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The scale-transformation of electromagnetic theory is investigated in detail based on the form of Maxwell equa-

tions in scale-transformation being unchanged in different coordinate systems. The relations of electromagnetic pa-

rameters in a rectangular coordinate system and in a spherical coordinate system are presented respectively. The

scale-transformation invariants for electromagnetic field are derived and their physical meaning is also presented. It is

indicated by simulation that the electromagnetic waves located in medium can be considered to be isotropic due to the

fact that the size of propagating vector affected by the scale factors and observing azimuth is on a size of 109, which

provides a new approach for investigating the electromagnetic characteristics of ellipsoidal targets.
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1. Introduction

There exist the determined transformation rela-
tions among the rectangular coordinate system, spher-
ical coordinate system and cylindrical coordinate sys-
tem, thereby the Maxwell equations are expressed
completely and compactly. The electromagnetic top-
ics related to the targets such as sphere and cylinder
are discussed in detail®~® and their analytical solu-
tions are presented, which brings much convenience
to theoretical study and engineering. The relativity
developed by Albert Einstein in 1909 is of epoch-
making significance, which provides a limitless vital
force for acquiring the solutions of electromagnetic
systems moving at a high velocity. It is doubtless that
the analytical solutions!'? of scattering field, etc, for
the targets of ellipsoids and elliptical cylinders are of

Scale-analyses!1!]

great importance in applications.
both for coordinate and for electromagnetic fields of-
fer a novel approach to this kind of problem. In this
paper the coordinate scale-analyses are first carried
out, and based on the analyses the transformation re-

lations for electric current density vector and electric

charge density are studied. It is proved that forms of
Maxwell equations are kept unchanged. The relations
of the electromagnetic fields, the permittivity tensor
¢ and permeability tensor u, the polarization vector
and magnetization vector, the propagating vector and
their boundary conditions are investigated in detail.
The researches on the characteristics of propagating
vector in scale-transformation coordinate system are
presented finally, which show that the medium space
can be considered to be isotropic in the millimetre
wave band and the obtained result is compared with

the data presented in references.

2.Scale-transformation
2.1. Scale-transformation for an ellipsoidal

sphere and coordinate relation

It is assumed that there is an ellipsoidal particle
with semi-axes of a, b and b in the system X', as shown
in Fig.1. The symbols z, y, z and r, 6, ¢ are respec-
tively used to denote the rectangular coordinates and
spherical coordinates in the system Y. Similarly, ',

y', 2z and ', 6, ¢ are the coordinates in the system
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X', The corresponding coordinate axes in the two sys-
tems are parallel with each other.

T
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x!

a

Yy
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Fig.1. Relations among coordinate axes.

The equation for an ellipsoidal particle in the sys-

tem X' is generally written as

2 2 2

S+hE+5=1 (1)
In physics, the coordinates and a, b, ¢ in the expres-
sion (1) are in units of meter, but the number ‘1’ on
the right-hand side is dimensionless. The number “1”
can be in units of m? after we move the m? of the de-
nominators in the terms on the left-hand side to the
term on the right-hand side. Thus the symbols a, b, ¢
are dimensionless and called scale factors.
Let

=2 y=2 =2 (22)
a b c
namely
r' =T (a,b,c)r, (2b)
where
a=?! 0 0
T (a,b,c) = o b1 o
0 0 ¢!

Formula (2b) indicates the relation between the two

systems. Expression (1) is the equation of a sphere

m2

with a radius of one meter. Substituting Eq.(2a) into
it yields
1,‘,2 + y/2 + ZIZ =1. (3)

It is concluded from Eq.(3) that an arbitrary ellip-
soidal particle is changed into a sphere with a radius
of one meter, which, thus, makes it possible to inves-
tigate the scattering of electromagnetic wave by an
ellipsoidal particle in the way of studying the scat-
tering of electromagnetic wave by a spherical particle.
Using formulas (2a) and (3) and relation between rect-
angular coordinate and spherical coordinate gives the

following relations:
! !/ !/ ro.
7' sin @ cos ' = —sinf cos @,
a
1 . ) . 12 ro. .
r' sin@ siny’ = 5 sin 6 sin ¢,
! /! r
r' cos 0’ = - cosé. (4)
c

From the relations (4) we can have the following ex-

pressions:

. . . 1/2
;o sin@cos?¢  sin?@sin?¢  cos? 6 /
ne a? + b2 c?

