza = —cosgsctgga, b3z = 1;
(39)
and Boltzmann symbols
1 1
Y23 = —V32 = —1,
2 2
Y31 ="z =—1,
3 = —ya =1 (40)
Y12 Y21 )
the others are equal to zero. We have
. 1
L* = 5(Awf + Bwj + Cw3), (41)

where A, B and C' are principal moments of inertia.

So we can obtain

dwr
aL* 9L* oL
87T1 B 87T2 B 87T3 B
oL* oL* oL

R Vr1Wr = 6—721 2+ ) Y31ws = (C — B)wyws,
oL*

a—w'yf2wr = (A - C)wswn,

oL*

Dwr Vf3wr = (B — A)wywa,
Ky, = P} — (C — B)waws,

Ky =Py — (A — C)wswy,

K5 =Py — (B — A)wiwa.

Substituting the above equations into Eq.(6), we ob-
tain the Euler dynamical equations
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Ad)l + (C — B)(.UQ(U3 = Pl*’
Bd)2 + (A - C)w?,w]_ = PZ*’
Cd)g + (B — A)(U1W2 = P;, (42)

hence

B-C LB
A waws A’
—A B
Wwi3w e
B 3wl B )
- B P
C wiws + 63 (43)

Suppose the nonpotential generalized forces are equal

_C

A

w3 =

to zero, i.e.
P =Pj =P =0,
then Eqgs.(43) become

. B-C

w1 = waws,

. C-A

wa = B ws3wi,

. A-B

w3 = C wiwa. (44)

The determining equations (15) give

B-C
Wow
a2

Q—Mw—%%

B-C : . : .

=B C (@ — i) + wnl@ — )],
- .. ofC—A
53 — wot0 — 27'0< 5 w3w1>
cC-A : . : .

= B [wl (53 - W3T0) + w3(£? - wlTO)L
-- .. ofA—B
.fg —wy70 — 2T0< - w1w2>
A—B : . : .

==C [wa (€] — w17°) + w1 (€9 — wat®)]; (45)

Eqgs.(45) have solutions
TO = 07 5(1) = w1, fg = w2, fg = ws. (46)

The structure equation (16) gives
L0 4+ A(E9 — w1 7wy
+ B(£Y — wy®)ws + C(£9 — w37¥)ws
+ (Bwaws — Cwsws) (£ — wit?)
+ (—Aw ws + Cwswy ) (€9 — wat?)
+ (Awywy — Bwawy)(€9 — wsm®) + G° = 0. (47)

It has a solution
1
G0:—7%Aw%+Bw§+Cw@. (48)

So we can obtain the following exact invariant by

Proposition 1:
1
10::5(Awf+—Bw§4—Cw§)=(mn%- (49)

Next we study the adiabatic invariants of the system.

Suppose the system is perturbed by the small quantity

€W1 = —52Au')1, €W2 = —EZBsz,
6W3 = —620(4.13. (50)

The structure equation (23) gives

L*+! + A(E% — w1 Hwy

+ B(f; — Wyt wy + C(f; — w3t )ws

+ (Bwaws — Cwzws) (&5 — wih)

+ (—Awyws + Cwsw: ) (€2 — watt)

+ (Awiwy — Bwowy (€3 — wst!)

+ Adn (&9 — w1 %)

+ B (89 — war®) + Cis(£ — war®) + G* = 0.(51)

It has solutions as

1 1 1 1
T = Oa 51 = wiq, £2 = Wa, 53 = w3,

1
G' = E(Awf + Bwj + Cw3). (52)

So we can obtain the following first-order adiabatic

invariant by Proposition 2:

1
I :§(Awf + Bwj + Cwl)

3
+55(Aw%+—Bw§+—Cw@. (53)

Moreover, we can obtain further higher-order adia-

batic invariants.
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