=rq,

sin@cos?¢  sin?fsin?¢  cos? 6 1/2
7+ + , (5a)
a b2 c?

g — sin fg _ cos>p  sin?o 1/2
sinf' = 7 g= e = ,
cosf/c
cosf' = / ,
q
i b
sin ¢’ = sin ¢/ , cosp = M. (5b)
g

Expression (5a) is the scale relation. It can be seen
that the three components in a spherical system are
not independent but affected by the scale factors. In
some cases such as most raindrops, fog and dust-
storms, there exist two factors that are equal to each

other, say, b = c¢. Therefore the following are obtained:

cos? p + sin® ¢

sinf’ =sinf <

1/2
m? sin® 0 cos? ¢ + sin? O sin? ¢ + cos? 0> ’

(m2 sin” 0 cos? ¢ + sin? @ sin ¢ + cos? 0

)1/27

27

cos @
cost =
.y sin ¢
sing’ =
(m2 cos? ¢ + sin? cp) Y
, mcos @
cosp' =

) m =
(m2 cos? ¢ + sin? cp) 1/2

Q|
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Expressions (5) are the coordinate relations in a spher- The above can be written in matrix form:
ical coordinate system and their inverse relations are L
. . . o' =M o, (8b)
not derived here. It is noticeable that the rectangular
coordinates are independent of each other. where
. . . bc 0 0
2.2. Relations of differential functors
M™t=10 a 0
It is well known that the differential Maxwell 0 0 b
a

equations depict accurately the law of electromagnetic
field. In these equations the differential functors play
an important role. Due to the fact that in the formula
(2a) the same components are dependent on, and the
different ones are independent of each other, the fol-

lowing are obtained:

8 19 9 1

0 g 190
dx  adx!’ Oy bOy’ 0z 0’
The inverse relations can be easily derived as follows:
o _,0 90 _,9 9 _.9
oz "oz’ oy dy’ 0z ~ %%

For simplicity, we write them in a form of matrix
V =T((a,b,c) V', (6)

V' =T"'(a,b,c) V. (7)

Expressions (6) and (7) are the relations in a rectan-
gular coordinate system. Their relations in spherical
system are easily obtained among the scale factors and

not shown here.
2.3. Relations of electromagnetic field

2.3.1. Relations between vectors D and B
It is well known that the electric charge is an in-
variant in any coordinate system. We thus obtain the

following expression:

p (', y,2") = abep (z,y,2), (8a)

which is the scale relation for electric charge density.
We now consider the surface-charge density in a plane
of z-y, which is denoted with o, and ¢/, in the systems

X and X respectively. They are defined as

o = d2q - d2q
2 da'dy”’

7= = dzdy’

Because of dz'dy’ = dzdy/(ab), the following expres-

sion is therefore obtained:
ol = abo,.
With the same method we also acquire

I_b /
g, =0C0g;, O

y = acoy.

Equation (8b) is the scale-transformation relation for
surface-charge density. The electric-charge conserva-
tion law should have an unchanged form in both co-
ordinate systems, namely
op'
V' J 4+ — =0,
ot

dp
V- J+—=0.
o
Utilizing the expressions (6)—(8) and the above law,
we obtain the transformation relation about electric

current density (ECD)

J. =abJ,.

z

J, =bedy, J,=acly,,

The above can also be written in a form of matrix as

follows
be 0 O
J=10 a 0 |J=M"'-J (9a)
0 0 ab

Formula (9a) is straight derived from the definition
of ECD. The line electric current density is given as
follows when the current flows in the direction perpen-
dicular to the z-axis:

, dl

Y = qpr

dr

oy = —.
dz
Since dz’ = dz/a, we have
1
o, = aay.
In the same way we can obtain

! !
a, =bay, o, =ca,.

Its matrix form is expressed as
o =T ta. (9b)

It is concluded that the line electric current density

has a complete relation as a differential functor.
Since the Maxwell equations have the same form

in the systems X and Y’, we easily obtain the follow-

ing formulae:

VD' =g, V-D=p,
V'-B'=0, V-B=0.
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We acquire the expression (10a) after the relations of
electric charge density and differential functor have
been inserted into both sides of the above and after-

wards compared:
D'=M"'D, B =M"'B. (10a)

Expression (10) can keep the forms of Maxwell equa-
tions unchanged in the two coordinate systems. The
expressions (9a) and (10a) are the transformation in
the rectangular coordinate system. It is assumed that
the following relation exists between the rectangular

coordinate and the spherical coordinate:
F,=PF, or F,=P'F,,

where P is the transformation matrix.[®! Substituting

the above into the expression (9a), we obtain
J =P M P l], = AJ,. (9¢)
It is also obtained that
D' = AD,, B = AB,, (10b)
where

1[b
A =— [C sin? 0 cos? ¢
q|la

b
+ % sin? @ sin? ¢ + 2 cos? 0] ,
c

sin26 [be o ac . o ab
12 = —cos“ Y+ —sm p— —|,
2q |a b c
sin@sin2p [ac be
Apy=——F—-|7——|,
2q b a
in20 [ b
Agy 5 — cos? @ + 2 in? @ —gab| ,
2q |ag bg

1
Aoy =— [ cos? %) cos? 6
qlLag

+ 2 cos?fsin? ¢ + gabsin? 9} ,

bg

sin 260 b «a

Aoa = __ _
23 2qg |: a b:| )

A31 _07
A32 _07

c
A33 =—.

g

The expressions (9¢) and (10b) are transformation re-
lations for vectors J, D and B in the spherical coordi-
nate system after the scale transforming. The follow-
ing relations are deduced obviously with all the scale

factors being equal to 1:

A’L] = 07
Ay =1,

TF ],
i=1,2,3.

The above results imply that the expressions (9¢) and

(10b) are both correct.

2.3.2. Scale-transformation of electric field and
magnetic field

Two curl field equations of Maxwell theory are

written as
0B
VxE=——
X ot’
oD
VxH=J+—.
X + ot

Inserting formulae (6) and (10) into the first of the
above yields
0B’

M ' (IV)xE=——-.
(TV7) x 5

Comparing the above with the expression

0B’
V' X E' = -——
% ot’

the following transformation is obtained

E' =T7'E. (11a)
The relation for magnetic field is also obtained with

the same way

H =T'H. (12)

The transformations of (11a) and (12) are acquired in
the rectangular coordinate system, but in the spheri-
cal system they have the forms

E! = QFE,, H.=QH,. (11b)
Where Q = P'T~'P~!. Its elements are expressed as

follows

1
Qll :ga Q12 =0, Q13 =0,
sin20 [cos?¢  sin?¢
Q21 = on [ ” + R
Qo 1 {cos2 pcos?f  cos?fsin? p 4 egsin® 0] ,
q cg cg
sin2psinf |[b a
=0 etk sl I
Q23 ) Q31 2g |:a b:| )
0 _sin2pcosf [b a
32 — 29 a bl

1[b
Q33 == [— cos? p + 2 sin? 4 .
gla b

It can be seen that the elements on the diagonal are

all zero as the scale factors equal each other, which is
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presupposed. Thus the Maxwell equations in the sys-
tem X’ are obtained by utilizing the expressions (10a),
(11a) and (12a) and Maxwell equations in the system
X

vl . DI — pl,
V' - B =0,
0B’
V'xE =—-—"-
8 o’
oD’
VI x H =+ = (13)

Obviously, the forms of the equations remain the same
as those in the system J and are irrelative to fre-
quency. Therefore the forms of potential introduced
in a general system such as A, ¥, Hertz vector II, De-
bye potential PQ, etc, hold in the system X', since the
boundary conditions for electromagnetic field, which
will be given later, are the same as those in a conven-

tional system. It is easily verified that
E -v'"=E-r

is a scale flexing invariant just as the Lorentz invari-
ant in relativity, which has the physical meaning that
the electric potential between two arbitrary points is
a constant.
2.3.3. Transformation of polarization vector P
and magnetization vector M

It is well known that the polarization vector for

medium is defined as
P— lim 2
Av—0 AV

Inserting the expression (2a) into the above yields

P=MP. (14a)

It is concluded that the transformation for P in the
spherical system, denoted with the subscript s, is com-
pletely like that for an electric displacement vector for
P and D have the same transforming relation. Thus

the following is derived:

P! = AP,. (14b)

The transformation for magnetization vector M
denoted with the subscript 0 to discriminate it from
the matrix M, is also obtained as follows:

My = TM{,
M(;s = QM0s-

(15a)
(15b)
Thus the transformations for P and M are entirely

obtained.

2.3.4. Transformation for ¢y and pg

Inserting the expressions (10), (11), (12), (14) and

(15) into the following expressions:
D=cyE+P, B=up(H+M).
and comparing the above with

D' =e)E' + P, B =uy(H +M).

The following are obtained:

gy =eoM -7
py = poM T, (16a)
It is easy to obtain the relation in the spherical coor-
dinate system for the electromagnetic parameters as

follows:

€05 = c0AQ L, Hos = poAQ L. (16b)

It is notable that the free space now is anisotropic af-
ter scale transforming. We conclude from the above
derivation that the expressions (16) hold true in
medium. Inserting the expressions (10), (11) and (12)

into the following relations
B=uH, D=c¢E,
we acquire

eh=cAQ, ul=pAQ L. (16c)

Obviously, the free space and medium space become
anisotropic and their parameters are all diagonal ma-
trices of 3x3 in the rectangular coordinate system.
2.3.5. The relation of propagating vector

The previous derivations show that the electro-
magnetic wave existing in the space is no longer
isotropic, so the propagating vector must be differ-
ent from that in a general system. It is supposed that
the electromagnetic field and its sources have the form
of el(k7=wt) = Applying these suppositions to Maxwell

equations, we obtain

kx E=wB,
k-B=0,
kxH=J-wD,
k-D =p.

Inserting the inverse formula derived from the expres-
sions (10) and (11) into the first in the above, the

following is obtained:

(akyi + bkyj + ck.k) x E' = wB'.
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Therefore we obtain

E =Tk (17a)
This is just as what we anticipated in the beginning of
this section. The relation in the spherical coordinate

system is directly presented here

k. = Qk,. (17b)

The relation (17a) is universal one since it can be also
obtained from the others of Maxwell equations, which
ensures the consistency of the electromagnetic theory.
The following is easily derived from the relations (2a)
and (17a):

E.or'=k.r (17¢)

It is seen that the propagating phase is a scale- trans-

forming invariant. We further prove that

E'-D'd&', H' B'd,

and their summation are also scale-transforming in-

variants. The derivation is presented in the following:

E'-D'dv' =E'D"'dv’
—T'E (M~'D)" dv/(abc),

1M1
T E(M~*D)" dv/(abe) = —
( ) v/(a C) abc

=F - Ddwv.

FE - Ddv

Utilizing the same method B - Hdv is testified to be
a scale-transformation invariant. Their sum is there-
fore an invariant and the physical meaning of the sum
is obvious due to the fact that energy, electric charge
and electric potential, etc, are external, which are in-
dependent of observers’ volitions.
3.Investigation of boundary con-

dition

The boundary conditions of electromagnetic field
are of great importance in theoretical study and engi-
neering. Problems relative to electromagnetic field are
unable to be investigated if there exist no boundary
conditions. Among many boundary conditions, three
kinds of conditions are often used: namely conditions
of electromagnetic field, conditions of electric current
density & electric charge density and conditions of
propagating vector. These conditions are investigated
in the following briefly, which is a basis of solving the
problems about electromagnetic wave propagating in

the scale-transformation system.

Let the normal of an element surface be in the
direction of x-axis. The electric displacement vector

can be written in the X' system as
D2m - Dlz = O0g.

Multiplying the both sides of the above by the scale
factor bc and using the formula (8b), the following

expression is obtained:
' '
D2m - Dlm = 0Og-

It is concluded that the term for D does not vary with
scale -transformation. Terms for D, ., B, , . are no
longer testified here because of their sameness in the
system X’. Suppose that the normal of an element
surface is in the direction of z-axis, thus the tangen-
tial component of magnetic field will direct to the y-
direction and line electric current density will be in

the z-direction, as shown in Fig.2.

z
A

NH;,

000000haeea | ,,
/ Hy

Fig.2. Boundary relation of magnetic field.

9

The boundary condition in the system X is writ-
ten as
Hy — Hy = a.
Multiplying both sides of the above by the scale fac-
tor b and combing the expression (9b), the boundary

condition in X’ system is acquired as follows:
! ro_
H,—-H,=0o.

The boundary condition for electric field in system
Y is easily derived by the same process and there is
In fact, the

above conditions are anticipated since the Maxwell

no need to deal with it here in detail.

theory for electromagnetic field in the system X' is
identical with that in a general system. Thus we can
deduce that the condition of propagating vector also
varies with scale transformation. We have proved that
boundary conditions are the same in both coordinate
systems, though the specific direction is adopted in
the above discussion for simplicity. The conclusions
should be universal due to the fact that an arbitrary
direction of an element surface can be changed into the

specific direction via the rotation of coordinate axes.
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4. Electromagnetic waves in scale
transforming system (STS)

In the scale-transformation system Z’, the elec-

tromagnetic wave existing in the space is anisotropic,

namely
D'=¢-E, B =y -H.
Therefore
El — 6/—1 . DI, HI — ul—l . BI,
where
2 0 o0
1 be b
et = —| 0 — 0|
1o o o©
ab
0 o
1 be b
pPrt=—10 — o [. (18)
Ho ac
o o =
ab
In the STS, the time harmonic Maxwell equations are
written as
E'xE =wB,
E-B =0,
' x H = —-wD',
k' -D =0. (19)

Obviously, the vectors E’ and H' are not perpendicu-
lar to the propagating vector K’, but the vectors K',
D', B’ are perpendicular to each other and obey the
right-hand rule. The relation between STS (or z-y-z
system) and K'-D’-B' system is shown in Fig.3

z ‘k."“-,

v
<@

DI

Fig.3. Relation between z-y-z and k-D-B.

The transforming matrix for any vector from the

coordinate system z-y-z to the coordinate system k-

Vol. 14
D-B is given by
sin ¢ —cos ¢ 0
T=| cosfcos¢ cosfsing —sinf | . (20)
sinfcos¢ sinfsin¢g cosé

We can easily prove that T! = T—!. The relations

between the vectors in the two coordinate systems are

obtained as follows:
E=T1.F,
H=T"1.-H,

D=17"'-D,

B=T"'.B. (21)

The parameters for the medium in the K-D-B system
are derived from the expressions (18), (20) and (21)

as follows

kll klz k13
e = | kn ko koz |
k31 ksa kss

V11 V12 V13
—1 _
Mppp = | v21 w22 V23 | (22)

V31 V32

where

a b
kiy =—— sin® ¢ + —— cos? ¢,
beeyg aceg

k12 =ko1 = be__ab cos 0'sin 2¢,

260
a b
k'13 :kg]_ = u sin f sin 2¢,
260
1 b
koo =— 2 cos? ¢+ —sin? ¢ | cos? 6
g0 \ be ab
-2 0
+ abey sm” 0,
in 2 b
kos =kso = sin 2 gcosQ<f>— —sin? ¢ — < ,
2e0 be ac ab
1 b
kgs =— <g cos® ¢ + — sin? ¢>> sin? 6
g9 \ bc ac
+ cos2 6.
aoeqp

The first expression in the expressions (22) is the re-
sult for permittivity in the k—D—-B system. It is also
concluded from the expression (18) that &y and g, are
symmetrical in the scale-transforming system, and the
expression for p, is hence acquired by changing ¢( into
o in the expression (22). The following conclusion is
obtained from Eq.(22):

1 b
k11+k22+k33——<a + —+ c>.

ego\bc ac ab
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The above expression is the trace which is identical
with the trace in a general system as the scale factors
are equal to each other, namely a = b = ¢=1. Now

the Maxwell equations become

k' x (a,:éB . D') =wh,

k' -B' =0,
K x (i B') = —wD',
k'-D'=o0. (23)

Since k' = k'es in the k-D-B

system, the following

0 -k 0 ki1 ki
K 0 0 ko1 koo
0 0 0 [ ks ks
[0 - o] V11 V12
K 0 o0 Va1  Uga
i 0 0 O ][ vs1 vs2

Combining the expression (22) and the above yields

K = Ko
- )
sin?fcos?¢ sin’fsin’¢  cos?6 12
a? * b2 c?
D; 0
Dy k"2 (sin? 0 cos? ¢ N sin? @sin? ¢ N cos? 6’
k2 a? b2 c?
(24)
Combining the two expressions, we can obtain
D} x 0= D} x0. (25)

Formula (25) implies that the amplitudes of electro-
magnetic wave are not confined in the directions of ey
and es. The propagating vector varies with observing
direction, but has a certain magnitude. The conclu-
sion that k' = kg is what we expected beforehand
with the scale factors being a = b = c=1. There is
no double refraction since there is one velocity in one
direction, which implies that the free space is changed
into a special one after the scale transforming. The
propagating vector varying with the observing points
in the K-D-B system is shown in Fig.4.

expression is determined:

ExA=k-A,
where
0 -k 0
k=]1k 0 0
0 0O 0

The first and the third in the expression (23) are now

changed into

ki3 Dj Bj
ko3 Dé =w Bé s
k33 0 0
V13 Bi Dll
V23 By | =-w| Dj
V33 0 0

°I> 1.8~

o 1.7

=

5 1.6

—g 1.54

= 1.44

4 1.347

>

8

3 1.2

P NG
2
00 1 6*._0/"‘

S 0

>,

Fig.4.
points. The semi-axes are a=0.01 and b=c=0.014.

Size of wavenumber varies with observing

It is concluded from the above figure that the
wavenumber varies with the azimuth, but the differ-
ence between the maximum and minimum is on a scale
of 10719, The corresponding frequency is 6GHz. We
thus suppose that the space can be thought as being
isotropic in the approximate computation to a certain
target.

It is seen from Fig. 5 the wavenumber is affected
by the shape of target also to the same extent of the
observing azimuth. The results in other azimuths are
nearly the same as those shown in Fig.5.

It is worth pointing out that a, b, ¢ in the for-
mer process are merely dimensionless factors (they do
not have length unit). They must be positive and real
numbers. The obtained results are the same as those
in a general coordinate system when all the scale-

factors are equal to one, which implies the validity
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of the obtained results.

Wave number k/10~°

s

e
e

~2 .
0.010
X 10~,

37

Fig.5. Size of wavenumber versus shape, f=6GHz,

0=m/4, p=m/3.

The result in Ref.[7] and the simulation result of
scale transformation are compared in Fig.6, which in-
dicates the change of the squared scattering field with
the distance. This difference in Fig.6 is about 1072,
which should produce no effects on practical applica-
tions. The Rayleigh scattering on the other hand is a

kind of good approximation at very low frequencies.

a=1lcm, b=c=1.5cm
f=70MHz ]
observing azimuth: §=7/3, $=27/3

solide line: scale transformation
dotted line: rayleigh scattering

ot
TR

Squared electric field/10~17

800 1000

600

Distance/m

Fig.6. Squared scattering field versus distance.

Assume there exists a conductive ellipsoid with
semi-axes a, b, b in the coordinate system J/, as shown
in Fig.1. An electromagnetic plane wave polarizing in
the = direction and propagating in the z direction ir-

radiates an ellipsoid. In the system X', we obtain

/ 7'](}’2’ 7',{}’2’
El, e "7 =aFEye™?

k' = ck.

)

In the system X', the ellipsoid changes into a sphere

with a radius of lmeter, lying at the original position.

When the plane wave irradiates the sphere, the scat-
tering fields[®! are as follows:

. T
jaFEyze ik'r

Eys = i cos ¢’
>\ 2n 41
x> n(nt1) [ Tn + dpy 0]
n=1
jaE wefjkw
z% cos p's9 (0'),
*.]CLE zeijklrl .
Egrg —+ sin ¢’
= 2n 41
X oy [cnmn + d), ),
n=1
iaEq ek
:% sing’s; (0'),
_dP} (cost')
n - de, )
P! (cos6")
= e (26)
where
o (R x 1) T (ke)
T HL, (K x1) H',, (ke)’
7 _ Jn(K x1) :_jn(kc)_
" H, (k' x1) H,, (ke)

Utilizing the inverse transformation of (11b), the fields
in the X system are given by

g je *"
Egst :& 52 (0") (aEoy cos ¢') ,
cos B sin 2¢p je~IF' , ,
Eysr = 2cqg i s2(0") (aEoy cos ¢')
1 je_jlel ’ s
- %Wsl (") (aEog sing’) . (27)

The definitions of g and ¢ can be found in expression
(5). The result of the formula (27) and the result of
mixed arithmetic are both shown in Fig.6. In this
arithmetic, the test function is a d-function and the
radix function is the expression (26), so the ¢,, and d,,
are the coefficients to be determined. In this method
we use the system identification to determine the co-
efficients. The errors are minimized. Therefore, the
method used is a combination of momentum method
and system identification.

In Fig.7, the scattering field is a backward field
and the incident wave polarizes in the x direction.
Other parameters are shown in the figure. In simu-
lation, the series is truncated at n=6. We conclude
from the results that the two methods are identical in
computing the scattering fields and the error is caused

by the truncation of series.
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0.014 M can be written as
,E 0.012
> 0.010] a=1.1cm, b=c=1.3cm a 0 0
il Pu— ti =30GH —
S o008 transformation, f z | 71 (a,b,c)=10 b 0|,
g mixing method
< 0.006 0 0 1
£ 0.004
2
H 0.002 ] b 0 0
0.000 R B S -1 =
2 3 4 5 6 7 8 9 10 M 0 a 0
Distance/m 0 0 ab

Fig.7. Scattering by a conductive ellipsoid.

5. Electromagnetic field in ellipti-
cal cylinder system

In reality, many scattering objects such as trees
and flyers that can be described as elliptical cylinders
lie across the propagating direction of electromagnetic
wave. Thus investigating the characteristics of elec-
tromagnetic scattering by an elliptical cylinder is of
great value in engineering.[®19 If a scattering prob-
lem about an elliptical cylinder is converted into that
about a cylinder, we can avoid many complex compu-
tations, and obtain an analytical solution by utilizing

the references available.

Assuming the symmetrical axis of an ellipti-
cal cylinder is parallel to the z-axis, the scale-
transformation is made only in the z—y plane. For

an elliptical cylinder, it can be supposed that

c=1,

a>0,b>0. (28)

All the obtained results and conclusions are valid and
Maxwell equations have the same forms as those in a

general situation. The transforming matrices 7" and

The relations for the relevant quantities are the same.
As a matter of fact, the expressions derived before are

universal.
6. Conclusion

The scale-transformation for coordinate is intro-
duced. The relations between the spherical coordinate
and the differential functor are presented. The trans-
formation relations of electric charge density and elec-
tric current density vector are developed based on the
form of the conservation law of electric charge being
uncharged in different coordinate systems. The scale-
transformation of electromagnetic field is made with
the form of Maxwell equations unchanged in differ-
ent coordinate system. The boundary conditions are
also investigated. A novel approach to further study-
ing the electromagnetic scattering subjects, resonant
problems relative to the objects such as an elliptical
sphere and an elliptical cylinder is presented. A the-
oretical basis is established for utilizing the results
available for a sphere and a cylinder to investigate the
scattering problems. Although the space is anisotropic
after the scale transforming, simulation in a millime-
ter wave band shows that the wavenumber does not
change greatly with the scale factors and the azimuth,
which implies that the space can be considered to be
isotropic in engineering. The scale invariants are ob-

tained and their physical meanings are presented.
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